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THE LOGARITHMIC (L) MEAN OF THE DIFFERENTIATED 

DOUBLE FOURIER SERIES 

By R. N. Pandey 

1. The double Fourier series corresponding to 2π-periodic function f(x , y) E L [ - π， 

π; - π， π1 is given by 

(1. 1) 

, where 

co c。

f(x,y)~Z( Z그~ Amn(x,y) 
m=un=u 

Amn=ληm(amn cos mx cos ny+bmn sin mx cos ny 

+CmnCOS mx sin ny+dmnsin mx sin ny) 

with the usual meanings of λmn’ amn etc. 

We write (1.1) as 

(1.1’) 
CO 0。

f(x ,y)- 'L. 'L. (a, b, c, d; X, y)_fl 
11"‘“ 

Differentiating (1. 1’) once with respect to x, once with respect to y and suc. 

cessively with respect to x and y, -we get the following three allied or conjugate 

series after ignoring the numerical coefficients so introduced 

(1.2) 

(1.3) 

(1.4) 

。000 000。

ZFF(d, -c, -b, a; x, y)ma=우우Bmη(x， y) 

。o co _ooc。

gg (-b, -a, d, -c; x, y)m”=ε 'L. Cmn(x， y) 
1 1 - -.... 1 1 …} 

。000 000。

gε (c， d , -a, -b; x, y) ",n= 'L. ~Dmn(x， y) ….. 1 1 …” 

We call the series (1.2) , (1. 3) and (1.4) the first, second and the third allied 

. series respectively. But ifwe retain the numerical coefficients these are 
00 0。

(1.2') ε 'L. mn B…” 1 1 ..... 

CO 0。

(1.3’) 'L. 'L. m C…‘ 1 1 ... “ 

CO 0。

(1.4') ε 'L. n D… 
1 1 …” 

l 



‘ 
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Let us write 

rj;(μ， v)=송 [f(x+u , y+v)+f(x-μ， y+v)+ f(x+μ ， y-v)+ f(x-μ， y-v)) 

。o 0。

~εε A…--cosmCOS%V 
1 1 …” 

cþ(μ， v)=소 [f(x+μ， y+ ν)-f(x-μ， y+v)-f(x+μ， y-v)+f(x- μ， y- ν)] 
。o 0。

-2:2: B.“” sin mzt sin %Zl 
1 1 …“ 

CÞ/μ， v)=송 [f(x+μ， y+v)+f(x+κ， y-v)-f(x-u, y+ν')-f(x-u， y-v)] 

。o 0。

---2: εC _M sin mu cos nv 
1 1 .. ’” 

rþ2(μ， v)=송 [f(x+ μ ， y+v)-f(x+μ， y- ν)+f(x- μ， y+V)-f(x-μ， y-V)] 

。o 0。

~ε ε D…_ cos ηzμ sin %U 
1 1 ’ "'H 

The conjugate function’ s associated with 
respectively 

π π 

the series (1.2), (1.3) and (1. 4) are 

f(x ,y)=lim 괄 
ê 1 • ê .,-J>U ... 

rþ(u, ν)cot u/2 cot ν/2dudv 
ê 1 ê 2 

π π 

J/x， y뒀딸0월l #!ψ/μ， ν)cot u/2dμdν 

π π 

f2(x y) :폈o환( 판(u， v)cot v/2 dμdν 

provided the limits exist. 

DEFINITION. A double series 2: ε χ , with partial sums S mn is said to be 
mη 

summable by logarz"thmic ηzethod of summabilz"ty (L) to the sum S, if for q, r ε (0, 1), 

1 ∞ ∞ S
…”

qmr” 
lim {log(1 -q)log(1- 서} -"2: 2:-꽉r-=S 

m=1 η=1 mn 

as q, r • 1-0. We write it as 2:εUmn=S(L) 

2. Corresponding to the 2π-periodic and Lebesgue integrable .function f(x) , the 

Fourier series and its conjugate series are respectively given by 

(2. 1) 

? 
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c。

ε1 (bη cos nx-an sin nx) = L:: BnCx) (2.2) 

The derived series of (2. 1) is 
(2.3) ε nB/x) 

Adopting the notations 

ø(t)=옹 {f(x+ t) + f(x- t) - 2s} 

cþ(t) =f(x+t)-f(x- t) 
ø(t) 

h(t )=cþ(t)-D, g(t)=요강표PE-c 

Mohanty and Nanda [1] proved the following theorems: 

-

THEOREM A. If 

h(μ) -,-- _J :얻/ dμ =o( Iogτ 
+ 

as t• O 

then the sequence {nBη} 

THEOREM B. If 

z.s summable (L) to Dπ-1 

/ 

π 

낼낀) I du=o 
u ‘ 

log굉- as t• 0+ 

t 

。。

then the sert"es ~그 nB_ t"s summable (L) to C. n l 

In another paper Nanda [2] estabIished the following theorems. 

