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¢. Abstract

In the present paper, we obtain two new and interesting finite summation
formulae for the H-function of two variables in a very neat and elegant form.
The novel feature of the paper is that the method used here in deriving these
formulae is simple and direct and does not impose heavy restrictions on the

parameters involved. On account of the most general nature of the H-function
of two variables, a number of related finite summation formulae for a number
of other useful functions can also be obtained as special cases of our results.
As an illustration, we have obtained here from our main results, the correspond-
ing finite summation formulae for Kampé de Fériet function, Appell’s function
and Gauss’ hypergeometric function which are also believed to be new.

1. Introduction

The parameters of the H-function of two variables [6] occurring in the
present paper are displayed in the following contracted notation [5]:

FO x|(a; 0, Ay, (e 7)1 4,5 (65 By p.]
Py Pur s« Py O Lyl(b} ’ B]' BJ.)I.G': . (djp 51-)1,& ’ (f:r Fj)poI

= (22i) %[, [1. (s, D0,(0,(1)x" 5" ds dt. (1.1)

and (c;, ?'J,-)mE 11,5, abbreviate

where, for convenience, let (a;:a;, A), .;,

the parameters sequence (¢,  ,’a, .1, 4, +10r % (4::{}:,l P a, A4,) and (¢, .1
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na m; Ds —_
0,() =11 (1=¢; +7,91I'(d; ~0,5) [mq T(e;=r XTI ~d 40,9

and with 0,(¢) defined analogously in terms of the parameter sets (ej. Ej-)l, .
(fio Fi)yp o

The conditions on parameters of the H-function of two variables, its asymptotic
expansions, some of its properties, particular cases, nature of contours L, and
L, in (1.1) etc. can be referred to in a paper by Mittal and Gupta [6].

2. Simplifying notations

Since, only the parameters subscripted 1 in the definition of the H-function
of two variables undergo change in our main results, therefore, to simplify
notational problems, we specify only these parameters in our main finite series.
Thus,

H @, +1—rialha k), (b;+1: Bk, B,k)] would represent the HA-function of

two variables defined by (1.1), but having e, replaced by ¢;+1—7, «, replaced
by ak, A, replaced by a,k, b, replaced by &, +1, B, replaced by Gk, B, replaced
by 8,2 and rest of the parameters being same as In (1.1).

Main results

%él — glr:blal/ﬁl)ﬂ[(alﬂ_“ oyh, ), (b,+13 Bih, k)]
= T=a, +; T 7py Bl —niahak), (b Bk B8]
& (1—-a1i o, 51)—-}1 [(a, + ayh, ajf), (b 3 Byk, 514)] (2.1)
B /e, E FC(I—af)E:/);I Ty Bl -1 agh, a®), Gy+r=1: Bk 8]
=7‘((1-—al()511/);1+51+n) H(ay: ayhy oy, (byn s Byh BR))
1

T'((A—a)B /oy +b) =H[(a, i ajh, ak), (by i By Byf)] (2.2)

PROOFS of (2.1) and (2.2).

To prove (2.1), we first give the following simple three term contiguous
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relation for the H-function of two variables:

1 : :
o, /By =g, Fr+ba,/8;) H(a;+1—7: b, k), (b,+1: Bk BiR)]

1 i . :
= T=a, friba /By 2l ~riahmaik), 55k

1
— _F(‘"Gl_l—r_l_blal/ﬁl) H{(Gl ¥ I l : alk, alk): (bl : 51}2: 51;3)] (2' 3.)

To prove (2.3), we note from the definition of the H-function of two variables
that the replacement of (¢;~7) by (al—-r+1) in (1.1) and the application of

the recurrence formula /'(z+1)=2/"(2) is equivalent to the introduction of the
additional multiplying factor ( —-a1+r+alks—l—alkt)_l into the contour integral
fermat for the H-function of two variables. Similarly, the replacement of &,

by b,+1 will introduce an additional multiplying factor (—b&,+5 ks+ B, kt).
Consequently, we can simply form a following 3-term recurrence relation
involving undetermined coefficients 4, B and C:

AH [(a,+1-7; ajh, ak), (b,+1: Bk, 5ik)]
=BH [(a,~7 i ah, k), (b Bk B k)]
+CH [(a,—7+1: a;h, alk), (bl ; ,8112, Bik)] (2. 4)
and then require that
A(—b,+ 53, hs+ B kt)=B(~a,+r+ahs+akt)+C, by an identity in s and 4.

