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A NOTE ON PURE STATES AND STRICTLY PURE STATES
OF BANACH *-ALGEBRAS
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1. Introduction

Let A be a Banach *-algebra. In this paper, we consider the following ques-
tions which were raised by B. A. Barnes in [1].
Question 1. If « is a pure state of A, then is K . a maximal left ideal of A7

Question 2. If ¢ and B are pure states of A and K +=Kg does o¢=F ?

B.A. Barnes obtained in [1] that the strictly pure state have partial solutions
of Question 1 and Question 2. We show in §3 that the pure states have partial
solutions of these questions. Also, we consider the similarity of = in §4.

2. Preliminaries and Notations

Throughout this paper (4, -l|) denotes a Banach *-algebra. &# is always a
Hilbert space and Z () is the algebra of all bounded operators on #°. Let «
be a positive functional on A4, and let

M (o) =sup{lax(a) |2/a(a*a) cea€A4, al(a*a)F#0}.
Z is the set of all positive functionals & on A with the properties a(a*) =a(a)

for all €4 and M(a)<+oo. &, is the set of all & with M(a)<1. For
acs, K _ denotes the left kernel of . The quotient space A/K  is a pre-Hilbert
space in the inner product (¢+K ,b+K )=a(b*a). Let Z  denotes the Hilbert
space which is the completion of this pre-Hilbert space. A *-representation ¢——
7,(a) of A on #  1is constructed by 7,(@)(b+K )=ab+K , for all €A and
b&A. Then =« a(cz) is a bounded operator on A/K_, which extends uniquely to a
bounded operator on &# . a&% is a pure state of A if and only if M(a)=1
and =z is irreducible on #°, (4, Theorem 21.34). a&S is a sirictly pure state

of A if « is a pure state of 4 and e——7 (@) is strictly irreducible on &#°,. « is

a strictly pure state of A4 if and only if A/K , is complete in the norm l|a+K 2l
=cx(a*cz)'ﬂl' if and only if |-[, and [|-[|, are equivalent, where ||-{| is the quotient
normon A/K_ (1, Theorem 2.1). The terminologies in this paper are due to [1]
and [4].
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3. Pure states and their left kernel

In [1], B.A. Barnes proved that if a is a strictly pure state of 4, then K .

1s a modular maximal left ideal of A. Also, he raised an open Question 1 in [1].
Proposition 3.1 is a generized partial solution of this problem.

PROPOSITION 3.1. Let  be a pure state of A. Assume that there exisis K >0
such that for all e€A, Kla+K | <|a+K |, Ther K,  is a modular waximal

left ideal of A.

PROOF. We define a functional & on A/K , by @&(e+K_ )=a(a). Since M (a)

=1, ll&ll=1. By Hahn Banach Theorem, & can be extended to a bounded linear
functional 8 on &, so that ||8l=ll&ll. Let z be an element of #°  such that 5(x)

=(x,2) for all x&7” , where (-,+) 1s an 1nner product in the Hilbert space
& . Then there exists an sequence {¢,} in 4 such that {¢_+X_ } converges to
z with respect to the Hilbert space norm. Since {¢,+K,k} is a I+1l,-Cauchy se-
quence, there exists v&EA such that IICaH—v)-I—K allq-—-arO. Hence there exists a
sequence {%} in K i such that [(a,—v)+£,|—0. Since a(v*(an—v))za(v*(czn
—v)+v*k )—0, |a(w*v—v*)|=|lim(e,+K, v+K )—(z v+K )| =0. Hence
a(vxv) =a(v). 1.e. (v—]—Ka, v-i—Ka):(v%-Ka, 2). Therefore ((v—czn)—}-Ka, (v—a,)
+K )+ (x(a *(v—a,))—0. It is easy that cr(an*(v—aﬂ))——mvo. Hence we have
v+K =z, Since a(a) =a(vxa) for all a€ A4, A(1—v)CK . Therefore K 18 @ proper
modular left ideal of A. Let K be a maximal left ideal of A such that K _CK.
Put M={+K .- 0EK}. Then M is a proper left modular ideal of A/Ka,. Let
cl(M) be a closure of M in & . We claim that cl(M) is a proper 7z -invariant
subspace of # ,. It is sufficient to show that cl(M) 1s a proper subspace. For,
let M; be a closure of M in (A/K,li+ll). Since (A/K,[-ll,)) is a Banach
algebra, M, 1s proper. By the hypothesis, the identity mapping (4/K , |-|,)
onto (A/K ,, |+l is continuous, so that M, is closed in (47K, |+]|;). Therefore
there exists x&A/K , such that s&EM T Let W be an open set in #° , containing
x such that WNM;=¢@. M, denotes a closure of M in (&, |-l,). Then WNM,

=@. Therefore cI(M)NW =¢. Hence cl(M) is proper. Since cl(M)=(0)=K , K
=K . Hence K, 1s a maximal left ideal of A.

PROPOSITION 3.2. Let & be a pure state of A. Assume that there exists K >0 such
that for all a= A, Kl[cz+Ka||q£|a+Ka|2. Suppose that {Tz:T&F} is a closed
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set tn F N for all nonzero z:&5° . Where F is the closure of 7, (A) in the operator

norm. Then A4 (a)=K +K o Where A (a) is the null space of «.
PROOF. By Proposition 3.1, K - 18 a modular left ideal of A. By the hypoth-
esis, % acts strictly irreducible on & -~ By the similar method of Proposition

3.1 in [1], we obtain easily that /" (a)=K_+K *.

