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SUMMATION FOR묘ULAE FOR "F,( ~ 1\. 2 

By R. K. Sharma 

O. Abstract 

In this paper we prove three summation formulae for hypergeometric 
~ ( 1 

:2' 1\ 2 

1. Introduction 

senes 

Gams. [1, p. 243(ill. 6)] and BaiIey [1, p.243(m.7)] have given only two 

summation formulae for hypergeometric series 2F1(융 /. The summation 

‘formulae are usefuI in the soIution of certain problems in theoreticaI 

physics and optimization problems in Management Sciences. The object of this 
( 1 

paper is to prove three summation formulae for 2F1(τ ) and Iater on use these 

results to obtain summation formulae for ~1( -1). In the investigation we use 

ithe results due to Bailey [1, p. 245, (ill. 20)] 

(1) 

(2) 

(3) 

1 1. 1 
7:' I 2-α， 호+τα， ß+n, -n; 1 

4' ζ 

1 ,., 1.1 
흐ß， τ+τβ， 1+α ; 

7:' 1 α， 1-α ; 웅 r ~ β T 

(β-α)n 

τ히n 

(1 , 1 
2+2a 

, 

2'. 1 
β • 

’ 
71 1 1 1 1 

T( 2 β+ 2 a)r\ 2 + 2 β-2 aι 
Gauss [1 , p. 243( ill. 6)] 

171 α， β ; 11 r(r)r(r-α-ß) 
2.L 'lL r ; J =-r(r-급π잔=Rf’ 

.vaIid for R(r-α-ß)>O and Watson [1 , p. 245, (ill. 23)] 

(4) 3F21 α， ß， r : 웅(1+α래)， 2r ; 1 

r ( 1 ( 1 /1 1 1g、 r ( 1 2 )r 2 +r r( 2 + 2 a+ 2 2 . 2 
-

, 

F 1 , 1 ~ + ~ β F 1 1 1 1 
、 2+ 2 α r 、 2-- 2 α+t F 、 2-- 2 β+r/ 、 2 ' 2 

. valid for R(2r-α-β)> -1. 

:2. The first summation formula to be proved is 

• 



- 21+웅ar 속α r 1+울α r 웅-융α+i 
- r(1十ß)r(융+웅β-웅α r 좋α-웅비 ’ 
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1 
τα ， 

2F l (5) 

valid for R(울-웅α+β1>0. 

we start with the left side of (5) 
∞ (α-β) ，，0 - ß)n 

-옳 /웅α}n n!앙 

To prove (5) , 

1 _.. 1 
2FlI α-ß， l+ß: τα , τ 

PROOF. 

( 1 1 , 1 
(-n)/α-β)r\ 2 α 2 + 2 α r(l+β-α)n r / 

1 1 ~ 1 L , _ 1 _. 1 I"l 1 
(1+α\\ 2 α-2 ß-2 n}r :2 + :2 α- 2 β- 2 n}r r! 

、 / J 

(α-β)fl fl. n 
… 2…g 

τα)" n! r=O 

∞
 ε
떠
 (1) by 

α-ß+r， l+ß-α-r; 윷 

융α+r 

(1 , 1 \ 
몽 (α-ß)r\τ+τα}r 2 -

-;b (1+α)rr! 2~.l 

× 
r(웅에싸 

- 싼-lr 웅十웅β-놓ar 좋α-웅a/ 

by (2) r 1 , 1 
2FlI τ+τα， α-ß:1+a:1 

it gíves 

1+ ~ a 
2 ‘ r 

by (3) 

-a 1 r (., 1 、 r / 1 1 a r 2α 1+ :2 a 2 + 2 α+ 

1+ 1 g- 1 r 3 1 
、 4 a- 2 ß) 、 2'2'" 4 

This completes the proof of (5). 

In case ß=O in (5), 

1 

1 
τα 1 · 1 -’ 2 α， 

F(-l--」-a
2 4 “ 

2Fl (6) 

‘ valid for 0 <R(α><:1 

The second summation formula to be proved is 3. 

