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1. Introduetion. 

Bell polynomials [13] are defined as 

(1 .1) H/g , h)=(-1)ne-hgDnig; D- d 
-dx ’ 

where h is a constant, and g is some specified function of x. 
Shrivastava [17] has derived from above the polynomials defined by 

(1. 2) G (h, g) = e -썩x초탤 ” \ U;!. 

Recently, the author [1] has studied a class of polynomials defined by 
N b ιv ~‘， _ ~ _~_r 

(1.3) T;’‘(x, r , P)=x-μeYA Q:{xe-y‘ }, 

where Qx프짧. Note, however, that a slight뻐ifferent class of polyr띠ynorπrn 
was studied in띠dep야endentlψy by Sr더ivastava and Singha떠1 (cf. [띠2이 , p.7염5， E돼q. (1.3잉)) • • 

In this paper, we extend our study by introducing the polynomials defined by 

(1. 4) Gn(h, g , k) =e-hgQ양hg， 

where h, k are constants and g is any function of x. 

For k=O and k=1 the above polynomials reduce to the polynomials defined 

by (1, 1) and (1.2) respectively and for g(x) =αlogx - pxr, h= 1 they reduce 

to the polynomials defined by (1. 3). It may be of interest to study poly­

nomials of type (1. 4) , since these polynomials may also be regarded as the 

generalization of Laguerre, Hermite and Bessel polynomials, Truesdell polynomials 

[7] , Bell polynomials [13] , and of the polynomials studied by Chandel [1] , 
Chatterjea [2, 3, 4] , Chak [6] , Gould and Hopper [8] , Singh [14] , Singh and 

Srivastava [16]. Shrivastava [17] , and Srivastava and Singhal [20]. 

2. Operational results. 

We can casily show that 

(2.1) F(Qx) {eg(x) f(x)} =eg(x) F(Qx +l g')f(x); g ’=Dg(x). 

Taking f(x) = 1 and F(원)=끽， we get 
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(2.2) 

Consider 

R. C. S:"ngh Chandel 

Gn(h, g , k)= [Qx+xkhg’] n .1. 

e-hg(Qx)”{ehgf(x)} =e-hg ekg(Qx+xkhg’)’Y(X) 

= (Qr+xkhg’lf(x). 

For brevity, let 

(2.3) 

Therefore 

(2.4) 

• Q%+lhg'=O. 

on {f(x)} =e -h
g
Q: {ig f(x)}. 

Particularly, if f(x) = 1, then we have 

(2.5) 

Also 
(2.6) 

rl{l} = Gn(h, g , k). 

OGn_ 1(h, g , k)=Gih, g , k). 

We can also prove the following result: 

(2.7) 앙{μ·u} = ￡ ( ; )QT (%)Pκ-m (v). 
”‘=u 

If v= 1, formula (2.7) yields 

(2.8) 상{μ} =￡ α )앙-m {1} Q":. {μ}. 

that is, 

(2.9) 

whence 

(2.10) 

Again, if we write 

(2.11) 

then 

m=u ‘ ’ 

on깅횡( ~ )On-m {1}따 . 

n , 、

o"=~그nt ;")Gn_m(h, g , k)Q~' • 
m=u ‘ -

on+m=on Om, 

(2.12) Gn+m(h, g , k)=Om{Gn(h, g , k)}=On{Gm(h. g , k)} 

Using (2.10), we have 

(2.13) Gn+m(h, g , 잉=찮( ? )Gn-1(h g k)S각 {Gm(h， g , k)} 

Now consider 

Q: {Gm(h, g , k)}=약 {e -hg Q; e -hg
} 

r 

r 
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=찮(~)Gn_/-h， g , k)Gm+/h, g , k). 

Thus we have 

(2. 14) Q;Gm(h, g , k)=흙(; )Gn_/ -h, g , k)Gm+/h, g , k). 

In particular, for m=O, we have 

(2.15) Q: {1} =찮( ? )Gn-j(4, g k)P 1 

irom which we obtain the foIIowing operationaI result: 

(2.16) Qt =찮(; )Gn수 
We aIso obtain the foIIowing operationaI relationships: 

x 

{2.17) 

(2.18) 

(2.19) 

(2.20) 

-and 

(2.21) 

SimiIarly, 

∞ II (aJf 

ì..Fμ[(b2); tP]{G씨， g , k)} =Fj단 
rn r(aJ; 

” -u 

-F (낀)nn! 
• 0。

(1-tD)- ι {1} =εG~(h， g , k)l 
n=O ’‘ 

Gn+m(h, g , k) , 

I t I <1, 

L;α\tD) {1} =쩔펄。띨찮 ( ; )G/h, g , k) 

(t+야 {1} =휠( ? )Gn-1(h, g , k)t1 

several results can be obtained as the particular cases of (2.17). 

3. Generating fu Ìl.ction. 
From the definition (1, 4) , we can readiIy have 

2 

{3.1) 
∞ .H (a.) t” 

’
n 

/"' 0 
__ 

L ,\ 
__ -hg T.' 

r(a); ,,.... l_h §l듬
1 • .. 

