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ON SASAKIAN MANIFOLDS WITH V ANISHING C-BOCHNER 

CURV ATURE TENSOR 

By }in Suk Pak 

Recent[y, S. 1. Goldberg [1] proved 

‘ THEOREM A. Let M be an n-dz'mensz'onal (n르3) compact conlormally Ilat 

Riemannian manilold zoith consta12t scalar cχrvature. 11 the length 01 the R z'ccz' 

,tensor z's less than K/ν&二 1 ， the12 M~ z's a space 01 constant curvatμre. 

Also, S. 1. Goldberg and M. Okumura [2] proved 

THEOREM B. Let M be an 12-dz'mensional (n르3) compact conlormally Ilat 

Rieman낌an manzfold. 11 the length 01 the Ricci tensor is constant αnd less than 

K/‘/상- L tlzen M is a sφacε 01 constant curvatμre. 

In 1976, Y. Kubo [3] proved the following theorems corresponding to those of 

'Golderg-Okumura, replacing the vanishing of the Weyl conformal curvature 

tensor of a Riemannian manifold by that of the Bochner curvature tensor of a 

Kaehlerian manifold. 

THEOREM C. Let M be α K aehleria12 manilold 01 real dimension n(n르4) 

izoz'th constant scalar curνatμre zohose Bochner curvαture tensor vanishes. 11 the 

length 01 the Ricci tensor is no! greater than K/"';강=징， the12 M is a space 01 

consta12t holo1n01ψlzz'c sectionαl cμrvatμre. 

THEOREM D. Let 1'.1 be α Kaehlerian manzfold 01 real dimension n(n르4) zohose 

Boch12er curvature tensor νanishes. If the length 01 the Riccz' tensor is coηstant 

‘ a12d 120t greater tha12 K /，..;강=검 then M is a space 01 constant holomoφhic 

sectz'o1Zal cιrvatμre. 

The purpose of the present paper is to prove the foIIowing theorems corres

ponding to Theorem C and D, replacing the vanishing of the Weyl conformal 

'curvature tensor or Bochner curvature tensor by that of C-Bochner curvature 

tensor (See [5J) in a Sasakian manifold. 

THEOREM 1. Let M
n 

be a Sasakian mamfold 01 diηzension 11 zoz'th constant 
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scalar cμ7νatμre K whose C.Bochner curvature tensor vam'shes. 11 the sqμare 01 

the length olthe Rz'cci tensor z's less than K 21n-1 , then M n z's locally C.Fubz'nz'an. 

THEOREM 2. Let M n be a compact Sasakz'an mamjold 01 dimension n whose C. 

Bochner curvature tensor vanz'shes. 11 the sqμare 01 the length 01 the R z'cci tensor 

is constant and less than K 21n-1, then M n 
z's locally C.Fubz'nz'an. 

1. Introduetion 

Recently Matsumoto and Chuman (5] introduced a tensor field of type (1 , 3) 

in an ,g-dimensional Sasakian manifold Mn whose components B kjih are given bR 

(1.1) 
1 / ..... .... h ......... k _ _"" h __ h 

B kji =Kkji +강순3 (Kkiδj -KIiδh+gkzKj”-gjiK; 

+SkiØt-옥i￠J +￠kisf -와is￠+ 2S kj￠h 
+ 2sf￠힘 

-K돼ηh+Kjiη떠-ηkηikf+ 깐ηiK￠) 
k+n-1 

--「←':.. (cþ않 -øjiø;' +2ØkjØ;') 

k-4 - --r (gki δj 一 gji δ;') 

+ 추" (학i 낀 씬+ηkη1δr-윈zηkηh-꺼η갚). 
where 함 is the structure tensor, η2 the structure vector, ζ·i the Riemannian 

metric tensor, n =gihη , K kji 
h the curvature tensor, Kji=Khji 

h the Ricci teI!sor, h •• h 

K=g1iKji the scalar C뼈tu떠 (g윈jjf너깐1 
k=(K+n-1)1κ(ωn+1). They called it C.Boc야hner curvature tensor and obtained the 

following identities concerning with this tensor field: . 

(1.2) 

、J

where 

B .h=-B h, B =B kji -
~jki' ~kjih-~ihkj’ 

h ， ~h.~h B J,.;,,
:t + B ;".~' + B ,:1.;' = 0, B J.;，，~ = 0, kji '~jik '~ikj 

Bkjrηk=o， ￠JBsjr=￠jBskr， ￠kjBkjr=o， 

Bkjih=Bkj찮h’ økj=쉰gsk. 

