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SOME TRANSFORMATIONS AND IDENTITIES INVOLVING 

H-FUNCTION OF TWO VARIABLES 

By Namprasad Singh 

1, Introduetion 

Generalizaton to two variables of Fox’s H-function [3, p. 408] , has been 

introduced by Verma [61. which wilI be represented as foIIows: 

(1. 1) 

where 

H(ml. mi) : (tl, n2), n. 

@‘’ p,). p, ; (q ,. q.). q, 
I [(a ... , A ... )] : [(c ... , C ... )] : [e .... , E ... )] p,’ Pl"' "j • L .... -PS. -P."''' . I.. -p.’ p. 

y [(bq,' Bq)] : [(dq,’ D씨 

=」:τ2" I 1F(s, t)Ø(s+f)체Sdsdt， 
L, L, 

(1.2) 1F(s, t) 
m1 n 1 "'2 n2 n r(b;-Bis) n r(l-ai+A,.s) n r(d;-Dit) n 1 ’(l -c.+c;t) 

j =1 J J ;=1 J J ;=1 J J ;=1 J J -

DJ’ (1 -e;+E.s+E;t) 
(1.3) if; (s, t) =-τ_~J=1 - - ” • -

P' • n 1 , T(안-EF-Ejt)1 n 1T(1-져+FIs+Ft) 
十 1 • • • J=m,+l .. . 

and [(ap' Ap)] represents the set of parameters (a1, A 1) , (a2, A 2) , …, (ap' Ap)' 

In what foIIows for the sake of brevity [P11. [P2], [P31. [Q1]' [Q21. [Q3] denote 

respectively the sets of parameters [(ap,' Ap)1. [(κ， Cp)]' [(eps' E꾀] , [b q,’ 
B~)J. [(d~ ， D~)] ， [(f~， F~)]. The contour integral defined in (1. 1) wiII be 

'i I '1 2 '1 2- qs 'lS 

denoted in a contracted form by H [x, y]. Further we mention only those sets 

of parameters where there is some change, for example, 

(m ,. m,) : (n ,’ n.). n.+2. 
(1.4) H (p"p,).p.+2: (q ,. q,). q， 十l

will be written as 

x I [P1] : [P2] : (a-r,!), (b-r, m), 

yl[Q1] : [Q2] : [Q3]' (d-r, k) 

[P3] 
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__ n.+2 
i ‘ Þ.+2. q,+l 
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x (a-r, l) , (b-r, m), 

yl[Q3 ], (d-r , k) 

[P3l 

• 

The ir뺑ral in (1. 1) converges, a빼뼈bso이lu뼈1 

where 
n, m, n, þ , q, þ, q. 

(1.5) μ1= (E A;+ EB;+ E EJ-( ε A.+ g B.+ z E.+ g F.) 
J 1 J 1 J n, + 1 J m, + 1 J n, + 1 J 1 J 

112 m2 na Þ'J q2 Þs qs 
(1. 6) μ2= (EC;+ED;+ε’ E;)-(E C;+ E D;+ ε E;+EEJ 1. 

J 1 J 1 J ... + 1 J m. + 1 J n, + 1 J 1 J 

FolIowing known results will be utilized in this paper from Luke [4, p. l1ü.1', 
we have 

‘ 1, b, c+1; zl _ fa , b; 
(1. 7) ~F?I:' . I=?F, 

J ιLd， c J r lLd 
zl ‘ abz ... fa+1 , b+1; z 

‘ cd 2‘ 1Ld+1 

From Rainville [5, 

(1. 8) 

p.32l , we have, 

r(1-α-n) _ (_1)n 
πFRr-;T징[· 

• 

2. The transformations involving generalized H-function of two variables tOJ 

be established are: 

(2.1) 
r=0 7! “ Þ,+4,q.+3Lyl[Q3], (d-r, k) , (c-r,n), (c-l ,n) 

r=o r! “ þ.+2,q. +1Ly I [Q3l , (d-r, k) 

r=0 7! .“Þ.+3,q.+2Ly 1 [Q3], (d - r-1 , k), (c-1 , n) 

1 where (μ1 +l+m-k)>O, larg xl <걷-(μ1 +l+m-k)π， (μ2+ l+m- k)>O， 

larg yl <웅(f1.2+l+m-k)π and Izl <1. 

