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ON SOME H-STAR() CURVATURE TENSORS IN KAHLER MANIFOLD

By B.B. Sinha and I. J.P. Singh

In this paper we shall define some H-curvature tensors in a Kahler manifold®
M _ which are analogous to the H-conharmonic curvature tensor and H-conformal

curvature tensor.

1. Introduction.

Let us consider an #-dimensional Kahler manifold &/, which admits a tensor:
field F of type (1.1), a Riemannian metric g with Riemannian connexion D

satisfying
(1.1 X+X=0,
(1.2) g(X, Y)=gX,Y),
and
(1.3) (DyF)(XY)=0,

where F(X)=X and X, Y, Z, are arbitrary vectors. |
Let there be a tensor F(X, Y) of type (0, 2) defined by
(1.4) F(X,V=g(X,Y)
which satisfies
FX,Y)=¢g(X,Y), FX,Y)=—-F, XD
Let K(X,Y, Z) be the curvature tensor of type (1, 3) then we have

(1.5a) KX, Y, Z)=—K({, X, Z2),

(1. 5b) KXY, Z)+KY, 7Z, X)+K(Z, X, Y)=0,
and

(1.5¢) - (div K)(X,Y,Z2)=(DyRic)(Y,Z)—(DyRic) (X, Z2).

Let |

(1.6) KX, Y, Z, T)=g(KX,Y, Z2), T)

be the curvature tensor of type (0,4) of M.
Let R(X, Y) be the Ricci tensor of type (0, 2) of M then

(1.73) R(X,Y)=R(X, Y)
(1.7b) R(X,Y)=R{T, X)
and

(1.7¢) X.K=2(div N X) : g(rX), =R(X, V),
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where 7(X) and K are Ricci tensor of type (1, 1) and scalar curvature respectively.
The manifold M, is called recurrent manifold if

(1.8) (DyK)(X, Y, Z2)=AU)K(X, Y, Z),
Ricct recurrent manifold if |
(1.9) Dy R)Y, Z)=AU)RY, Z)

for the recurrence parameter AU).
Manifold 1s called symmetric manifold if

(1.10) (DyK)(X, Y, Z)=0.
2. H-conharmonic* curvature tensor.
Iet us define a tensor L(X, Y, Z) of type (1,3) by the relation

2.1 LX,Y, 2)=K(X,Y, Z)—— i e, DrX)-g(X, Dr¥)

+g(¥, 2)r(X)—g(X, Z2)r(¥Y)—-2g(X,Y)r(2)],
and we shall call it as H-conharmonic®* curvature tensor.
The manifold M, will be called H-conharmonic* recurrent if

(2.2) (DX, Y, 2)=AU)LX, Y, Z),
for the recurrence parameter A(U) and it will be called H-conharmonic* S};mmetric
if

(2.3) (D,L)(X, Y, £)=0.

Now, we shall study the properties of AHA-conharmonic* curvature tensor.

By straightforward calculations from (2.1), we have the following identities:

(2. 42) LX,Y, 2)=—L{Y, X, 2),
(2.40) (CIDX, Y, 2) & L, 2)=-2IRREL) —Be. 2)
(2. 4¢) (CALY(X, Y, Z)=0,

and
(2. 4d) L(X, Y, 2)+LY, Z, X)+L(Z, X, Y)=0,

where C] denotes the contraction in first slot and C} denotes contraction in third
slot.

THEOREM 2. 1. In H-conharmonic* symmetric manifold M, the scalar curvature
18 constant.

PROOF. Taking covariant derivative of (2.1) and using (2.3), we have

25  (DK)QX, Y, D=5 (D) (Xg¥, Z2)= Dy (Ng(X, 2D
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+(Dyr)(X)g(Y, Z)— D) Y )g(X, Z)—2(Dyr)(Z)g(X, V).
Transvecting (2.5) by —1 - the conjugate tensor of g, we have the result using

(1.7¢c).

THEOREM 2.2. A necessary and sufficient condition for the manifold M, to be

H-conharmonic* symmetric is that it is sysmmetric.

PROOF. Transvecting (2.5) by —1 , WE have
(2.6) (Dyr)(X)=0

Putting (2.6) in (2.5) we have the necessary part.
Conversely, if it is symmetric then from (1.10), we have

(2.7) (Dyr)(X)=0 .

Putting (1.10) and (2.7) in the covariant differential of (2.1), we have the
suificiency part.

THEOREM 2.3. The mantfold M, of constant holomorphic sectional curvature is

H-conharmonically* flat.

PROOF. The constant holomorphic sectional curvature 2 of the Kahler manifold

M, is given by

(2,8 KXY, Z):—i— g(X,2)Y-g(Y,Z)X+g(X,Z2)Y —g(Y,Z)X +2g(X,Y)Z].