Now we shall introduce a tensor field of type (1, 3) in M n whose components 

U kj: are defined by 

Ukjr=Kkjr- (p+ 1) (gjz δ￠ -gki δjh) 
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p+1=쏠l' which is an analogy of the concircular curvature tensor in a 

Kaehlerian manifold. A Sasakian manifold M n is caIled locally C-Fμbt"m-an (l1J 

fold M n is locaI1y C-Fubinian. its Ricci tensor satisfies 

Xji=agji+bPjηi’ 

When a Sasakian mani-

where a=. K. -1 and b=- .K. +n. In this case the manifold M n is caI!ed %-l %-1 
C-Einstein (8J. Hence if a Sasakian manifold is locaIly C-Fubinian. then it is 

C-Einstein. Using this relation. Matsumoto and Chuman (5J proved 

h 
THEOREM E. The C-Bochner curνamre te%Sor Bkji cojxcides witk Ukji f a,zd 

。nly zf M n z's a C-Et"nstez'n space. 

By meanns of this theorem a Sasakian manifold M n with vanishing C-Bochner 

curvature sensor is locaIIy C-Fubinian if M n is a C-Einstein space. 

The present anthor (9J proved by using Theorem E the foIIowing theorem: 

THEOREM F. Let M n be an n-dimenst"onal Sasakian ηzanilold wtïh constànt 
scalar curvature whose C-Bochner curvature tensor vanishes z"den !z"cally. 11 tJze 

Rz'câ tensor is poszïive seηzi-d강'inite. then M n z's locally C-Fubinian. 

In section 2. we shaII recaIl fundamental properties of a Sasakian manifold with 

vanishing C -Bochner curvature tensor and in section 3 prove that the Laplacian 

웅 L1CZiiZ
ji) =양cV/ViZ s/)Z5t + CVkZ)C밤Zii) 

아 the tensor Zji defined by 

C1. 3) Z. ,=K .. -
J' JZ K- -l봐+.쫓1 -n)깐ηz’ 

zii=ZstgSI강. Vi being the operator of covariant differentiation with respect to 

the Riemannian connection of M
n and VkZii=lsvsZji. is zero in a Sasakian 

manifold with constant scalar curvature whose C-Bochner curvature tensor 

vanishes identicaIly. 

In the last section 4 we shaIl prove the main theorems stated as before by using 
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Theorem A and Lemma 2. 

2. Sorne properties of a Sasakian rnanifold with vanishing C-Bochner 
curvature tensor 

Let M
n 

be an n-dimensional Sasakian manifold (n르3). Then we can easily 

verify that the following relations hold on Mn: 

k 1 
Sji=-Sψ’ 밑SI =챈'j~VkK + (K -n+ l) T?j ’ 

(2.1) VkSji=η'jKik -(n-1)gjkηi+ ￠jtvkKti’ 

Ø;VtSik=-댄kj+(n-1)와ηk+￠l것s?rKsk 

with the help 0아f Kji센η센J=(n-1)껴ηJ (언Se않e[염8히1 ). On the other hand the d버if단fe앙re하nt뎌ia려1 form 

S←=웅Sj쐐i 
Vk진강i+ Vjsik+ FzSkj= 0, 

from which and (2.1) , we aIso find 

(2.2) PkKjt-V1Kki= -봐.rVrS kj - 2S kjηi+(%-1)(￠ktηj-￠jzηk+ 2없j까). 

Differentiating (1. 1) covariantly and using (2_1) , we have 

(2.3) (n+3)VtBkj/=(n: +2)(V면·t - 인;Kki) -øk껴·s(VrK앙 - FsKrz) + 2와
s￠JFsKri 

+ηr(T?kVrKji-η'jVrKki) -(n+2)ηkSJz+%η'ßki+ 2(n+1)ηiSkj 

+곽1 (gki까 -gjiηk)ηrp7K+ 쥬표뉴{(gki- T?kηi)인K -(gji- ηjηi)밑K n-1 

+(Ø않'; -øjiø; +2Økj휩)VrK} +(n-1) {(n+2)ηkØji 
-n꺼Øki- 2(n+1)η껴kj} • 

Trans、recting (2.3) with ø :'øl and changing the indices a, b to j , k respe떠rely 

in the equation thus obtained, we find by adding the resulting equation to (2.3) 

VtBkj: +ø;ø합tBrs; 

=(맑Kjz-V1K꾀 -뼈방(VrKsi-VsKri) +(n-1)(η때ji - T?j않)-ηkSjz+ 까Ski 

+τrLττ-(gkiη'rgjiTJk) ηtvtK. 