[P3l 

(2.2) 중죄 바s+? - -「 xl <• r-1 ,n), (c, n), [P3], (a-r, l) , (b-r, m)l' 
(c-l , n) 

- 울칙 un, fxl [P3J. (a-r,l), (b-r, m) 

7=o r! “ þ.+3,q,+2Ly I [Q3l , (d-r-1 , k), (c-1 , n) 

where (μl-l-m-k)>O， larg xl <웅(μl- l - m- k)π， 
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(fJ.2 -I-m-k)>O, larg yl <울(fJ.2- I -m-k)π and I zl <1. 

r=0 7! “ P.+3,q.+3Lyl [Q3l , (d-r , k), (c-r, n), (c-1, n) 

_ ~i r(a+r)z7 념.+1 r x I (b-r, m), [P3l 
1"=0 r! --P버， q， +ILyl [Q

3
J. (d-r , k) 

r=o f! “ P,+2,q.+2Ly I [Q3J. (d - r-1, k) , (c-1 , n) 

where (μl+m-k)>O， (fJ.2+m-k)>ü. larg xl <웅(μl 十m-k)π， 

larg YI <웅(μ-2+m- k)π and Izl <1. 

Xj (a-r, m), [P1l ; (b-r, m), [P2l ; 
(2.4) 증파H(t1+1’ n，+싸.+2 

，.~ó r! -- (p, +I,p,+I),p.+2;q.+3 (c- r-1 , m) , (c, m), [P3l 
y I [Q3;' (d - r , m), (c- r , m), (c-1, m) 

∞ z" n(η， +I ， n， +I) I x 
=ε--H / 

1'"=Ó r! --(p,+I,p,+I);q.+lLy 
(a-r , m), [P1l ; (b-r, m), [P2l 

[Q3l , (d-r , m) 

1' +1 r (n, +1, n, +I), n.+l 
x I (a 一 r- l， m), [Pll: 

+~그."'. H、
r=0 7! <Pi+1,PI+1),p.+1:q.+2 (b-r-1 , m), [P2l : (c, m), 

yl [Q31. (d-r-1 , m) , (c-1 , m) 

where μ1>0， larg xl <울μlπ， %>0, jarg yl <웅%π and Izl <1. 

[P3l 

PROOF. To establish (2.1), expressing the H-function of two variables on the 

left-hand side as contour integral (1. 1), we get, 

(2.5) 
。o ,. 

" ' z 
f듀 O 7! 조;，2 r {1]7"(s, t )fþ(s+t} r q-a+7+ls+lt)T(1-b+7+ms+mt) 

(2πZJ J J l (1-C十7十ns+nt)r(2-c+ns+χt)

F (2-c+r+ns+nt)r(l -c+ns+nt) XSyl ds dt. 
r (1 -d +r+ ks+ kt) 

Now changing the order of summation and integration in view of [1, p.176 

(75)l , which is permissible under the conditions given in (2.1), we get, 

r r7TNn ."Un ", r(l-a+ls+lt)J’ (l-b+ms+mt) 
(2.6) 잖FJ μ￠(s t)￠(s+t) r(1-d+ks+kt) 

1-a+ls+lt, l-b+ηzs+mt， 2-c十 ns+nt:
X 3F 21 ’ z!xψI ds dt. 

l-d+ks+kt, 1-c+ns+nt 

Now applying (1.7), expressing both the Gauss hypergeometric functions as 

series, changing the order of integration and summation and interpreting the 
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result thus obtained in view of (1. 1), we get the right-hand side. 

Proceeding on similar lines the results (2.2), (2.3) and (2.4) can also be 

established. 

3. Particular cases 

1n this section, we derive some infinite summations from the transformation 
formulae discussed above. (i) 1n (2.1) and (2.2) putting z=l on both the sides; 

,on the right-hand side expressing H-functions of two variables, as contour 

integrals, changing the order of summation and integration and evaluating the 

summations inside the contours with the help of Gauss theorem [2, p.61, 2.1.3 

(14)1 and using (1.1), we respectively get the following summations: 

∞ 1 _’ A r r. 1 (η 
(3.1) ε「“ A ... I 'l 

,.=0 r! ~~P. +4.q.+ ;jLYI [Q31. (d-r , k) , (c-r, n), (c-1 , n) 

(a,l), (b, m), (d-a-b+2, k-l-m) , [P31 
[Q31 (d -a+ 1, k- I), (d -b+ 1, k-m) 

[P3] 

+4 I x I (a-1 , 1), (b-1 , m), (d -a-b+3, k-l-m) , (c-n) , [P3] 

[Q31. (d -a+ 1, k- I), (d -b+ 1, k-m) , (c-1 , n) 

where (μl+l+m-k)>ü， larg xl <웅(μl+l+m-잉 

(3.2) 

+H?lf? nl Xl (d-a-b+3, k-l-%), (c,%), [P3] , (a-1, l), (b-1, m) 
þ. +4. q'+'l y I [Q31. (d-a十 1， k- l), (d -b+a, k-m) , (c-1 , n) 

where(μl-l-m-k)>ü， (μ2- I -m - k)>ü， larg xl <웅씨-l-m-k)π， 

and larg yl <웅(μ2- I - m- k)π. 