THEOREM C. If 

/
매
 

짧
 

+ 
as t• O 

then tlte series (2. 1) t". e. I그 A_ is summable (L) to the value S. 
η 

THEOREM D. If 

1 
-t g 

b 
n 
ν
 

/ 

혜
 

” “ 짧
 

π
 + as t• O 
t 

then the serz.es (2.3) i. e. 
。。

우 n Bn t"s summable (L) to the valμe C. 

ClearIy the theorem D is an improvement upon the theorem B. 

Nanda and Das [3] have further improved the theorems A, C and D. 
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3. Regarding (L) summability of double Fourier series (1.1), Singh [4J has 

established the two variable analogue of the theorem C. AIso the present author 

[5] has extended the theorem 1 of the paper [3] to the case of double Fourier 

series. The object of the present paper is to generalise the theorems A and D to 

the case of the two variables in the form of the theorems A’ and D’ to be given 

below. 
Let us define 

h(χ， v)=Ø(μ， v)-D， g(μ， v)= ψ(α， v) r-

16 sin μ/2 sin v/2 ~ 

where D and C are functions of x and y. 

In fact we propose to establish the theorems: 

THEÒREM A'. 11 
πt 

(3. 1) h(u, v) dudv=ilof!.~ • 10 ~ 
uv \- ð ‘ 

s I 
f 

as s, t• 0+ , then the seqμence {mn Bmn} z.s summable (L) to Dπ-2. 

THEOREM D’ . 11 
π π 

(3.2) G(s, t)= 확깐강) dκdv=o 
uv 

1 '- ~~ 1 log경'- • log강-
s I 

as s, t• 0+ , then the series (1.2) z .• e. 2:: 2:: mn B mn is summable (L) to the val i/ι C. 

4. We require the following results for the proof of the theorem A'. 

(a) Let 용=arc sin (1 -q) , η=arc sin(1- r) 

.1=1-2γ cost+72 

Q(r, t) = Q(t) = r sin t/ .1, ψ， t) =p(t)=숭cot t/2-Q(t) 

so that 
dQ 
tÑJ ; .=Q’ (t)=r{(r+r2)cos t-2r} /.12 

쁘 = p' (t):::: - (1- r icosec2t/2/ 4.1-2r(l- r )2cos2t/2/.12 

It is known that [1] , [6] 

Q(π)=0， Q(η)=o( 추 

p(π)=0， p(η)=0(1/η) 

Q’ (t) =0(1/깨，2) (O<t드η) 
p'(t) =0 {(1 -r)2/t4)} =o(η，2/t4) 
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(b) Let 
s t 

Proof of theorem A'-without affecting the generality of the theorem A', we 

may as in [3] assume D=O. In such a case 
h(μ， ν)=Ø(u， ν) 

The theorem will be proved if we show that 

(4.4) 
00 0。

V(x,y)=V(x,y; q， r)=우우 mnBη파rn/mn 

=우열 Bmnqmrt=싸g남J · 1og 1f7 

￦e have 
π π 

V(x， y) =꿇 
o 0 

Ø(s, t) Q(q, s) Q(r, t) dsdt 

1 
-n T +ff+ff+rr 

S T/ sO 0η 

, 4 

=후뚱 Iz ’ say. 

Here 
ππ 

11 = JJØ(s, t) l움cot s/2 cot t/2-윷cot ν2p(s) 
￡ η 

-웅cot윷p(t) +p(s)p(t) Idsdt 
‘ 

=11.1 + 11.2+ 11.3+ 11.4’ say. 

where 
ππ 

(4.6) 

11.1 = J J Ø(s, t)cot s/2 cot t/2 dsdt 
S T/ 

1 , 1\ (,.] . 1 =o(log :ê .log ~ J=o(log ,.L _ olog 1.土i η / \ l-q .~"" l-r 

by (4.3) and noticing that cot t/2 behaves as 종 
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(4.8) 
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ππ 

