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ON SOME H-STAR션) CURV ATURE TENSORS IN KAHLER MANIFOLI} 

By B. B. Sinha and 1.]. P. Singh 

In this paper we shall define some H-curvature tensors in a Kahler manifold ‘ 

M n which are analogous to the H-conharmonic curvature tensor and H-conformal • 

curvature tensor. 

1. Introduction. 

Let us consider an n-dimensional Kahler manifold M_ which admits a tensor' 
η 

field F of type (1.1), a Riemannian metric g with Riemannian connexion D' 

satisfying 

(1.1) 

(1.2) 

and 

(1. 3) 

= 
X+X=o. 

g(호• Y) = g(X. Y) , 

(ÐxF) (Y) =0, 

where F(X)=호 and X , Y , Z , are arbitrary vectors. 
Let there be a tensor F(X, Y) of type (0, 2) defined by 

(1 .4) F(X, Y) =g(호， Y) 

which satisfies 
F(X, Y)=g(X, Y) , F(X, Y)= -F(Y, X) 

Let K(X, Y, Z) be the curvature tensor of type (1, 3) then we have 

(1. 5a) K(X, y , Z)=-K(Y, X , Z) , 
(1. 5b) K(X, y , Z)+K(Y, Z , X)+K(Z, X , Y)=O, 

and 

(1. 5c) 

Let 

(1. 6) 

(div K)(X, Y , Z)= CDxRic)(Y, Z)- CDyRic)(X, Z). 

K(X, Y , Z , T)=g(K(X, Y , Z) , T) 

be the curvature tensor of type (0, 4) of Mη· 

Let R(X, Y) be the Ricci tensor of type (0, 2) of M n then 

(1. 7a) R(호， Y)=R(X, Y) 

(1. 7b) R(X, Y)=R(Y, X) 

and 

(1. 7c) X. K=2(div r)(X) : g(r(X) , Y) =R(X, Y) , ' 
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where r(X) and K are Ricci tensor of type (1, 1) and scalar curvature respectively. 

The manifold M n is called recurrent manifold if 

(1. 8) CDuK)(X, Y , Z)=A(U)K(X, Y , Z) , 

Riccl recurrent manifold if 

(1. 9) (DuR)(Y, Z)=A(U)R(Y, Z) 

for the recurrence parameter A(U). 

Manifold is called symmetric manifold if 

(1. 10) (DuK)(X, y , Z)=O. 

2. H -conharmonic* curvature tensor. 

Let us define a tensor L(X, Y , Z) of type (1, 3) by the relation 

1 (2.1) L(X, Y , Z)=K(X, Y , Z)- τ" ~ A [g(Y, Z)r(X) - g(X, Z)r(Y) 

+g(Y, Z)r(호)-g(호， Z)r(Y')-2g(호， Y)r(Z) ], 

and we shall calI it as H-conharmonic용 curvature tensor. 

The manifold M n will be called H-conharmonic￥ recurrent if 

(2.2) CDuL)(X, Y , Z) =A(U)L(X, Y , Z) , 

for the recurrence parameter A(U) and it will be called H-conharmonic￥ symmetIt 

jf 

(2.3) CDuL)(X, Y , Z)=O. 

Now, we shall study the properties of H-conharmonic￥ curvature tensor. 

By straightforward calculations from (2.1) , we have the following identities: 

(2.4a) L(X, Y , Z)=-L(Y, X , Z) , 

(2.4b) 

(2.4c) 

and 

(2.4d) 

(CiL)α， Y , Z) 빨 L(Y, Z)= (%+2)R%f4-Kgα， Z) 

(C~L)(X， Y , Z)=O, 

L(X, Y , Z)+L(Y, Z , X)+L(Z, X , Y)=O, 

where ci denotes the contraction in first slot and C~ denotes contraction in third 

slot. 

THEOREM 2. 1. 1 n H -conharmonz"c* symmetη~'c manzfold M n' the scalar cμ7ν'atχre 

is constant. 

PROOF. Taking covariant derivative of (2.1) and using (2.3) , we have 

(2.5) (DK) (X, Y , Z) =τLr [(Du7)(X)g(Y, Z)-(Du7)(Y)g(X, Z) 
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+(Dur)(X)g(Y, Z) - (Dur) (Y)g(X , Z)-2(Du?') (Z )g(X , Y)]. 