Hence, A4, B and C can be evaluated. On evaluating the values of these quanti-

ties, and after a little simplification, we easily arrive at the required result
(2.3). Now, if we put »=1,2,3,--+, # in (2.3), and take the sum, we observe
that the resulting series on the right hand side collapses, and after a little
simplification, we get, the required result (2.1).

To prove (2.2), we start with the following contiguous relation:

(=1’ :
I'((A—apB/o;+b,+7) Hle, =1, el arf), (ytr=17 Bk B,R)]

(=1) . :
“_P(l—al)ﬁl/a1+bl+;TH[(a} s agh, ok), (by+7i Bk, BiR)]

i F((l—dl)%:/21+bl+r:-1) H(a;: ayb, k), (b +r—1:phk 6k (2.5

which can also be proved as in the case of (2.3), and then proceed in a manner
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similar to that given during the proof of (2.1).
3. Special cases

If we specialize the parameters of the various H-functions of two variables
involved in the series (2.1) and (2.2), such that all of them reduce to Kampé
de Fériet functions [1], we get by virtue of a known formula [4] after a little
simplification, the following interesting series involving Kampé de Fériet
functions.

7 I'(a,+7r—1)

(b, ~1) > b a1 (e, , 2 () 5 (), -
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— el

]_'(651) o P _(a]')l » : (c.f)lr 27 : (6}-)1’ Pa )
N 1 2 » ¥l . 3-].
r(l’l‘dl—'bl) Fﬂn q: (b')]_’ a; . (dj)ls fI:: (f])l. ql‘x y_ ( )
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4 2T Fa,=b,+r) TUA+0,—7)
th Pz al+1, (af)Z. b, (C )1 D, (9 )1, P. T y-
9v &) 1+bl'—7: (bj)z_ a1 (d )1 ga (f')l. g, J
(=1)" o 5[ @, g, ARSI y
- T'+a—b+m(by—n) = v a| (by—n), (), , - (@)1, ¢° (4 J')L ol -
1 b o] @1, 7 (€91, 5,7 (€1, ] 3.2
~TFa BTG aw el By gt @1 0 Uy g |77 N

Also, if we put p,=¢,=p,=1 and ¢,=0 in the equations (38.1) and (3.2), we

get, after a little simplification, the following series involving Appell’s functions

respectively:
(- D3P P atr =15 @, B 515 5,9)
F(f(z gi_n)-F (a+n'a, B:b:x, ¥)
s F (@i Bibix, 5) (3.3)
% (=1 F.(a+lia, Bil+b—7rizx ¥)

IF'A+a—-b+r)(1+b0—1)

(—1D)"
= Ta TG =m @i Bib=niz y)
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1
~Ttae—p ') F1leia, Bibix y) (3. 4)

Again, if in the equations (3.3) and (38.4), we put y=x and use a known
result [2], we get, after a little simplification, the following Interesting series
involving Gauss’ hypergeometric functions [3] respectively:

n. I'(a+r—1) at+r—1, o
(0—=1) E I'(14+a—b+7r) 2F1( ' x)

b—1
__ Te+n) .. ra+n, «a. I"(a) a, «,.
— I'(Q4+a—b+n) 2F1( b -x)— ['(l1+a—b) 2F1 b -x) (3.5)
n r 1+a o
_ (=1 {775
¢ 351 TFA+a—0+»HI(1+b—7r) 2 1(1 b—r x)

(_l)n _ s a;
— I'U4ae—b+n)(b~—n) 21 —7 x)

1 a, o,
__f_(ﬁ——a-—bﬁ(b)-zFl( b ° ) (3.6)
Related finite series for other special functions can also be obtained from (2.1)
and (2.2) by reducing the H-function of two variables into some other simple
functions.
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