Since every Kahler manifold of constant holomorphic sectional curvature is an

Einstein manifold, therefore

(2.9) 7(X)= f X

.. 4K . . B
Putting # mEEY) in (2.8) using (2.1) and (2.9), we have L(X,Y, Z)=0.

THEOREM 2.4. A H-conharmonic*® recurrent manifold M , 1S recurrent if
(2.10) U K=AU)K

where A(U) is recurrence parameter.

PROOF. Taking covariant derivative of (2.1) and using (1.8) and (2.2), we

have

AW IL(X,Y, 2)-K(X,Y,2)] = ~— }r (D (X)e¥, 2)

—~(Dyr)(YV)g(X,Z)+(Dyr)(X)g (¥, Z)
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~(Dyr)(Y)g(X,Z)—2(Dyr)(Z)g(X,Y)].

Putting L(X,Y,Z)—-K(X,Y,Z) from (2.1) and transvecting the result by —lg.
we have
(Dyr)(XD=AWU)r(X),

which gives (2.10).

THEOREM 2.5. In the manifold M, if any two of the following properties hold

then third also hold
(1) It is a recurrent manifold,
(i1) ¢t s a H-conharmonic* recurrent,
(iii) it is Ricci recurrent,
for the same recurrence parameters.

PROOF. Taking covariant derivative of (2.1), we have

@10 (DyL(X.Y, 2)=(DyK)(X,Y, Z)~— - 1y (D) (X)e(¥, 2)

— (D)X )g(X,Z)+(Dyr)(X)g(¥,Z)

— Dy X)g(X,Z)-2(D,r)(2)g(X, 2)).

With the help of eguations (2.1) and (2.11) it can be shown that if any two of
the equations (1.8), (1.9) and (2.2) hold then third one also holds.

THEOREM 2.6. In the manifold M, if any two of the following hold then third

also holds:

(1) [t is H-conharmonic recurrent,
(11) it ¢s H-conharmonic* recurrent,
(111) ¢¢ ¢s Ricci recurrent,

for the same recurrence parameler.

PROOF. From H-conharmonic curvature tensor (Sinha, 1972), we have

(2.12) S(X,Y,2)=L(X,Y,Z)+— i + [RX. DY —R(Y,2)X

RX,2)Y-R(Y,Z2)X+2R(X,YV)Z].

From this we have

(2.13) (DyS)(X,Y, Z)=(DyL)(X,Y, 2)+— jr -~ [(DyRY(X, 2)Y

—(DyR)Y, 20X+ (DyR)(X,2)Y




On Some H-Star Curvature Tensors in Kahler Manifold ' 11

~(DyRY(Y,Z) X +2(D,R)(X,Y)Z].
If M, is H-conharmonic recurrent, then
(2.14) (D,SX,Y,Z)=AU)SX,Y, 2),
where A(U) is recurrence parameter.

With the hélp of (2.12) and (2.13) it can be shown that if any two of the
equations (1.9), (2.2) and (2.14) hold then third also holds.

3. H-conformal* eurvature tensor.
Let us define a tensor M(X,Y,Z) of type (1.3) by the relation

3D MXY,2=KQXY,2)~——rXg¥. 2)~r(¥)g(X,2)

+r(X)g(¥,2)—r(Y)g(X,Z)—-2r(Z)g(X,Y)]

G €Y DX X DY +5(¥. DX

—g(X,2)Y —2g(X,Y)Z)).

and we shall call it as H-conformal®* curvature tensor.

The manifold M, is said to be H-conformal* recurrent if

(3.2) (DyM)(X,Y,Z)=AUMX,Y, Z),
for the recurrence parameter A(U) and it is said to be H-conformal* symmetric if
(3.3) (DyM)(X,Y,Z)=0.

From (3.1), we have the following identities:
3.4 (D M(X,Y,Z)=—-MY,X,Z)

@ CMX.Y, D MY, 2)=2T2 R, 2)

(3) (C:M)(X,Y,Z)=0
and
4 MX,Y,Z)+MY,Z, X)+M(Z,X,Y)=0
Following theorems can be proved on the lines of the proof of the theorems in

Section 2.

THEOREM 3.1. Irn H-conformal* symmetric manifold M, the scalar curvatureis

constant.

THEOREM 3.2. A necessary and sufficient condition for the manifold M, to be

H-conformal®™ symmetric is that it is symmetric.
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THEOREM 38.3. The manifold M, of constant holomorphic sectional curvature is
H-conformally* flat.

THEOREM 3.4. The H-conformal®* recurrent manifold M, is recurrent if
U K=AU)K
for the recurrence parameter AU).