G ,,(h, g , k)=e “ ì..FμLèbλ);쐐eh • 
n-u 

-F (얀)낌! 
μ 

Pa없rt비ikcmIu비lIa따rly， if we Iet λ=μ， 딴=힌， j = 1, 2, 3, ••••.• , À. (or μ) ， it reduces to 
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(3.2) 
∞ fn -hll tD. , hll 
L:, Gø(h, g , k.• 7=e se x{e s}. 
n=O ,. n! 

Now using the elementary fonnula (cf. , e. g. , [2이 , p.76, eq. (1. 12)) 

(3· · 3) etQx{f(X)} =f[x{1- (k-1] txk-1}-끌1] ， 양1， 
we obtain the generating function 

1 

-‘ J - ,tnX)j J =..L; lr샤n， g , R) • 
n=O ’‘ n: 

(3.4) 

Replacing t by tl(k-1)l-l , we get 

(3.5) ε t” (k l )11 G.,ch, g , k)=exp[h{g(x(1-t) ”=0 %!(k-1)n x - ” X 

A: ain by using (2. 10), we have 

e
tO 

{f(x)} =휠짚옳 다 )Gn_m(h, g , k)얄f(x) 

=옳 파안(h， g , k.깃홀잖Q:f(x) 

k-l ) 
_ 

g(x)J1 .. 

Therefore, 

(3.6) e'D 
{f(x)} =울파G(k， g , k] etQx{f(x]}.

n=0 %: ” 

Now using formulas (3.1) and (3.4) , we establish 

etD{f(X]} =exp [h{g [x{1- (k-1)txk-1} -꼴n -g(x)}] (3.7) 

Xf[x{l- 얘_1)txk- 1 } -닙1]. 
For f(x) = 1, the above result reduces to 

e'D {1} =exp [h{g [x{l- (k-l)싫-1} -늙1] -g(x)} J (3.8) 

which is substantially the same as (3.4). 

Again for f(x) =Gm(h, g , k) , we have 

(3.9) 휠 좌Gn+m(h， g , k) 

=Gηt [h, g [X{1-(k-1)txk-1}-대그 ] , k] ·exp[k{g [X{1-(k-1)txk-1} 
l 

] -g(x]}}-

AIso 

(3.10) ∞
 Z
떠
 

.n 

: f효1)" .Gη +m(h， g , k) 
n! (k-l) “ x 
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=Gm[h, g(x(1- t)-파二1 ), k] • exp [h {g(x(1- t) -파-l)-g(x)}]. 
‘ 

Using (3. 5) in the a6ove result, we further obtain 

(3.11) 뼈
-
제

X
 

’ι
-
n
 

/m-U “n--F ←G
-
κ
 

.f 
-% 

∞
 ε
셈
 。。

=E 
j=O 

t 'Gj (h , g , k) j Gm[h, g(X(1-t)-끌1")， k] 
j!(k_1/ik- 1) 

Starting from the generating function (3.4) , we can establish the following 
formu1as: 

(3.12) 

(3.13) Gn(h, g+/, k)=E_ ( : )G .. _m(h, g , k)Gm(h, /, k) , 
” m=O 、 …/ “ … … 

m Gn (껴 ， g , k) 
(3.14) Gn(h1+h2+h3+ …+hm' g , k)=n! ε H 

/1, +n,+…+/1.=/1 1=1 (nj )! 

and 

(3.15) Gn(h, gl+g2+ g 3+…+g_, k)=n! ε lf 꾀(h， 윈， k) 
m ，야 n，+…+n.=n 1=l (%l)! 

Again by making an appea1 to generating relation (3.4), we can get the 

following recurrence relation: 

(3~ 16) lDGη(h， g , k)=Gn+1(h, g , k)-lhg'(x) Gn(h, g , k). 

The above relation can a1so be obtained by putting m= 1 in (2.12). 

4. An extension of (2. 10) and (2. 16). 

A combination of (2.10) and (2. 16) will show that 

(μ4. 1) 융=잃옳O(않;낀)κG안n-m싸싸(“h’ g , k잉)띔침 (감7)Gm싸써n-
m 

Again by combining (2. 10) and (2.16) , we can write 

(4.2) g=잃。( :, )Gn_m(h, g , k)침(7 )Gm_/ -1, g , k) 끊r 
ηz 

and 

(4. 3) 
m 

0=낌( :)Gn_m(h, g , k)~，，( 7 )Gm_/ -h, f , k) P 
=0' "" / ,.-"" j=ü 
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By using (3. 12) and (3. 13), these last two resuIts reduce to 

(4.4) 짧=활( ; )G，η-j(h-l， g , k)lg1 • 

.and 

(4.5) 많=찮 ( ; )Gn _ j (h , g-f , k.펼 
Particularly for f(x) = 1, we get 

(4.6) 

.and 

(4.7) • 
Gn(h, g , k)=흙 (; )Gη_/h， g-f, 싹(h， f , 밍 

From (4. 4) and (4.5), we can also obtain 

(4.8) 짧 - 짧=첼 ( ? )Gx-j(뀐， g, hg 
.and 

(4.9) hgt-쉰=헐 ( ; )Gn_j(h, g-f , k) 화 
Recently, Lahiri [10, 11, 12] studied the generalized Hermite polynomials Hη• m. v(x). 

