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STIELTJES TRANSFORM OF FUNCTIONS 

SATISFYING THE LIPSCHITZ CONDITION률 

By R. N. MukherjeeXX and D. N. Bhattacharya 

1. Introduetion 

This paper w iIl be concerned about the Stieltjes transform of a function rp(t). 

S[ [rp. xJ defined by 

S[[rp, xJ = f(x) = 1 . ￠(t)dt (1.1) 

o 
where rp (t)εLj (0, R) for aII R>O and the integraI exists in (1. 1). 

We define two operators in the foIIowing manner (see Widder, p. 345): 

( _l)K- 1 d2K-1 
I[f, K; tJ =. v\" γ 。、 j- ~?l( _1 [t''j(t) ]-rp(x) 

d r (_l)K-1 d2K-1 
J [f, K; tJ =김r[ K! (K-2)! 짚한1 .[tKf(t)} . 

Our main aim is to show that the asymptotic behavior J [f, K; tJ =0(1) uniformly 

in some intervaI of t , impIies that rp(t) satisfies the Lipschitz condition there. 

AIso, we state a theorem about the asymptotic behavior of 1 [f, K; tJ , whose 

proof we include here because of the completeness, aIthough it’s proof is bascd 

along the same Iines as the proof of a theorem in [2J. 

THEOREM 1.1 Let f(x)=S[[rp , x ], t>O. Then 

t+h 

[rp(t+y)-rp(t) Jdy=o(h) as h • O (1.2) 

imþlz'es 1 [f, K; t] = 0 (1) as K • ∞. 

PROOF. It can be easiIy seen that 

(2K -1)! 
LK.t [f(x)J =τ .. /" .,., ..... , I 
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where 
- ( _l)K-l 

LK.t[f(x)]- yr·/Tr 〔、.
，
「-
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,a-fd 

[tK f (t) l. (K = 2, 3, …). 

Set 

α(x)= J 쁨fdt， (1드x<∞)， 
then since (1.1) converges we get lim α(x)=A<∞. 

X→∞ 
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provided the integral in the second term above converges. But it is clearly 

absolutely convergent. Also since cþ(t)εL in 0드 t 드1 ， therefore we have the 

following; 
。。

lcþ(t)dt<∞， (C=-l) (1. 3) 
1 

tC/@(t)dt<∞， (C' =O) (1. 4) 

ßecause of (1. 2) , (1. 3) and (1.4) we know that Theorem 8C of (21 gives 

(α2K -1)!! 얻 tK- 1커l닝zμt I ~ ~d rþCμ씨)duμ -cþ(αωt) =o아(1) as K • ∞. 
K! (K-2잉)”! 04 (t+μj 

From which we get 

I C!, K; t)=o(l) as K→∞. 

2. For the stieltjes transform f(x) =5 [[cþ , x1 , cþ is called the determi껴ng fμnction 

and f(x) the generating of the transform. Main theorem in this section will be 

stated as follows: 

THEOREM 2. 1. 5μppose f(x)=5[(cþ , x1 and let 

I J[ f , K; t11 르K (2. 1) 

for tε(a， b) and for some K)O; then there exists a function ψ(t) which is equal 

10 cþ(t) in Ll (a, bl ηorm such that 

l ψ(tl)- ψ(t 2) I 드Kltl-tzl ， t iε (a， b), i= 1, 2, 
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We shall use the following representation theorem for the Stieltjes transforms 

as given in ([2] , p.375) for the proof of Theorem 2. 1. AIso in the fo l1owing 

L K. t [f] stands for the operator 

_ (_l)K-l 
LK . 1 [f] = ~I I";: .-" κ ， ILJ J- K!(K-2)! 

d 2K- 1 

2K-l 
dt 

[tKf(t)] , (K=2, 3, …) 

THEROEM 2.2 Necessary and suffident conditz'ons for f(x) to be a SUeltjes 

transform of rþ(t) wz"th rþ (t)εLl (0, R) for all R>O are the following: 

00 

(1) ILK.tff(x)]ldt<∞， (K=l , 2, …) 
0 

00 

(2) K懷4 |LK,t[f(X)] -Ll t[f@)] ldt=o 

(3) lim xf(x) =0. 
X• 0+ 

PROOF of Theorem 2. 1. 

L1(0, R) (for every R>O) 

By Theorem 2.2, LK . t [fl converges to rþ(t) in 

and hence in Ll [a, b]. Which implies that LK.t [f] 

converges in measure to rþ(t) in (a, b). Hence there exists a subsequence of 

L K.t [fl say LK(m).t [fl which converges to rþ(t) almost everywhere in (a , b). 

We will show that the sequence LK(m).t [f] converges point.wise in (a, b) to 

7Jf(t) which obviously is equal to rþ(t) in L 1 (a, b). 

On the contrary suppose that LK(m). t [f] does not converge at to ' then since 

LK(m).t [f] converges to rþ(t) a. e. , in (a , b), there exists a sequence με(a， b) , 

S뼈 that tn• to and 4폈。LK(m)， tI [f] exists; we will prove thatJ많 ”찮 LK(m).t. [f] 

exists and is equal to ,?Jifg LK(m), to[f] (which also exists)· To show that 

4많。LK(m).t)fl is a Cauchy sequence in n , we apply the mean value theorem 

as follows: 

LK,tulj [f] -LK， t，(잉 [f] 
, /".、K-l

= (t n(1) - t n(2)) I ;. 같F얄=하 (1) >n(ι) .I Ldt K!(K-2)! 

= (tn(l) -tn(2)J[ f , K; 용] , 

where 용 is between t n(l) and t n(2)" 

d 2K - 1 

n.. • (tKf(t)} Je=~ 

Formula (2. 2) is valid for all K and therefore by using(2. 1) 

ILK(m).t.“’ [fl - L K(m). t.(,’ [fll 드Kltnw-tnα) I , 

(2.2) 

(2.3) 
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and hence, 

|많。 LK(m)·tllli [f] - 4f많많많앓3 L삼κK(n떼쩌(“@써쩨m써씨싸zηι씨)ιμ’， tμι“꾀’시.l2 
Inequa외lity (2.4) implies that 2~~ LK(m) , t. is a Cauchy sequence in n. 

m~o。

Define 짧。 짧 LK(m) ,t, [!l =M. 

Since one can replace t n(1) by tn and t ll(2) by to in (2.3) it is easy to observe

that lim LK(m~.IJ !l =M. m→∞ K(m) , I, 

Now since every point in (a , b) can replace tn(l )and tn(2) in (2.3) and (2.4) 

and therefore as a consequence of the above estimates we get (2. 1). 

REMARK 1. The results obtained above have been motivated by the work of 

Ditzian ([1]) for the Laplace transforms. 

REMARK 2. Some estimates for the operator l[ j , K; t] can be obtained wheJ1! 

Ø(t) satisfies the generalized Lipschitz condition of order r, (0 <r<l), z". e. ~ 
t+h 

’ [rþ(t+y)-rþ(t) ]dy=O(hl+r); we propose to deal with that situation in a forth. 

coming work. Note that in Theorem 1. 1, r was set to be equal to zero. 
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