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ON FINITE SUMMATION FORMULAE FOR THE H-FUNCTION 
OF TWO VARIABLES 

By K. C. Gupta and O. P. Garg 

O. Abstract 

1n the present paper. we obtain two new and interesting finite summation 
formulae for the H-function of two variables in a very neat and elegant form. 
The novel feature of the paper is that the method used here in deriving these 
formulae is simple and direct and does not impose heavy restrictions on the 

parameters involved. On account of the most general nature of the H-function 

{)f two variables. a number of related finite summation formulae for a number 

()f other useful functions can also be obtained as special cases of our results. 

As an iIIustration. we have obtained here from our main results. the correspond

ing finite summation formulae for Kampé de Fériet function. AppelI’s function 

and Gauss' hypergeometric function which are also beIieved to be new. 

1. Introduction 

The parameters of the H-function of two variables [6] occurring in the 

present paper are displayed in the foIIowing contracted notation [5]: 

140, n, : m‘，~ : n 

‘,q‘ : A , qg ; p., q· | yl (bj ; gj, Bj)l, ql : (di, δj)l. q. : Clj’ 
Fj)l , q, 

=C2쩌 -2fL.!r.. rþCs. t)이CS)02 C싸S yt ds dt. (1. 1) 

where. for convenience. let COj : a j• Aj)n,+l,p, and CCj. rj)n,+l.P, abbreviate 

the parameters sequence Co，섬 l : αn‘ +1' An, +1)' •..• COp,: α'p ，' Ap) and CCn. +1’ 
l' n.+1)' …. CCp,’ 짜) respectively. For the integers n i and Pi such that 0드깐드깐 

Ci=1.2) and simiIar interpretations for C얀 : ß j' Bj)m,+I,q‘, (dj, δj)m， +l ， q， and so 

on. 、

AIso. 
n J r Pl 

rþCs.t)= IjrC1-oj+a.s+A;l)1 0_ rco;-α.s-Ait) × 
1 1" L. nl+1 • • • 

rC1-얀+봐s+Bjt 
, -l 
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(e j, Ej)l.þ,. 

n., m, r Þ. 
81 (s) = nr(1 -ι+κs)nr(d.-o.싸 n r(C.-κs)xr(1 -d.+δ'.S) 1-1 

‘ 1 I I 1 I I Ln., +l I I I I 

and with 82( t) defined analogously in terms of the parameter sets 

(f .. F.) j' ... j/l ,qs. 

The conditions on parameters of the H-function of two variables, its asymptotic 
expansions, some of its properties, particular cases, nature of contours Ll and 

to in a paper by Mittal and Gupta [6]. be referred can Lz in (1.1) etc. 

Simplifying notations 2. 

Since, only the parameters subscrfpted 1 in the definition of the H-function 
of two variables undergo change in our main results, therefore, to simplify 
notational problems, we specify only these parameters in our main finite series. 

H-function of would represent the ß1k)] βlh， (b1 +1 : 

Thus, 
H[a1+1-r; α/1， αlk)， 

a1 replaced by a1 + 1-r , α1 replaced 

by a 1 h, Al replaced by αlk， b1 replaced by b1 + 1, β1 replaced by ß1h, Bl replaced 

by ß1k and rest of the parameters being same as in (1. 1). 

but having two variables defined by (1 .1). 

(b1 +1: ß1h, ß1k)] a1h. a1k) , 

Main results 

+ a w u T 
n g 
i 

띤
 
-a

‘ 

1 
(b1 : ß1h. ß1k)] H[(a1-n: αlh. αlk) ， 

r (1 -a1 十η十 b1α/β1)-
1 

(2.1) r (I -a
1
+b

1
a/ß

1
) H[(a1 : αlh. αlk) ， (b1 : βlh， βlk)] 

ß1k)] (b1+r-l: βlh， 
n ( -1/ 

면/a1 등í r( (I -a1)β/α1 +b1十r) H[(a1--l: αlh. a1k), 

(b1 +n : ß1h, βlk)] 
( _1)n 

H [(a1 : a1h. a1k). - r( (l -a1)ß/a1 +b1 +n) 

1 
(2.2) (b1 : ß1h. ß1k)] =H [(a1 : a1h. a1k). - r( (I -a1)ß/α1+b1) 

PROOFS of (2. 1) and (2.2). 