More general sequences of polynomials have also been studied in the literature. 

See, for instance, Srivastava [18, 19]. 

Here we shall màke extension of (2. 10) and (2. 16) to connect G.η(h， g , k) with 

Hη m. Jx). 
If we consider 

xm+l 옳=() and (}+xm+1hg’=ø, 

then (2.10) and (2.16) will take the followin ,5" forms respectively: 

(4.10) øn=찮 ( ; )Gn_r(h, g , m+ l) (}T, 

and 

(4.11) 

Now by making an appeal to (8.2) of Lahiri [11] 

xm+1-효_ ìr 
(x-nHη • m, v(x) 

dx ) \ n! 

-n+rm._.T 
=스←，학Hn-rm， m，vCx) ， 

we can get the following resuIts from (4.10) and (4.11) : 

‘ 

ι 

/ 

p 
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(4.12) 

.and 

(4.13) 

also 

n! 

min(Þ. [공]) 카+rm .. .r 
- 침 ( ? ) 7%-7%% Hn-mr,m,u (x)Gp-r(h， g，갯+1) 

-n+rm r 
t----7-H .u(x) 
(n-ηzr) ! 

=찮 C )Gr _ j (-h, g , m+1) q/ x -n Hn.m.v CX) 

η! 

(4.14) 많팍Hn.m.v(x)=뜰。(; )Gr一/ -h, g , m+1)q/ 
x-n+rmHη +rm.m.v(X) 

(n十rm)!

5. Explicit form. 

The use of the relation [1, (2.8)] 

Q: f(z(x)) = i::, -->..(걱X브εf(z)설 (-1/( ~ )i-j화 (zi j 
~ -

5=0 s! di j=O 、 I , ~ 

helps in obtaining the expIicit form of these polynomials. Indeed we have 

Gn(h, g. k)=e-hgQ: {ig
} 

=￡ 뇨prtxE (-1)j( i )[g(x)]s-j화 
5=0 S! j=O 、 , , ~ 

[g(xW • 

Therefore the explicit form for G,.(h, g; k) is 

(5· 1) Gn(h, g , k) = ￡ 4브객r 슬 (-1/( : ) [g(X)]5-j파 [g(X)] i. 
5=ü' s! j=O 、 J I 

From (5. 1) and the elementary result (cf. [2이 , p. 76, eq. (1.10)) 

QZ {%} =xα( 뚫1 Jn {(k_1)xk - 1}n, 

a+k-l ___ ,_ 
if follows at once that Gn(h, g. k) is a polynomial of degree n in X~T~-. where . 

α is the highest power of x in g(x). 

AIso by virtue of (5.1) , we notice that GII(h, g , k) is a polynomial of degree n 

in h. 

6. A Wronskian for Gn(h. g , k). 

Lakshman Rao [9] has given a W ronskian in an attempt to prove turan’s 

’ 
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inequality for Hermite polynomials. Chatterjea [5) and Singh [15) have given 

similar Wronskians for Hermite polynomials and the generalized Hermite 
function [8] respectively. In this section, we shall derive a Wronskian for 
Gη(h， g , k). 

THEOREM. 11 
(6. 1) 와(h， g , k) =the determinant 01 [Gη+i_/h， g , k)) , 0드i， j<m, 

and 

'(6.2) 
、

W{Gη(h， g , k) , Gn_ 1 (h , g , k) , …, Gn_m(h, g , k)} 

=the determz·xa?zt @ [Q; Ga-j(k, g , k)] , OSz·， j드m， 

then 

(6.3) unCh, g , k)=W{Gn(h, g , k) , Gn_ 1(h, g , k) , …, Gn_m(h, g , k)}. 

PROOF. Interèhanging m and n in (2.13), we have 
m ‘ 、

(6.4) G ’‘(h, g , k)= ε (7 )Gm_/h, g , k)Q ~ G/h, g , k). 
十 j=O \ J / - m-J 

In the above result put m= 1, and then replace in succession n by n-1, n-2, …, 
n-m, whereby we obtain the equivalent expressions for the constituents 

Gn+1(h , g , k) ,Gn(h, g , k) ,Gn_ 1(h, g , k) , ... ,Gn_ m+1(h, g , k) 

of the second row of uη(h ， g , k). We shall call these steps a “Process" . Thus 

after first “ Process" , we obtain 

1J,,ch, g , k) = the determinant of the matrix (6. 1) with the second row having 

its jth term QxGn-j (k, g , k). Repeating this “ process" (m -1) times by putting 

m=2, 3, 4, …, m and solving the determinant each time, we finally get (6.3). 
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