A Study on the Confidence Region of
the Stationary Point in a Second
Order Response Surface

Hong S. Jorn*

I. Introduction

When a response surface is fitted by a second order polynomial regression
model, the stationary point is obtained by solving simultaneous linear equations.
But the point is a function of random variables. We can find a confidence
region for this point as Box and Hunter provided [17]. However, the confidence
region is often too large to be useful for the experiments, and it is necessary
to augment additional design points in order to obtain a satisfactory confidence
region for the stationary point.

In this note, the author suggests a method how to augment design points
“efficiently”, and shows the change of the confidence region of the estimated

stationary point in a response surface,
II. Simple Case

If we fit a respense surface y(x) by second order of one independent variable
x as
Y () =0+ Bix+ By xP+e (1)
and the observations are taken at n selected points, then the coefficients are

estimated by the least squares method
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under the assumption that e is normally and independently distributed with
mean 0 and common variance g%, ie., ¢e~N(0, %),

Hence (1) can be rewritten as:

$(x) = bo+byx+byyx° (2)
The stationary point can be obtained by solving
29
"axL: 1+ 26,2=0 (3)

If p is the true stationary point, then
b,+2b;,p=0
may not be zero. But
E(0)=8+28up=0
V(8) =V (b)) +40?V (byy) +4pCov (by, b11)
=02(c11+4p%+40012)

where

Cov (by, b11) = (Cu ch) a2,

C12 C22
If 02 is known

0> _ (6,42b,10)2 \
V(5) - 02(611‘1‘4,02622—}—4[0612) ~% (l) (4)

If ¢2? is unknown

02 _ (bl+2b11p)2 .
I}(5) T 0% (en T4 H-4pc2) ~F(l,n-3;@) (5)

Hence generally (g2 is unknown), the (1-a)x100% confidence region of p is

by +2b,,0)2
Re—= (b, 1P _a.
{p l 6'2(611 4"02622 4p£12) gF(I} n 3’ a)} (6)

Actually the inequality
(b,+2b1,0) 2 62 (e +4p% 2 +4p012) F (1, n-3; @)
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can be written as
02(4b1,2—4cy, F62) + p(4b1byy — 4¢1,F6%) 4 (8,2 — 6%, F) <0 )
Example 1
In a laboratory experiment which is performed to fit a second order model
relating the growth (») of a particular organism to the percentage of glucose
(x), the researcher fitted the model as
=80+ Bix+Buxi+e
The actual levels of variable were coded for the computations with the
formular used in the coding being given by

— 9% glucose—3. 0

1.0
Run % Glucose(x) Growth(y)
1 1. 76
2 0.5 81
3 0. 82
4 —0.5 77
5 —1 69
Table 1.

The observation values are listed in Table 1. The second order fitted response
model can be obtained by the least squares method as
Y=by+bx+by x?
=81,5714+3, 6x—9. 1427 x%.
The variance-covariance matrix for the coefficients is
0.485714 0. —0.571428
Cov (b, by, b)) =(X' X)) 1o?= 0.4, 0. o? (8
(sym.) 1. 142857

The analysis of variance is given in Table 2.

Source S.S. d.f. MLS. F
Regression 105. 5768 2 52,7884 249. 4726

Error 0.4232 2 0.2116

Total 106. 4

Table 2
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The residual sum of squares, based on 2 degrees of freedom was 0, 4232 giving
an estimate of §2=0, 2116,
From Eq. (7), (8) and
0=3.6+18.2853x, 6=0.2116, F(1,2;0.1)=8,53,
we can find a confidence region for
326. 1047p2—131. 6549p+ 12, 2380<0
e, 0.1451<p<0. 2586 at the level of 909,

III. General Case

If we fit a response surface y(x) by second order polynomial of % independent

variables

P =Bot 3] it TPt 3 3 Burinshe ©)
ie1 i=1 >im1
and the observations, are taken at n selected comibinations of the x variables,
then the coefficients are estimated by the least squares method,
b=(X'X)"1X'Y (10)
in which
L xypxan,ees, Xepany®ees, X% Xpaog, ooy X1 10Xk

2 2
X= 1, x15%0, tty Xk2o X125 000y XkgT, X10X000 0y Xk_152Xk2

L, XpnyXony ey XhnsX1n2 ooy XknDs X nXan®**y Xb_1 nXkn
Y'=0n0200)
b= (bo’ bl; ory bk:bu, ey bkk;blz, eey bk-1,]z)
under the assumption that ¢ is normally, and independently distributed with mean
0 and common variance ¢2 i.e., e~N(0, 62),
E(» =5 V(b)=0c?(X’X)"1 is a well known result.
The stationary point for this surface is obtained by solving following simulta-

neous linear equations.

~gi)*:a+2Ax:O (11)
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where a=(by, by, +++, br)’, X' =(x1, X3, *+. Xz)
b1t b12/2, b13/2, -+, byx/2
baay b23/2, -+, bor/2
A= bag, +++y bgi/2
(sym.)
brr
If the true stationary point is x=p,
a+2Ap=0 (12)
may not be (0,0, ...,0)’, where ¢ is a k%1 vector and
E(@)=0
Cov(0)=E(00")=E[(a+2A4p) (a+2Ap) ]=0,V.