’ 

contiguous term three simple following the glve first we To prove (2.1), 
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relation for the H-function of two variables: 

αl껴 rr1-al+2+blαl찌 H[(a1+1-r: αlh， a1k), (b1 + 1 : βlh， βlk)] 

-

- F(-al+rLblαl셰 H[(a1-r+1 : αlh， αlk) ， (b1 : ß1h， βlk)] (2.3) 

To prove (2.3), we note from the definition of the H-function of two variables 
that the replacement of (a1-r) by (a1-r+1) in (1. 1) and the application of 

the recurrence formula r(z+l)=zr(z) is equivalent to the introduction of the 

additional muItiplying factor C -a1 +r+αlhs+αlkt) -1 into the contour integraI 

fermat for the H-function of two v&.!Ìables. SimiIarly, the replacement of b1 
by b1+1 wiII introduce an additional muItiplying factor (-b1 +β/zs+βlkt). 
Consequently, we can simply form a foIIowing 3-term recurrence relation 

involving undetermined coefficients A, B and C: 

AH[(a1+1-r; αlh， αlk) ， (b1 +1: βlh， β1k)] 

=BH[(a1-r: a1h, αlk)， (b1 : β1h， βlk)] 

+CH [(a1-r+ 1 : αlh， αlk)， (b1 : β1h， βlk)] 

and then require that 

(2.4) 

A(-이+βlhs+βlkt) =B( -a1 +r+αlhs+αlkt) +C, by an identity in s and t. 

Hence, A, B and C can be evaluated. On evaluating the values of these quanti

ties, and after a little simplification, we easily arrive at the required result 

(2.3). Now, if we put r= 1, 2, 3, "', n in (2.3), and take the sum, we observe 

that the resulting series on the right hand side coITapses, and after a little 

simplification, we get, the required result (2.1). 

To prove (2.2) , we start with the foIlowing contiguous relation; 

(-1/ 
r(C1-a1)β/α1+b1+r) H[(a1-1, αlh. α1k) ， (b1 +r-1 : ß/t, βlk)] 

(-1/ 
= r(1 -a1)β/α1+b1+r) H[(a1 : αlh， αlk)， (b1 +r : βlh， βlk)] 

( _l)r 
+ r((1-a1)β/，α1 +b

1 
+r-1) H [(a1 : a1h, αlk) ， (b1 +r-1 : ß1h. βlk)] (2.5) 

which can also be proved as in the case of (2.3), and then proceed in a manner 
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similar to that given during the proof of (2. 1). 

3. SpeciaI cases 

If we specialize the parameters of the various H-functions of two variables 

involγed in the series (2. 1) and (2.2), such that all of them reduce to Kampé 
de Fériet functions [1], we get by virtue of a known formula [4] after a little 

simplification, the following interesting series involving Kampé de Fériet 
functions. 

F (a ,+r-1 ) ""Ja ,+r-1, (aJ .., A : (cJ , A; (eJ , 
암1) 월 r(1+all-bl+r) Fq:: 따되-1， (bj헬: (깅혔; (쳐)1: tlx, y 

