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A NOTE ON BLOCK CIRCULANT MATRICES 

By Chong-Y un Chao* 

The 'purpose of this note is to present a simple proof for the main theorem in 

[3].Our method is similar to the one used in [1]. 

Let C =(cψ) be a nXn circulant with Cij belonging to the complex number field 
n-1 : 

K. and i.j=O. 1. …. n-1. Let f(x) = L:: co;x'. It is well known that the eig­
j=O ~， 

envalues of C are μk=f(ωk). k=O. 1. .. .• n-l. and the eigenvector corresponding 

to each μk . is a column vector 

where ω=exp {2πt'!n} (in fact. 

p= (Pij) = (띠11) ， t, j=0, 1, …, 

{ O k 2k (n-l)k 
ω , ω , ω , …, ω } for k=O. 1. …• n-1 

ω can be any primitive n-th root of unity). Let 

n-1. Q= (11‘/쩌P. Then P is a Vandermonde 

matrix and Q is a unitary matrix. 

Also. 

Q-1CQ=검'CQ=diag {μ。， μl' …, μ:n-1} 

where diag {μ。， μl' …, μn-1} denotes the diagonal matrix with μ。， μl， ---, μη-1 
on the diagonal. and Q' and 깅 denote the transpose and complex conjugate of Q 

respectively. 

The main theorem (Theorem 5) in [3] states as follows: Le' 

/ AO A1 
... Am-l 

Am一 1 AO ... Am一2A=!jj 
• • • • • • • • • 

1‘ A1 A2 ... A。

be a mXm block ärculant wt"th each Ai bez"ng a nXn drcμlant matrz'x. Let P= (Pij) 

=(띠lJ) be the nXn matrz"x as before. Let ro. r1' .... r m-1 be the m-th roots of χnz"ty. 

If Q is given by the follow z"ng ’natrix: 
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ψ 짧 ... p 

Q=!I 
rop r1P … rm-1P 

• • • • • .., • • • • 

γ#-￥ m-% m-1 7 … r:'_; P 1 Y • m-l 

We have Q-IAQ=D wz'th D being a matrz'x 01 diagonal blocks DO' D1’ Dm-l 
where each Di is diagonal. The diagonal elements are gz'ven by the ez"genvalues 01 

m-l . 
the matrz"x L; A잃 . M oreover, giνen any nmXnm diagonal block matrz"x D=diag 

k=O ~ ‘ 

{Do' Dl' …, Dm_l} where each Di z's a nXn diagonal ’natrix, A=QDQ-l is a 

block circulant with each block being a circulant ηtatrix. 

(We note that rO' r l' "', rm_I are m-th roots of unity implying η·=71， j=o, 1, 

"', m-l where r=exp{2πi/m} ). 

In [3], a proof for three block case (m=3) is given, and it states that the 

proof for the general case is omitted since it is just an extension of the three 

block case. Here we present a simple proof for the general case by using elemen­

tary properties of Kronecker product of matrices. 

The proof goes as follows: The matrix A is equal to 

I@Ao+T@A1+T2@A2+·/·+Tm-1@Am-1 

where T is the mXm permutation matrix corresponding to the permutation 

o 1... i … m-l 

1 2 ... H 1 0 

I=T
m 

is the identity matrix and @ denotes the Kronecker product. Clearly, each 

T
k
’ 

k=O, 1, "', m- l, is a mXm circulant. 

Let R=(s심 =(rη) be a mXm matrix with r=exp {2πz'/m} and r= (1/‘/껴)R. 

Then, again, R is a mXm Vanderri:tonde matrix and r is a unitary matrix. By 

,using elementary properties of Kronecker product of matrices (e. g. , see pp.68-7。

:in [2J) , we have 

cr@Q) -lAcr@Q) 

= (r-I C8l.Q -l) (I@Ao+T@Al+ ... +Tm-l@Am_l)(r@Q) 

1".., ___ -1 A _,. . ,T'1-1 ....... m-l 
=(I@.Q-.A에2) +(r-.Tr@.Q-.A1Q)+…+.(r-.T"'-T@.Q-'Am_ 1.Q) (1) 