Transvecting (2.5) by -1 g ’ the conjugate tensor of g , we have the result using 

(1. 7c). 

THEOREM 2.2. A necessary and sα:fficient conditz'on for the manifold M n to be 

H -conharmonZ"C* symmetric is that z"t is sysmmetric. 

PROOF. 

(2.6) 

Transvecting (2.5) by -lg we have 

(Dur)(X) =0 

Putting (2. 6) in (2.5) we have the necessary part. 

Conversely, if it is symmetric then from (1. 10), we have 

(2.7) (Dur)(X) =0 

Putting (1. 10) and (2.7) in the covariant differential of (2.1) , we have the 

sufficiency part. 

THEOREM 2.3. The manzfold M n of constant holomorPhic sectional curvature is 

H -conharmonz'cally용 flat. 

PROOF. The constant holomorphic sectional curvature k of the Kahler manifold 

Mη is given by 

(2, 8) K(X， Y， Z)=홍 [g(X， Z)Y - g(Y, Z)X十g(호， Z)Y - g(Y, Z)X +앓(호， Y)Z]. 

Since every Kahler manifold of constant holomorphic sectional curvature is an 

Einstein manifold, therefore 

(2.9) 

Putting k= 4K 
n(n+4) 

r(X)=좋x 

in (2.8) using (2.1) and (2.9) , we have L(X, Y , Z)=O. 

THEOREM 2.4. A H-conharmonic* γecμrrent manzfold Mn z's γecurrent zf 

(2.10) U.K=A(U)K 

wheγe A(U) is recμrrence parameter. 

PROOF. Taking covariant derivative of (2. 1) and using (1. 8) and (2.2), we 

have 

A(U) [L(X , Y , Z)-K(X , Y , Z)] = - ~:A [(Dur) (X)g(Y, Z) 

- (Dur )(Y)g(X, Z) + (Dur ) (호)g(Y， Z) 

‘ 

‘、

• 

‘ 
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-(Dur)(Y)g(호， Z)-2(Dur) (Z)g(호， Y)]. 

Putting L(X, Y , Z) - K(X, Y , Z) from (2. 1) and transvecting the result by -1g-.­

we have 

(Dur )(X)=A(U)r(X), 

which gives (2.10). 

THEOREM 2.5. In the manifold M n if any tα70 of the following ψrOþerties holcf: 

then third also hold 

(i) It is a recurrent manzjold, 

(ii) z"t z's a H-conharmonz'c* recμrrent. 

(ii i) it is Ricci recμrrent. 

for the same recurrence þarameters. 

PROOF. Taking covariant derivative of (2.1), we have 

(2.11) 1 (DuL)(X , Y , Z)= (DuK)(X , Y , Z) - (~士Xτ [(Dur) (X)g(Y , Z) 

- (Dur) (Y)g(X , Z)+(Dur)(호)g(V， Z) 

- (Du r) (Y)g(호， Z)-2(Dur) (Z )g(X, Z)]. 

With the help of eguations (2.1) and (2.11) it can be shown that if any two of 

the equations (1. 8), (1. 9) and (2.2) hold then third one also holds. 

THEOREM 2. 6. 1 n the ηzanzjold M n if any two of the following hold then third:. 

also holds: 

(1) It is H-conharmonic recμ7γent， 

(ii) it is H-conharmonic* recχrrent， 

(iii) it is Ricci recμrrent. 

for th tt- same recurrence þarameter. 

PROOF. From H-conharmonic curvature tensor (Sinha, 1972) , we have 

(2. 12) 1 S(X,Y , Z)=L(X ,Y , Z)+ _ ~ , [R(X.Z)Y-R(Y.Z)X 
n+ ‘ 

+R(호， Z)V -R(Y, Z)X +2R(X, Y)Z]. 

From this we ha ve 

(2.13) 

/ 

(DuS) (X , Y , Z) = (DuL) (X , Y , Z) + 갚A [(DuR)(X. Z)Y 

- (DuR)(Y. Z)X + (DuR)(X. Z)Y 
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- (DuR)(Y, Z)X +2(DuR)(X, Y)Zl. 