When ¢2 is unknown, and the estimate of g2 is 4% of ¢ d.f,,

%;15 is distributed as F(k, @)
Hence (1—a)x 100% confidence region is denoted by following inequality
0’V 1Lk (k@) (13)
Example 2

A 32 factorial experiment was performed, from which the researcher attempts
to gain an insight into the influence of sealing temperature (x,), cooling bar
temperature (x,) on the seal strength (y) in grams per inch of a breadwrapper
stock. The actual levels of the variables were coded for the computations with

the formulars used in the coding given by

__ seal temp.-255 _ cooling temp.-55
X= 30 y X27 9 .

The observation values are listed in Table 3.
From Table 3 the second order surface fitted by the least squares methed to
these points was
$=89, 7108+ 14. 333x;+6. 4x,— 17. 2666x,2
—5,2665%,2+4. 525x,x, (149
with stationary point (0, 5242, 0. 8328) which is indicated by a cross in Fig.1.

The analysis of variance is given in Table 4,
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Run z Zz y
1 1 . 93.6
2 1 0. 87.7
3 1. —1. 68.5
4 0. 1. 88.7
5 i} 0. 87.5
6 0 -1 82.4
7 -1. 1. 55.7
8 -1 0. 59.4
9 -1. ~1. 48.7
Table 3
Sourse S.S. d.f. M.S. F
Regression 2211. 9258 5 442, 3852 30.9174
Error 42,9258 3 14. 3086
Total 2254, 8516 8
Table 4

The reseidual sum of squares, based on 3 degree of freedom was 41, 9258 giving
an etimate of §2=14, 3086, The covariance matrix of the coefficients in Eq.
(14) was
5/9, 0,0, —1/3 —1/3, 0

/6, 0, 0, 0, O

1/6, 0, 0, O
(X'X) lo?= 1/2, 0, 0 o? (15)
0

(sym.) 1/2,
1/4

and
(=14, 33334, 533x;+4. 525x,
) (16)
0,=6.4 —10,533x,+4, 525x, |
substituting the values of =14, 3086 and F(2,3;01)=5,46 and k=2 in Eq.
(13) and from (15), (16), we obtain the 90% confidence region, the shaded

portion indicated in Fig.1.
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1V. The Augmentation of Design Points

In a regression model
Y=X(+e
the vactor of estimates of § is given by
b=(X'X)'X'Y
where Y is a vector of n responses, X is the nXxp matrix of independent
variables having 1's in the first column, §.is the vector of regression coefficients,
b is the least squares estimate of 8 and e is the véctor of errors, under the
assumption that e is distributed as N~ (0, ¢%I).
If a; is the i-th diagonal element of the matrix A=X'X and ¢; is the i-th
diagonal element of C=(X’X)"1, then the squared multiple correlation of
variable x; with the other x variables, denoted by R;?, is

1

aiiii

R2=1—

If this value of R;? is near 1, then the variable x; is virtually, if not com-

pletely, useless as a predictor. The variance of each regression coefficient §; is
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Var (b)) =¢i02=0?%/a;(1—R?)

Var(b;) approaches infinity as R;2 approaches 1. One criterion mentioned
by Kiefer is minimizing the generalzed variance, which is equivalent to maxi-
mizing [ X’X| | [2] By maximizing { X’X| produces designs which

1. Have a confidence region for the parameters of smallest (hyper) volume

in the parameter spaces,

2. Minimize the generalized variance of the parameter estimates,

3. Are invariant to linear changes of scale of the parameters,

4. Minimize the maximum variance of any predicted value over the experi-

mental space.[3]

Hence it is reasonable in the view of variance criteria that the augmentation
of design points for confidence region should follow the way of maximizing
| X' X].

Let X’z(X’,F’) be pX (n+m) matrix, where X is nxp for existing data,
and F is mxp for additional m design points.

We use a result relating to the inverse of matrices, namely,

(X'X)'=(A+FF)'=A1—-A'F (I+FA'F)"'FA!
which is proved by Plackett [3], where A=X'X.
Let

H=[ a1 Fa

then
|H|=|I+FA'F'| |AT'—A'F' (I+ FA'F')"1=FA™1|
=AY I+FA'F' —FA 1AAF |
=[A7[I=|/]Al.
|I+FAF | (X' X) | =1/|A].
Hence we obtain
| X'X|=|A| - |I+FA'F'|.
We see that |[X’X|is maximized by taking as the next m runs the points in
the design space where |I+FA LF’| is greatest.
If Fis1xp, i.e., only one additional point is added, |I+FA-! F’| is the same
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as that of Dykstra, 14x)(X’X) 1%, [2]

Example 3
The confidence region obtainad in Example 2 is unsatisfactory. Since the

region of interest is (—1< <1, —1<x,<<1) with center point (0,0) and the
region of expzrimeant is {(x,, x,)| x,24-%,2<2}, thz candidates for ths n=xt runs

are the corner points and the axial points which are obtainzd by

x12+x22:2,
and the points which are in the principal axes (obtained by cannonical analysis

[4]). The candidates are indicated in Fig. 2.
Xs '
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! g mmmmmmem — principal axes

Fig. 2

The maximum value of |I+FA-1F| for the next runs and additional points

are listed in Table 4,
Five further points were added as shown in Fig. 3, the values which might

have been obtained at these points using Eq. (14) and adding random normal
deviates, 6=3.78. Using all 14 points the equation was refitted giving
§=89,9272+414. 317x,+6. 2269x,— 16, 215x,2—6, 9685x,2+4. 9129x, x,
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# i ® W %

No. of add. points points I+ FA-F|
1 P1 or P5 or P8 or P10 2.5555
2 P1, Pll 5.9365
3 P1, P5, P11 12.6786
4 P1, P5, P8, P10 26.2345
5 P1, P4, P6, P8, P10 41.7272
Table 5
The analysis of variance is given in Table 5.

Source S.S. d.f. M.S. F
Regression 4263, 8225 5 852, 7645 116.6174
Error 58.5 8 7.3125
Total 4205. 3225 13

Table 6

The newly obtained confidence region was the shaded portion indicated in

Fig.3.
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