On the other side, using (1. 2) , we have 
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Ø;ØtVtBrs: =-VtBkj: , 

from which and the last equation, 

(2.4) 맑KIi - Fjkki-따갱js(P7Ksz - FsKrt) - ηkSji+ 낀Ski 

+τ(，，~'n .(gki낀 -gjiη'k)η7rK+(%-1)(P와-깐Øki) =0. 

Contracting the last equation with ηk and ηk gji respectively, we find 

(2.5) ηtVtK=O， ηtptKjt=o. 

Substituting (2.4) and (2.5) into (2.3), we obtain 

f±흑 FtBkjit = VKKji -Fjkkz - ηk {Sjt - (% -1얘기} 며， {Ski-(n-1)앓} 
1 

+2까 {Skr(n-1)없)+ 2(n노fγ {(gki- ηkηz)δj - (gjt - ηlηi)δk 

+ 와2￠; - #ji￠$+2￠꽤:} VtK. 

Thus, in a Sasakian manifold with vanishing C-Bochner curvature tensor, we 

get 

(2.6) 

(2. 7) 

(See also 

vkKji - Pjkkz=ηk {Sji- (% -1)와i} - ηj {Ski- (2z -1)와t} 

-2ηz· {Skj - (%-1째} -젠잃γ {(휠선kηi)δ; 

-(gji-셈i)삼+ø짧It - ￠jz값+2않야} 까K， 

VkS선7jKki- 77iKkj+ 2(n~ I) {ØjkδL@ δ t 2(n+1) 

+2Øjiδ:+(gik-ηi%)￠jt-(gj·k-까따)와I}VtK 
[5J , [9J). 

In the rest of this section, we are going to compute VkK꺼 and VkZ까 by using

(2.5) , (2.6) and (2.7). 

Differentiating Sji=힘Kti covariantly gives 

FKSI5 (η앓 -fgkj)Ktz+￠jFKKtt=까Kki -(n-1)η2월+ØjVkKti 
as already shown in (2.1), which together with (2.7) implies 

(2.8) 힘P잃=(n-1)짧j-77iKkj+걷숨π{￠jkait-않δ; 

+2Øjiδ:+(gik-η값)와t _(윈·k- ηj파)까t} VtK. 
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Transvecting (2.8) with 함 and using (2.5) and (2.6) give 

(2.9) VkKji= -ηj{Skz-(%-1)￠kz} -ηi{Skj-(n-1)Øk) 

+ ~/1， 1 ~{(합-까ηk)δit+ ￠tk야+(앓-η값)쉰 

+ø싫zt + 2(gjz - ηj낀)앙}V/K. 
which and (1. 3) also implies 

(α2.10)이) '1맑k Zζ감ji=-껴η꺼꾀j까ts윌짧k 

+」r (따)ηj팎 값늙) {(gjk객파)δ/+ø훤+(앓-따)δj 

+øjk와
/ +2(윈i-낀ηi)야}까K. 

3. LapIaeian 4(ZjiZ1t) 

In order to compute the Laplacian 

(3.1) 울.d(감Zii) =상i(V찌감)Zih+(Vk감) (VkZii) , 

where the tensor Zji is defined by (1. 3), in a Sasakian manifold with vanishing 

C-Bochner curvature tensor. we first consider the first term ijCVkVjZih)Zih in 

the right hand side of (3.1). 

Taking account of (2.7) and (2.10). we obtain 

(3.2) 감VyZ샤= -Økii Sjh-(똥1 -1 øjh - η깝 {S까- .쏠1-1)와h 
-ØkhlSji-(쏠1 -1 ø ji - η'hVk Sj;- 줍1- 1 )Øji 

-」←(Vk까K)gih+날1 (VkVjK)깐ηh+원1 (까K)(앓ηh+ ηiØkh) 
-rLτ←{뺏77i+샘ki)δi-(까gkj-까gkh)씩-와(ηιδJ-ηtgkz)+2(않ηh 
+ 까Økh)δ;+ (￠kh까+ η"Økj)δit - (ηigkj- ηjgki)￠;-￠ij(ηh야 - ηtgkk)} ?tK 