If M n is H -conharmonic recurrent, then 

(2. 14) (DuS)(X, Y , Z)=A(U)S(X, Y , Z) , 

where A(U) is recurrence parameter. 

With the help of (2. 12) and (2. 13) it can be shown that if any two of thc 

equations (1. 9) , (2.2) and (2.14) hold then third also holds. 

3. H-conformaI* curvature tensor. 

Let us define a tensor M(X, Y , Z) of type (1. 3) by the relation 

(3. 1) M(X,Y ,Z)=K(X,Y ,Z)- u ~ ., [r(X)g(Y,Z)-r(Y)g(X,Z) 
n+4 

+r(호)g(Y， Z) -r(Y)g(X, Z) -2r(Z)g(호， Y)] 

+ / (κ ‘、 대(Y， Z)X - g(X, Z)Y十g(Y， Z)호 

-g(X， Z)Y-2땅(X， Y)Z)l. 

and we shall call it as H-conformal* curvature tensor. 

The manifold M n is said to be H-conforma앤 recurrent if 

(3.2) (DuM)(X, Y , Z) =A(U)M(X, Y , Z) , 

for the recurrence parameter A(U) and it ~s said to be H-conformal* symmetric if 

(3.3) (DuM)(X,Y , Z)=O. 

From (3. 1), we have the following identities: 

(3.4) (1) M(X， Y， Z)=-λ，f(Y， X , Z) 

and 

(2) (CîM) (X, Y , Z)빨 M(Y,Z)= 걷±주R(Y， Z) 

(3) (C~M)(X， Y， Z)=O 

(4) M(X, Y ,Z)+M(Y, Z , X)+M(Z, X ,Y)=O 

Following theorems can be proved on the lines of the proof of the theorems in 

Section 2. 

THEOREM 3. 1. In H-conformal* 쟁mmet서c manzjold Mn' the scalar curvature is 

constant. 

THEOREM 3.2. A necessary and sufficient condz'tion for the manifold M n to be 

H-conformal* symmetric is that it is symmetyz'c. 
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THEOREM 3.3. The ηzanifold M n of constant holomorPhic sec#onal cμrvatμ7e fs 

H -conformally* flat. 

THEOREM 3.4. The H -conformal* recμrrent ma쩌fold M n is recurrent if 

U.K=A(U)K 

for the recurrence parameter A(U). 

• 

THEOREM 3.5. I n the manifold M n if any two of the following þroperties hold 

then third also holds: 

(i) it is a recurrent manifold, 

(ii) it is H-conformal* recμrrent， 

(iii) it is Ricci recμrrent， 

for the same recurrence parameter. 

THEOREM 3.6. In the manifold M n if any two of the following hold then third 

also holds: 

(i) it is H-conformal recurrent, 

(ii) it is H-conforηzal* recμrrent， 

(iii) it is Ricci recurrent, 
for the same recurrence parameter. 

4. H-conformal** curvature tensor. 

Let us define a tensor N(X , Y , Z) of type (1, 3) by the relation 

1 ~n/TT '7 ...... TT n l''V'' '7 '\T7" I n l'"v '7 '\.V (4.1) N(X,Y ,Z)=K(X,Y ,Z)- 강노A -[R(Y, Z)X -R(X, Z)Y +R(Y, Z)X 

-R(호 ， Z)Y-2R(효， Y)Z] + k 、 [g(Y , Z)X 
(n ’ 

-g(X， Z)Y十g(Y， Z)호-g(X， Z)Y-2g(호， y) Z]. 

and we shall call it as H-conformal빽 curvature tensor. 

The manifold M" is said to be H-conformal육 recurrent if 

(4.2) (DuN)(X , Y , Z)=A(U)N(X, Y , Z) , 

where A(U) is recurrence parameter and it is said to be H-conformal혐 symmetric 

if 

(4.3) CDuN) (X , Y , Z) =0. 