THEOREM 3.5. In the manifold M, if any two of the following proteriies hold

then third also holds:

(1) it is a recurrent manifold,
(ii) it is H-conformal* recurrent,
(iil) ¢t is Ricct recurrent,

for the same recurrence parameler.

THEOREM 3.6. In the manifold M, if any two of the following hold then third

also holds:
(1) it is H-conformal recurrent,

(i1) it is H-conformal* recurrent,
(ii1) 7t is Ricci recurrent,
for the same recurrence parameter.

4. H-conformal®™ curvature tensor.

Let us define a tensor N(X,Y,Z) of type (1,3) by the relation

4D NXY,2D=KXY,Z)———R¥,2DX-RX, DY +R(¥, )X

—_— v _— _ k o
~RX, )Y —2R(X, V)Z) + s (2 (V, )X

and we shall call it as H-conformal®* curvature tensor.
The manifold M, is said to be H-conformal** recurrent if

(4. 2) (DyNY(X,Y,Z2)=AU)NX,Y, 2),
where A(U) is recurrence parameter and it is said to be H-conformal** symmetric
if

(4.3) (DyN)(X,Y, Z)=0.

Proceeding in the similar manner we have the following theorems on H-con-
formal** curvature tensor N(X,Y,Z) :

THEOREM 4.1. From equation (4.1), we have
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() NX,Y,Z)=—-N,X,Z)

i) CNX,Y,2) E N, 2)=2RY. L)t Ee (Y, Z)

Gi) (C3N)(X,Y, Z)=0,

(iv) NX,Y,Z)+X,Z,X)+N(Z,X,Y)=0.

REMARK 4.1. From (11) (theorem 4.1), we see that for an Einstein manifold
MY,z2)=N{,2).

THEOREM 4.2. In H-conformal*™ symmetric manifold M,, the scalar curvature
is constant.

THEOREM 4.3. A mnecessary and sufficient condition for the manifold M, to be
H-conformal™ symmetric is that it is symmetric.

THEOREM 4.4, The manifold M , of constant holomorphic sectional curvature 1S
H-conformally** flal.

THEOREM 4.5. A H-conformal** recurrent manifold M, is recurrent if
U.K=AU)K,
with A(U) as recurrence parameier.

THEOREM 4.6. In the manifold M if any two of the following properties hold,
then third also holds:

(1) 7t is a recurrent manifold,
(1i) ¢t 7s H-conformal™ recurrent,
(ii1) 7t 7s Ricct recurrent,

for. the same recurrence paramater.

THEOREM 4.7. In the manifold MM tf any two of the following hold them third
also holds:

(1) 2t is H-conformal recurrent,
(i1) 2t is H-conformal®™* recurrent,
(i11) ¢t 7s Ricci recurrent,

for the same recurrence parameter.

REMARK 4.2. Proof of the theorems (4.2) to (4.7) are similar to that of the
theorems (3.1) to (8.6).

THEOREM 4.8. In the manifold M . the H-conformal curvature, H-conharmonic



14 B.B Sinha and I.].P. Singh

curvature, H-conformal® curvature, H-conformal™* curvature and curvalure tensors

are linearly dependent.

PROOF. H-conformal curvature tensor (Tachibané., 1967) is given by

(4. 4) C(X.Y,Z)=K(X,Y,Z)~— }r R, 2)X—R(X, )Y +R(Y, DX

—R(X,2Y+r(X))eg(Y,2)—+v(Mg(X,2)
+r(XDg(Y,2)—r(V)g(X,Z2)—-2R(X,Y)Z

K
(n+2)(n+4)

~g(X, )Y +g(Y,2)X-g(X,2)Y —2g(X,Y)Z],

—27(7)g('f, Y)] + (Y, Z2)X

and H-conharmonic curvature tensor (Sinha, 1972) is given by

(4.5) S(X,Y,Z)=K(X.Y,Z)— 7 [RY,2)X-R(X, )Y

+R(Y,Z2)X-R(X,2)Y+r(XD)g¥,Z)—r(YV)g(X,2Z)
+7r( X)) (Y, 2)—rv(V)eg(X,Z2)—-2R(X,YNZ
—2(2)g(X,Y)].

From (4.4), (4.5), (4.1) and (3.1), we have
(4. 6) 20(X,Y,Z2)=SX,Y,Z)+MX,Y,ZH)+N(X,Y,Z2)-K(X,Y,Z)
which proves the statement.

THEOREM 4.9. In H-conformal* (or H-conformal**) recurrent wmanifold M,
if it 1s H-conformal recurrent, and it is H-conharmonic recurrent, then it is H-
conformal™ (or H-conformal®*) recurrent, for the same recurrence parameter.

PROOF. It can be proved using theorems (4.6), (4.7) and equation (4.6).
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