+τ」「τ-{(장-η1ηi)δ;+￠hj@zt+(윌j-η싸)쉰+øij따 + 2 (gih -ηi77h)δjt}FKFtK· 
Trans1recting (3.2) with gkjzzh and making use of Zjif=O and ZZ=o, we can 

ξasily verify that 

(3· 3) gkY(FKFjz쩌)Zih= -2rþsi S쌓+깅늪 {Z:+와싫Zih}VkVtK. 
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On the other hand, taking account of the skew-symmetry of S치’ we have 

잃ShSZih=KihZ 

=KihKih-(τ팍-lìK+(n-1)(팍1 -n 

and 

<Þhk와.1 Zih =Z k
l
• 

Substituting the last two equations into (3.3) implies 

(3.4) lj(밑인Zih)Zih= -2KikKih+2/「Xr -1 )K 

-2(κ-1)( -X--사+ -L{P (ZktVtK) - (와Zlk)V'IK}. j' n+1 LY k 

Next we consider the second term in the right hand side of (3.1). Taking 

account of (1. 3) , we have by a straightforward computation 

(VkZji)(V합)={밑Kji-갈1 (VkK)윈i+앞rC와K)까ηi 

+(-::-팍-n)(<þ η +η ￠ )} {VkK1i-쓴ï (VkK)/i 
‘ kfli . 'IjT ki 

( K \ +←τ(밤K)년.ηi+(:r-%)(# η +뼈 )}, 

which reduces to 

(3.5) (FKZ1i)(VkZ1·i) = (VKKji) [ VkKii) - 1 
n-l 

('11 kK) (V
k 
K) 

+4(쏠r-%){-K+%(%-1)} +2(%-1)(월-χ、 2 

because of 4y 7%VKKii= --K+%(%--1) which is a consequence of Kji남=(n-1)ηj· 
On the other hand we can also find by using(2.9) 

(3.6) (맑K1i)(VKKii) 

=개[애η까1파{떠힐S윌k값i-(1써， 

i” ) -얘<Þik힘￠함;+ (←-g，앓2샘k+애ηi꺼싸η따k)씩δ쉰;-￠와jk<Þ싸Z+녕2(←-윈i선+η까jη젠iJ)δ감때%씨}V까IK페K때1 [떠ηψ>j {냥S양싼k따iμ-(n-감l)r/l삶f쐐 ki꽉 

+돼싸쐐η상싼째2까댐{띤Sk힘j-(%-1U뼈)얘￠앞뼈￠삶해해k힘씬j서}+링값묘늙늪1) {(←-냉￡얄k+η밤)gfs-織s+냥JZ+ η1뼈ks 

_rþjkrþis +2( _ g}i + ηjη5)gks}FsK] 

=2K12Kjz-4(써K+2%(%-1)2+깅감(VtK)(Vt K) , 
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SjtS1i=KjiK1i-(7z-1)2 and @jiSlZ=K-(%-1)· where we have used (2.5) , 

Finally contracting (2.10) with i j and using (2.5) , 

죠二프-(P K)(FtK). 
2(n-1) 

Substituting (3.6) and (3.7) into (3.5) and (3.4) respectively and substituting 

the resulting equations into (3.1) , we obtain 

융d(ZjtZj2) = 

we get 

(Vkzf)7iK= (3.7) 

2 - Fk[ ZktVtK),(3.8) 

which implies 

c-whose % ” 
” ” 

微시
 

” Z Z 4 % ’ R % 

manzjold 

Boclmer cμ7νatχre tensor vanishes identically, 

scalar constant wz"th In a Sasakian LEMMA 1. 

Proof of main theorems 4. 

curva-C-Bochner In a Sasakian manifold with constant scalar curvature whose 

ture tensor vanishes, we have 

웅d(ZjiZjZ) =gkj(FKFjZtlt)Zih+ (VKZ1낀암Z1i) 

-l )Øjh} 
K 

n-1 -ηi{Sjh --1 )와，，} 
K 

n-1 = gkjI7k [FiZjh + ηj{Sih -

-1l@jz} ] ZZh+ (?kZμ) (VkZ ji
) =0 K 

n-1 -2η" {Sji-

Applying 

1ast equation and taking account of Z2 = O and Zjz??z = 0, 

K.tZ Z1h-K tzszih-3Z Zih+(? Zj)(1IkzJi)=0 thLJ .. I..l. sih ÆJ t ~ ...,- ih- I \.. Y k- j 

with the help of 7tZth=0 and ￠stSJzzh=ZihZih. 