Proceeding in the similar manner we have the following theorems on H-con­

formal** curvature tensor N(X , Y , Z) : 

THEOREM 4. 1. From equation (4. 1), we have 

• 
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(i) N(X,Y ,Z)=-N(Y,X ,Z) 

(if) (CiN)(X, Y , Z) 빨 N(Y, Z)=. 2.R(Y,Z)+Xg(Y,Z) 

(iii) (dN) (X , Y , Z) =0, 

(iv) N(X,Y ,Z)+(Y,Z ,X)+N(Z,X ,Y)=O. 

REMARK 4. 1. From (ii) (theorem 4.1) , we see that for an Einstein manifold 

M(Y, Z) =N(Y, Z). 

THEOREM 4.2. In H-conformal웠 symmetrz'c ma쩌fold M n' the scalar curvatμre 

is constant. 

THEOREM 4.3. A necessary and suffz'cient condz'tz'on for the manzfold M n to be 

H-conformal했 symmetrz'c z's that z't z's symmetrz'c. 

THEOREM 4.4. The manz'fold Mn of constant holO1ηoφhz'c sectz'onal curvatμye ts 

H -conformally웠 flat. 

THEOREM 4.5. A H-conformal빽 recurrent manzfold M n z.s recurrent z'f 

U.K=A(U)K, 

wz'th A(U) as recur1’ence φarameter. 

THEOREM 4.6. In the manzfold M" zf any tμ10 of the follow z'ng þroþer#es hold, 

then thz'rd also holds: 

(i) z't z's a recurrent manzfold, 
(ii) z't z's H -conformal* * recμrrent ， 

(iii) z't is R z'cci recμrrent， 

f01- the sanze recμrrence þaramateγ. 

THEOREM 4. 7. I% the ma,zifold l1% zf a%y t%O Of the folloωing hold then thiγcl 

also lzolds: 

(i) z't is H -conformal recμγrent， 

(ii) it is H -conformal싹 recμrrent ， 

(iii) it z's R z'cci recμrrent， 

for the same recurrence þarametm’· 

REMARK 4.2. Proof of the theorems (4.2) to (4.7) are similar to that of the 

theorems (3.1) to (3.6). 

THEOREM 4.8. In the manz'fold M" tlze H-conformal cμrvatμre， H -conharmonz'c 
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cμrvatμre， H -conformal* cμrvatμre， H -conformal** cμrvatμre and cμrvatμre tensors 

are linearly deþendent. 

PROOF. H-conformal curvature tensor (Tachibana, 1967) is given by 

(4. 4) C(X, Y, Z) =K(X, Y, Z) - 」- [R(Y, Z)X-R(X, Z)Y÷R(F, Z)호 
n+4 

-R(호， Z)Y +r(X)g(V, Z) -r(Y) g(X, Z) 

+r(X)g(Y, Z) -r((Y)g(X, Z) -2R(좋， Y)Z 

-2r(Z)g(호， Y)] + r .. , ...，~ •• 'A\ [g(Y , Z)X (n+2)(n+4) 

- g(X, Z)Y + g(Y , Z)X - g(호， Z)Y -2g(호 ， Y)Z) , 

and H -conharmonic curvature tensor (Sinha, 1972) is given by 

1 (4.5) S(X, Y , Z)=K(X.Y ,Z)- u ~ A [R(Y , Z)X-R(X.Z)Y 
n+4 

+R(Y. Z)X -R(호， Z)Y +r(X)g(Y. Z) -r(Y) g(X, Z) 

+r(X)g(Y， Z)-r(Y)g(X， Z)-2R(호.Y)Z 

-2r(Z)g(호 ， Y) ). 

From (4.4) , (4.5) , (4. 1) and (3. 1), we have 

(4.6) 2C(X, Y , Z)=S(X , Y , Z)+M(X. Y , Z)+N(X, Y , Z)-K(X , Y , Z) 

which proves the statement. 

THEOREM 4.9. In H-conformal* (or H-conformal**) recμrrent manzfold Mη 

if it is H-conformal recurrent, and it z's H-conharmonic recurrent, tlzen it is H­

conformal** (or H-conformal￥') recurrent, for the same recurrence þaranzeter. 

PROOF. It can be proved using theorems (4.6) , (4.7) and equation (4.6). 
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