If o is a strictly pure state of A4, « . 18 a strictly irreducible *-representation.
It follows that {Tz:T&e%} = # . Hence we have

COROLLARY 3.3. (1, Proposition 3.1) Let « be a strictly pure state of A. Then
A (a)=K,_+K_*.

PROPOSITION 3.4. Let o be as Proposition 3.2. Assume that &P, M(B) =1 and
Ka:ffﬁ. Then a=4.

PROOF. By the method of (1, Theorem 3.2), we have this proposition.

A strictly pure state a of A satisfies the hypothesis of Proposition 3.2. Hence
we have

COROLLARY 3.5. (1, Theorem 3.2) Let o be a strictly pure state of A. Assumne
that =S, M(B) =1 and KazKﬁ. Then a=2;.

REMARK. Proposition 3.4 is a partial solution of Question 2 in § 1.

4. Representations which are similar to 7

Let e—xn(a) be a representation of A cn &#°. If there exists an isometric
isomorphism of # onto # , and an invertible operator VES (H, H ) such that

for all aEA4, :rr(a)——-V_l;’ra,(a)V, then m 1s said to be simzlar to a strictly irre-
ducible *-representation 7, We consider the similarity of z in this section.

PROPOSITION 4.1. ILet a—n(a) be a strictly irreducible represeniation of A

on F. Acsume that o is e strictly pure state of A, with K =K o where K 8= {a
€A 7(a)f=0} for some wnonzero &€H# . Then wis similar to a sirictly irre-

ductble *-representation w,.

PROOF. Since = is strictly irreducible, {#n(e)¢ :acA}=7. We define a
sesquilinear form [+, ] on ZX# by [n(e)t, m(d)E] =a(b*a). Then there exists
an invertible operator U& % (#°) such that U=U%*, U>=0 and [¢, ¢] =Ud, ¢),
whenever ¢, ¢&#°. Let VEF (#) be a positive and invertible operator such

that V°=U. Then for all ¢, o= &, [p, 1=V, V). Let . Then there
exists p&# such that Vg=¢, and exists a4 such that g=n(a)f. We define an
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operator T° on & into &, by T(¢)=a+K . Since K E=K » I 1s well defined.
Let ¢ be an element of #°. Then there exists ¢=4 such that z(e)é=¢. There-
fore I[Vgéllz:(Vga’J, Vd)=1[¢, ¢l=I[r(a)é, =n(a)é] ':'-cr(cz*a):(]cz-l-Kalz)z so that
IVél=la+K |, This proves that T is isometric. Clearly we have that T is

isometric isomorphism. Let W=TV. Then W% (#°, # ) and wWles (# o
# ). Since Wr(a)n(d)E =7, (@Wr(d)& for all a, bEA, :r(a)=W_1 :ra(a)W.

Hence 7 is similar to T,

Assume that A is a Banach *-algebra with the property that every modular
maximal left ideal of 4 is the left kernel of a strictly pure state of A. By
Proposition 4.1 and (2, Proposition 2.3 and 2.4), we have Corollary 4.2, 4.3
and 4. 4.

COROLLARY 4.2. Let a—n(a) be as Proposition 4.1. Then © is similar to @
strictly irreducible *-represeniation r » Jor some strictly pure state a.

COROLLARY 4.3. Let = be a continuous irreducible representation of A into F

(X), where X denotes a Banach space. Assume that there exists x&X such that the
left ideal K ={a€A :n(a)x=0} is modular maximal in A. Then x is similar to

a strictly irreducible *-representation n,, for some strictly pure state a.

COROLLARY 4.4. Let © be as Corollary 4.3. Assume that A/ker(n) contains a
minimal left ideal. Then the conclusion of Corollary 4.3 holds.

REMARKS. Combining the above Proposition 4.1 and some results in [2, 3],
we have

(1) Let X be a reflexive Banach space. Assume that = is a continuous irre-
ducible representation of a B*-algebra A4 into % (X), and that there exists a
nonempty subset S of A such that W={/#(z(b)) : b&S} is a nonzero, finite
dimensional subspace of X. Then = is similar to z,, for some pure state «.

(2) Assume that # is continuous irreducible representation of a B*-algebra A
on #. Let v be as in the statement of (8, Theorem 3). Then 7 is irreducible
if and only if there exists a pure state o such that z 1is similar to z,.

(3) The continuous irreducible representation = of a B*-algebra on & is

similar to =, under the hypothesis of (3, Corollary 2), for some pure state a.
(4) Assume that A is a GCR-algebra (see [5]). Let = be a continuous irreducible

representation of A on a Banach space X. Then =z is similar to a irreducible
*-representation x_,, for some pure state a.



A Note on Pure States and Strictly Pure States of Banach *-Algebras 199

(5) Let 4 be a B*-algebra and let A =1{a€A  |lal|<n} for all positive integer

n. Assume that = is a continuous irreducible representation of A into % (X),
where X is a Banach space, and that there exists x&X such that

-+ oo
X = U1 the weak closue of the set w(4)x in X.
n=

Then =z is similar to z,, for some pure state a.
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