the~ to identity Ricci’ s the Lemma 1. and VkK=O by using (2.10) , 

we can easily see that 

(4 , 1) 

using (1. 1) On the other hand, 

we get v 
“ 뼈

 

--d 
돼
 

ι
 
“ 

z 1 J 
·h 
n 

B 
뻐
 

w 

K.tZ Zih-K ltZsZih=강=Lz.tZ ,Zik 
h-/- n+3 -i-th (4.2) 

ZjiZJZ• +2n+2 낌
 
써
 

+ 。
、u 
-1 
i 

싼
 -
ι
 

m 
1 

n+3 + 
AIso using (3.5) and (3.6), we have 

(VkZji)(ψkzji) =2ZftZji (4.3) 

because of 

ZiiZji=KjtKji-「조:-K2+2K-%(% -1)· (4.4) 
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Substituting (4.2) and (4.3) into (4.1). we have 
t ,., ,.,ih , 1 

(4.5) 츄휴Z펴hZ + 좌1 {K +n-1}ZjiZJz =0. 

Now we assume that 

(4.6) K .. ~i드웰 
and then consider the fo lIowing two cases: 

(i) K드0， (ii) K>O 

In the first case, using (4.4) and (4.5) , we have 

zjiZJZ드2K -n(n-1)<O, 

which implies 

Zjt=o. 

Hence, taking account of (1. 3), we find 

Kji=납환-꽤i-(쩔1 -n)ηj낀’ 
which means that the Sasakian manifold is C-Einstein, and consequently IocalIy 

C-Fubinian with the help of Theorem A. 

In the second case we need the following Iemma. 

” LEMMA 2. (Ok때umu 

11 ψepμt k2=편 ag, μ k= ” ‘ 
￡’ a;‘， 
i=l -

then the z'nequalities 

n-2 .3 ~ .n , 3 ~ n-
--「====k 르 도’ a-<-1====k /%(x-1) i=i 2- 4/%(%-- 、

hold good. 

By means of Lemma 2, 하n않 Z2=o, (4 5) red따es to 

-o=칸~ Z;Z .. Zih + f __ ε+호느끽Z .,Zji 
h~ '\ n+1 ' n+1 J 

르{효램드L- (?--2?감간2K-n(n-씨Z·;Zfi， 
‘/ n J J ‘ 

from which, putting Q=‘12K -n(n-l) , we have 

Q (n-2)‘/짚-1 
‘//갇강순 1) -' (n+3)‘/싫 0> 2+ / 2(것τ1) n、。 (2n+l)(싹+x-1)1z1iZF， 

and consequently 
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Z;i=O. 

Therefore we com plete the proof of Theorem 1. 

Next, we prepare a lemma in order to prove Theorem 2. 

LEMMA 3. (Okumura [6J) Let a1, …, an, b be n+l (n> l) real numbeγs satisfying 

the following inequalzïy. 
n ^ n n 

(설 ai)三(n- l)설 (ai)ι + b (resþ. > ). 
Then, for any distiηct i and j , zνe have 

2azaI=옳1 (reψ >) 

First of all, replacing the quantities about Zμ by those of Kμ in (3.8) , we can 

see 

(4.7) 놓\lCKjiKji) = 옳rKjZ十 K캅[1〕 윈)떼tK+ 옳1 11 V' jK112. 

Let at (i=1, ---, 써 be the eigenvalues of K/. Then the 
.,2 

const. <향r implies 

-K K m 

뼈
 

원
 

azaj>O (z"놓j) 

by means of Lemma 3. On the other hand Kjir/=(n-1)ηj' and consequently we 

can assume an=n- 1. 

Hence ai>O (z" =1 , …, %), which means A .= 2 K. 十 죠二쁘-1) n + 1 -- jz . 1Z -1 gji 

is positive definite. Therefore (4.7) yields 

Aj1V1ViK<O 

for a positive definite quadratic form AjidxJ dxt , where AJz 
=:: A

1S 
glj g“, Hence by 

means of E. Hopf’ s theorem [12J K is constant. Therefore Theorem 1 implies 

Theorem 2. 

Kyungpook University 
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