11.4 = J J Ø(S, t) p(S) p(t) dsdt 
a η 

n 

=[ψ(s， t)P(s)P(t)] $:;-f[ψ(s， t) p(t)] 삼'(s)ds 
a 

π ππ 

-1 [ψ(s， t)p(S)] 함(t)dt+ I I ψ(s， t) p'(s)p'(t)dsdt 

S 1/ 

=o(nog솥·춘- t 10g추o(rl/t4)dt +0 η 10g농·웅. s 10g놓O(~2씨ds )i 

+o( ~ η 10g놓 1헥 화)+o(JJst 1og÷1og+ 。(용2η2/ S4t4)dsdt 

1 , 1 
=o( 10g t .10g누 

= o( 10g , 1 _ .10g'_,-=-1 
1-q 1-y 

ππ 

Il 2=o( l l4빡 ds dt 

=o( 1앵촌.10g농)=싸g납o .log납뇌 

similarly 

(4.9) I1 , 3=onog-L.1og 1 \ l-q .~<> l-r 

From (4.6), (4.7), (4.8) and (4.9), vve get 

(4.10) 1.=이 1og-J-·loσ 1 \ l-q .~<> l-r 

Again integrating by parts [7] 
fη 

I4= Ø(s, t)Q(q, s)Q(r. t)ds dt 
o 0 

=[ψ(흥， η)Q(웅)Q(η，)] -Q(η끼ψ(s， η)Q'(s)ds 

η aη 

-Q(웅)(ψ(용，t)Q' (t)dt+ ( (.ψ(s， t)Q' (s)Q' (t) ds dt 
0 o 0 

! 

• 
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e/ 1 1 
O\sη logτ.log-~ ) 

o 
+i추 .01 추 .01 웅 0대ηlog충·log÷ 』

01 휠 log촌·log+)。(꽃 ldt xol 꿇 ds+o 놓 

.01 꿇 )dsdt 

=o( 10σ-」--·1og 1 
。 1-q --'" 1-γ 

.i ~ \ t2 

aη 
,. ,. 

+ 

1 '- 1 
=o( log낳 .log누 (4. 11) 

Also 
πn 

ψ(s， t)Q(s)Q(t)dsdt 
용 0 

12= 

π 

[ψ(s， t)Q(t)] ~Q’ (s)ds 
f 

=[ψ(s， t)Q(s)Q(t)] ;:~-

1Jf(s , t)Q' (s)Q'(t)dsdt 
0 

” - r [1Jf (s, t)Q(s)] :Q'(t)d t+ 
o f 

= ollog-l-- -log l 1 - q .~'" 1- r 
1 ,_ 1 

=o( log낳 .log누 C 4. 12) 

similarly 

we get 

l
-너
 
m 

g 

4 

O 

/
1、

L 

얘
‘
 
뼈
 

원
 m 

n) 

. 

l 

4 
꺼
 ( 

nJ 
rj 

(4.13) 

(4.11) , Collecting (4.10) , 

V(x,y)=o( logTL-·log 1 
‘ -ν 1-r 

which proves the theorem A'. 

so take C=O, we of generality without the loss Proof theorem D’. -Again 

that g(u, v)=CÞCu, ν)/16 sin μ/2 sin v/2 

we have 

5. 
‘ 

윷+cos nt fdsdt d 
dt 웅+cosms mn Bηzfl=끓 ( (CÞCs, t)부 

Thus 

dsdt 화p쁘±브짝 
2 si t/2 

d 
dt 

d r sinCm+ 1/2)s 
ds l 2 SiD s/2 

ρ
 μ
 

, e ‘ 
/ 

l ‘ ‘ 
, 
ψ
 
· 

π
 n π

 

Ew” =iS딩μνB””=4 
…“ 1 1 ，.‘ π 

o 0 

’ 

• 

ι% 

I 
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=월. ø“’ t) .2m COS(m+1끽ES펀 S깐Sin ms 
00 qsm Sl ι 

xr 2ncos(n+ 1I2깐sin t/2-잉nnt ldsdt 
4sin‘ t/2 

ππ 

1 
- π2 

00 

g(s, t)4mn cos(m+ 1/2)s.cos(n+ 1/2)t dsdt 

ππ 

+~ -
π2 

00 

g(s, t) Smms 잉nnt dsdt 
s/2.sin tl2 

1 
π2 

JIv 

성
 

d 쩌
 -

n 
-녕

 -
。
잉
 -껴

 
-… 

’’
4 

-針-·m 
/!\ 

-

m 
-

m 
-

。
‘-” eu /

r‘
、

g 
π
 

0 

π
 

0 

ππ 

-흙f슐(s， t) 싫 cos(n앓짧·sin ms d성t 
00 

=굶 [11 +12-13-14] 
For the proof of the theorem D’, it is required to be shown that 

뿔 충 등mq”t카/mn=o log날J·Iog납; 
or equivalently, 

(5. 1) 
0000 /... 1 

~ ~ 1,.qm
r n/mn=o( log ，~~ 'log ，~ \ 1- q .~'" 1-r 

1-q=용， 1-7=η Assume 
ππ 

1
2
= J J g(s, t)-펀걷E 핀퓨!....ds dt+ o(1) 

o .0 

The treatment of this integral is equivalent to establishing the theorem proved 

in the paper of Singh [4] and accordingly 

we have 

(5.2) 
。o 0。

εz 
m=ln=! 