F (a1+n) .....P" p,ra1 +n, (a j )2, p, : (당 )1， p, ; (ej) l, p, 
=. F(l+a~ -b1+n) ~:: ~:l - (b

j
); q,"': (d>l: 아 ; (져) 1, ι I x, y 

F(a1) _p" p.r(a j )l. p, : (C)l. p, ; (ej )l, P. I /' Y J ,\ -, r I • r -.1" '\. - ...... r;' '\ .. - I x, y 
-F간주잔그1) r q" 센(bj)1. ql : (di)1, k ; (지 )1. q, 

a 몫 (-1/ 
1 /=i F(1+a1-b1 +r) F(1+b1-r) 

b. ιr a,+l, (a.)?" : (C .. )l ι : (e ,.) l ι 
FL. L| 1Lb1-f싸징. qi : (dij,qz ; (페1r; l x, y 

1,- n_ r (aJ, " : (CJ, ,,: (e;)l n (-1) FP1, pz| 1l, Pl 1l, pz ji, P2 |x,y 
= """"F"'-:;-( 1十a1 -b1 +n)F(b1-n) .L q,. q, L (b1-n), (b)2. q‘ : (dj)l, % ; (fj)1, q2 

1 

(3. 1) 

1 
l 

ι
 

’ n 
v 

• 

π
 

FPl, pg| (aj) 1· Pl : (Cj) 1, P2 ; (ej) 1, p2 
q,. q,L (bj )l. q, : (d j \ , q, ; (져 )1， q, 

x, Y (3.2) 

Also, if we put P1=Q1=P2=1 and Q2=O in the equations (3.1) and (3.2), we 

get, after a little simplification, the following series involving Appell’ s functions 

respectively : 

(b-1)흙 값감껍과rF1(a+r-1 : α" ß : b -1 : x, y) 

F (a+n) 
= r(1+a-b十n) 'F1(a+n ; α， ß; b : x, Y) 

T (a) 
- F(1+a-b) Fl(a : α， β ; b : x, y) (3.3) 

숭 (-1)r F1(a+1 ; ι ß; l+b-r: x, y) 
;=i FC1+a-b+r)F(1+b-r) 1 

- (-1)” F1(a ; α， ß; b - n : x, y) 
- F(l+a-b+n)F(b-n) .. 1 
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- r(1+a3b) T(b) F1(a ; α， β ; b ; x, y) (3.4) 

Again, if in the equations (3.3) and (3.4), we put y=x and use a known 

result [2J , we get, after a little simplification, the following interesting serÏes 

involving Gauss' hypergeometric functions [3J respectively: 

!!... r(a+r-1 ) _ (a+r-1, α . 
(b-1) z ( r-=i r (1 +a-b十~) 2

F A b-1 

r(a+n) 
- r C1 +a-b+n) 

'" (a+n, 
2I' 1 \ b 

α-
i X 

) 

-
얘
 

a --“ π
-
H
 

7
’
、

.,. (a, a. __ 
2‘ 1\ b ’ A 

(3.5) 

(3.6) 

Related finite series for other special functions can also be obtained from (2. 1) 

and (2.2) by reducing the H-function of two variables into some other simple 

functions. 

One of the authors (OPG) is very much grateful to CSIR for awarding the 

financial assistance. 

M. R. Engineering College 

J ai pur 302004 

India 

REFERENCES 

[1] Appell, P. and Kampé de Fériet, J. , Functions hypergeometriques et hypersþheriques, 
Gauthier-Villars, Paris, 1966. 

[2] Bailey, W.N. , Generalized hypergeomet서c series, Cambridge Univ. Press, 1935. 

[3] Erdélyi, A. et aI. , Higher transcendental functlons , VoI.1 , McGraw-Hill Book Co. , 
Inc. , New York, 1953. 

[4] Garg, O. P. , 0χ recurrence relations for the H-functlon of two varlables, Proc. Indian 

Acad. Sci. , 84(A), No. 6,244-249, 1976. 
[5] Gupta, K.C. and GoyaI, S.P. , Umïied summatlon formula for the H-function of two 

variables, Jnanabha, 7, (in press). 
[6] MittaI, P. K. and Gupta, K. C. , An 싫tegral involving generalized function of tW() 

νariables， Proc. Indian Acad. Sci. , 75(A) 117-123, 1972. 