(ii) 1n (3.2) putting l=m=n and k=2n, we obtain: 

(3.3) 
r=o r! “ þ.+4. q,+3Ly[ [Q31. (d-r, 2n) , (c-r , n) , (c-1 , n) 

.+2.q,+2Ly[ [Q31. (d-a+1 , n) , (d-b+1 , n) 
」
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+3. q.+3Ly[ [Q31 , (d-a十 l， n)， (d-b+1 , n) , (c-1 , n) J' 

where(μ1- 4n)>O， (μ2-4n)>O， .Iarg xl <융써-4n) π and I argy.l <울(μ2-4쩌π. 
(iii) In (2.3) setting z=l and applying the similar method as in (3.1), we 

get, 

(3.4) 
±즈).un.+3 rxl(b-r, m), (c-r- l, n) , 

r=o r! “ þ.+3. q.+3Lyl [Q
3
J. (d-r, k) , (c-r, n) , (c-1 , n) 

2 rxl(b, m) , (a-b+d+1 ,k-m) , [l 

+2.q.+2Ly JrQ3L (d+a,k) , (d-b+1 ,k-m) 

3 I x I 
+3. q.+3LyJ[Q31, (d+a, k) , (d-b+1 ,k-m) , (c-1 , n) 

vaIid under conditions as given in (2.3). • 

(iii) In (3.4) putting k=m=n, we get, 

(b - r , n); (c- r.-l; n), (c, n)"[P31 l 
[Q<!J. (d - r , n), (c.-r, n), (c-1 , n)J 

1 (b-a-d-1)rtn.+2 . r x I (b.-1 , n) , (c, n) , [P31 l 
r(b-d) .. - “ þ.+2. q,t 2Ly /[Q3L (d+’ a,%), (c，L%)」J

1 
where μ1>0， μ2>0， larg xl <τμlπ， larg yl"<τμ2π. 

‘ 

4. In this section we obtain some jntere~ting identites. ‘ --

(i) c In (3.1) setting a=c --,- d-1 , b= -1, m=O, k=n-l; on the left-hand side 

expressing the H -function as double contour integral, changing the order of 

summation and integration and using Dixon’ s theorem [5, p. 92J , we get, 

(4.1) 

-
x 

nn.+5 
“ þ.+5. q.+5 

y 

-

(d, n- l), d-~ +3 죠-1)， . (c-d-1,n , 2 ’ 2 ') 

[Q31, (d,n-l), (d+2,n- l), (d-응+1， 증-l)’ 

」r-+l. jε 
2 ’ 2 

.+2 I x 

(c-2, n) , 

(2d-c+4, n-2l), (c-d-1 ,1) , [P31 

[Q3J. (d +2, n- l), (2d -c+2, n-21) 
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+2· r··+# | X l (2d-c+5, n-2l), (c-d-2, l), (c, %), [P3] 

[Q31 , (d+2,n-/) , (2d -c+2, n-2/) , (c-l , n) 

where (μ1-n+2l)>O， (fL2 -n十21)>0， larg xl <융Vt1- n+21)π， 

'Iarg yl <융(fL2-n+ 21) rr. 

(ii) In (3.2) putting a=2c-l, b=2c-d-l, k=I=2n, m=O and proceeding as 
above, we get, 

(4.2) F(2c -d-2)H:' 
r x 1 (c-l , n) , (c, π) ， [P3]. (2c-l , 2n) 

=F(4c-2d-
x I [P31, (2c-l , 2n) 

F(2c-d-2) “ þ,+2.q.+2Lyl [Q31, (2d -2c+2, 2n) , (c-l ,n) 

where 싸-4n)>O， (μ2-4n)>O， larg xl <융아-4n)π， 

.and 1녀ar대g압때y씨lκ<울úμfL2-
(iii) In (:떠3.4찌) setting a=d-c+2,’ b=-I,’ m=Oα’ k=n and proceeding on s잉ikInmIn피lj피ilar 

lines as above, we have, 

(4.3) 
,+3 IXI\d-융+3， 흉，융-1， 흉)， (C, n) , [P31 

yl [Q3]. (d+2, n) , (d-숭+1， 풍)， (c-2,n) , \숭+1. τ 

+1 rX I(2d -c+4, n) , [P31 

+2(d -c+2)H:' 
r x I (2d -c+5, n) (C, κ) ， [P31 

1 where (μ1-n)>O， Ûl:! -n) > 0, larg xl <걷-(μl-n)π and larg yl <걷-(μ2-n)π. 
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