I? qmfn/ηm= o(log-l-·log-l z 
‘ 1-q .~'" 1-r 

As for the integral / 1, we have 
。o 0。

Z그 E그 l ,qmrn/mn 
m=1 n=1 ι 

、

πn 

= 11 g(s, t) [λ(q， s)-coss/2] [λ(r， t) -cos t/2] dsdt 
o 0 

• 
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(5.3) 

Here 

ππ 

- g(s, t)λ(q， s)λ(1'， t)dsdt 
00 

ππ 

g(s, t)λ(q， s)cos t/2 dsdt 
00 

ππ 

g(s, t)À(1', t)cos s/2 dsdt 
00 

ππ 

+ J J g(s, t)cos ν2cosν2dSdt 
00 

=11,1-11. 2-11,3+ 11. 4’ say 

λ(r， t)=À(t)= (1-r)cost/? 
1-21' cost+γ 

Â.(t) has the estimates 

(5.4) λ(t)=o( 농 ) t드η 

(5.5) λ(t혀뀔ζ =0: t> η 

(5.6) 낀t)=봤=0 꽃 l 
AIso from (3. 2) 

é;2G (5.7) st ~견: = g(s, t) almost every where. 

Now clearly 

(5.8) 11，4=o(Iog융.log츄)=o(log뷰τ.log ‘ 1 

ππ 

11. 1= J jg(s，t)λ(s)λ(t)dsdt 
00 

~ T/ π T/ ~ 11 ππ 

• 

/ 

rr+rr+rr+ 
iG 
òsòt 

‘sλ(s) .tÀ(t )dsdt 
00 ~O O T/ ~T/ 

(5.9) =11,1 .1 +11.1.2 +11. 1.3 +11, 1, 4' say. 

On integration by parts 

[1.1 .1 = [G(흥， η)λ(홍)λ(η)]-홍λ(삐G(용，t)몫 [tλ(t)] dt 

‘ 
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aη 

[sÀ(s)] ds+ J J G(s, t)τs [sλ(s)]부 [tλ(t)] dsdt 

0 

(5.10) =o( log놓.log츄)=ψg날x·Iog ; 1 ’ 

π 

11,1.2 = [G(s, t) stλ(s)λ(t)] 뒀 그 [G(s, t)tλ(t)] 3 -? [sλ(s)] ds 

(5. 11) 

SimilarIy 

(5.12) 

and 

Thus 

(5. 14) 

- ?[G(s, t)sλ(S)] $ 4 [tX(t)] dt+ f fG(s, t)부 

=o( log놓.Iog웅 =oIog남J·1og 갑7 

긴，1. 3=0(log충.log추)=o(Iog냐r·l땅 1 

π 

[sλ(s)] d 

π， π / ... _~ ., .-'I~_， .. 1C d 
I1, 1, 4= [G(s, t씨(s)λ (t)st] ;: η - J [G(S, t) tÀ(t)] ~. ;s [SÀ(S)] ds 

f 

[sλ(s)] d 

11 =o( Iogτ관τ·log - 1 

[tÀ(t)] dsdt 

[tÀ (t)] dsdt 

Again we consider the typica1 in tegra1 12’ 
the treatment of 13 wilI be similar. 

Here 
ππ 

우 욕 12q썽/%%= l J g <s, t) [λ (q， S) - cos s/2] T(r , t)dsdt 

where 
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T드T(r，t)=송cosec //2 ta1- 1 •캠핀 ‘ l-rcost 

The estimate of T are easily seen to be 

T(r, t) =0(1/η). /드η 

dT ro (1Iη2) t드η 

d/ -lo(η//3) t> η 
The estimates concerning T(r, t) being exactIy similar to that of λ(q， s) the 

integral 12, can be disposed off as before. 

Thus 

(5.15) 12=0(1) (L) , I 3=0(1 )(L) 

Collecting (5.1) (5.2) (5. 14) (15. 15), we prove the theorem D'. 

We have considered only the case corresponding to the first allied series. 

Analogous resuIts can be established for the series corresponding to second and 

third allied series by proceeding in a similar way. 

1 am highly to grateful to Dr. B. D. Singh, Prof. of Mathematics Vikram 

University Ujjain for the inspiration that 1 received from him during the prepa­

rratio 1 of this paper. 
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