‘Since each Ak is a nXncirculant, .Q-IAk .Q is a diagonal matrix, denoted by 
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Ek' with eigenvalues of Ak on the diagona,l for k=O. 1, …. n-1. Since each T' 

is a m Xm permutation matrix. r- 1T j 
[ ’ =diag {rO• 김， 72j, ---, 7(m-l)j} fOI: j=o, 

1. ...• m -1. Thus. (1) is equal to. i. e .• 

(r@Q) -1 A(r@Q) 

=I@Eo+diag{70, fl, ••• , ym-1}@El+---+diag{rO, fm-l, …, r(m-1)(m-l)}@Em-I 

l • 1 L m-1 
=diag{ .E‘ Eb ’ ij 7kEb, g 72kEt,, …, z ?,(m--1)kEb}. 

k=O ,. k=O .. k=O K k=O ~ 

This means that the z"-th diagonal element is a diagonal matrix denoted by Di' 

and the diagonal elements of D; are given by the eigenvalues of the matrix 
m ‘ 1., 
.E ALr“‘. 
k=O ‘ , 

Now we show that A= cr@Q)Dcr@Q) -1 is a block circulant with each block 

being a circulant matrix and D=diag{Do' Dl' …, Dm-l} where each D2 is a 

nXn diagonal matrix. We need the following: 

LEMMA. If Dp=diag {랬， 
.ant for þ=O. 1. …. m-1. 

d~ 
11’ 

i then Fn=QDhQ-l z" (n-1)(n-1)J ... w. ~ p-"~~p 

PROOF. C싹'r닐=웅델ωikd싫1k and 

CQDp-1)(i+1)U+ [) =숭 歸ω(i+1)kd따펀k 

since 띠w=1. CQDpQ-1)ij=CQDP-1)U+1)(i+[) for i. j=O. 1 ..... n-1 Cthe sub­

:scripts are taken modulo n). 

Hence each F h=QDh
Q-l is a circulant for þ=O. 1. …. m-1. p .....-- p' 

Now. by using our Lemma. 

A= cr@Q)Dcr@Q)-l 

= (F@Q) Cdiag {Do' D[. …• D m - 1}) 
cr-1@Q-1) 

= cr@Q) [diag {1. O. …. O}@Do+diag {O. 1. O. …, 이 @D[ 十… 

+diag{O. O. …, o, 1}@Dm-ll (r-l@Q-1) 

=r(diag {1. O. …, 이)「-l@Fo十r Cdiag {O. 1. O. …. O})r-
1
@F1+'" 

+r(diag{O ..... O. 1} )r-1@F
m

_ 1• (2) 

￥fence. by using (2). the zj entry in the matrix A is 

’ 

i 
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옮(ri0 1싼o FO+ril1rjlFl + ... +감싸l)lrj (껴-1) F m-l)' 

and the (z" + 1) (j + l) entry in the matrix A is 

1 r .. (i+l)O ,,,,(j+l)O ,,, , _(i+l)I""U+l)l ", ,., _(i+l )(m-l) ,,,,(j+l)(m-l) 강~(r~' T .)V1rV T.)V Fo+r"-' .).lr" , 0)0 F
1 
+…+1"'" I .. ./\.".- ... .I1r\..1 I ... .I v U' -"'1 F껴-1) 

Since rr=l , the zj entry in A is equal to the (z"+1) (j+1) entry in A for i , j 

=0, 1, …, m-1 (all the zj entries are taken modulo m). Hence, A is a block 

circulant. 

The matrix Q in the theorem is our R@P. 

Then Q-1=꿇(R-1@P-1) ， and 

Q-IAQ=꿇(R-1@P-1)A(R@P) 

=’ 강꿇CR-1@P-1껴(7꿇(R@P) 

=cr@Q)
-I

ACr@Q). 

REMARKS. It is indicated on page 19 in [3J that R and P are Vandermonde 

matrices and the determinant of a Vandermonde matrix is well known. However. 

Q is not a Vandermonde matrix. But the determinant of Q, det Q, is equal to 

det CR@P) = CdetRf(detP)m (see p. 70 in [낌 ). G. Trapp pointed out to me that, 

using the same method, one can deal with a block circulant each whose. entry is 

again a block circulant. ''', etc. 
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