, 
a+l)r ~ + ~ a 、 r ~ α 、 F 1+g- 2 1 a 、

1 , 3 1 ~ \...,( 3 , 1 ~ 1 
、 ι / 

l+ß: 울 α-ß， 

1 , 1 
2 '걷〔α , 

2F l (7) 

valid for R(l+ß-웅α))>0. 
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PROOF. It can be proved in the same way as (5). 
In -particular, if β=0 in (7), it gives 

, 

:-(a+1) ,,( 1 , 1 、 (1 , 1 、 1 、

I12 + 2 αI’ 2 + 2 α r 1- 2 α 

r 1 , 3 r 3 1 4 + 4 a) 、 4 - 4 α 

'" Iα， 1; 1 
2' 11 1 , 1 

2 I 2α 

(8) 

-1<R(α)<2. vaIid for 

The third summation formula to be proved is 4. 

α-β， 1+β: ÷ 
2F1|1l3 1Z 

2 I 4 “ 2μ ， 

(9) 

, 
2웅+웅ß-웅ar(웅α r 1+웅β-웅a r.울+좋a-웅ßr 융+좋α-웅a 

r( 1+울ßr 웅+울α-울β r 축+융a-좋ßr 좋-웅a+웅β 
-

vaIid for R( 1 +울β-웅al>o 

we start with the left side of (9) 

(α-g)n(1 + ,8)n 

융+좋α-웅ß)nn!장 

(α-g)” 

1 , 3 1 \ 
τ+τα-τβ)n η! 2' 

∞
 Z
해
 

To prove (9) , 

α-β， 1+β: ÷ 
2F1!1 , 3 r ” 
τ」τ[“-τrμ ’

∞
 
gJm 

PROOF. 

by (1) 
(-n)(α-ß) 

1 (1 , 1 
(1+β-α) 2α z+za r'-- '-'1" r r' . - 11 

1 , 1..1" 1 1 1" 1 
(1 +α) r( 2 + 2 a - 2 ß - 2 n T 2 - 2 β- 2 η r r! 

∞
 ε
 셔
 

× 

(α-ß)까 승α )r(웅+웅α)7 2r 

(1 +a)r(승+좋α-웅β r r! 
∞
 ε
혀
 α-β+r， l+β-α-7 ; ÷ 

F| 1 3 1 i 

’ z +그-α-걷-β+r; 

,,,( 1 , 3 1 " 
‘/πT( ~ + ~α-~ß ‘ 2 I 4.... 2 μ -. -

2좋a-땀-운r(농+융a-좋ßr 좋-웅a+움β 
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÷α， a-β， ÷+÷α : 1 

3
F

2\ ï ’ U :[ r-
τ-t- A .α-τρ， 1 十α • 

2~ (1+β - 한)r(웅 r 1+웅β-웅α)r 울+훈α-울β 
- r(l+속ß r -~ +웅α-울ßr 놓+숭a-÷β 

1 1 . 3 1 서 n -::. + '::α-β × \ 2'4'-< 2 ν/ 
rf 3 1 ‘ l S 
kτ-웅α4 ρ/ 

• 

This completes the proof of (9) under the conditions stated with (9). 

In case β=0 in (9) , it gives 

r _. ,. 1 , 3 _.' J (10) 2F11 α， 1 --+-α -! ’ 2'4 (.,(' 2 

-α( 1 、(. 1 、 (1 . 3 、 (1 . 1 q 2 )r(1- 4 α r 2 + 4 α )r( 4 + 4 
1 1 

1 . 1 ‘ 1 . 7\ ... 1 3 1 
「 2 + 2 -αF 4 + 8 α 「 4 - 8 

、 / 、 / 
valid for - 좋 <R(α)<4. 

5. Applications 

by (2) 

by (4). 

In this section we apply the formulae (5), (7) 

ínvestíga tion 

and (9) to 

reqU1re 

obtain summation 

formulae for 2F 1 (-1). In the we the formula [1, p.31 

(1. 7. 14)J . 

(11) 2F1Ia, c-b: c: -1 =2-a 2체 a， b : c : 울 I , vaIid for R(b-a)> -1. 

We use (5) in (l1), we get 

(12) 2F11 α-ß， 윷a-l-β : 울a; -1 

- 2울+ß-융γ(융+융α r 울+울a)F(I+β-÷α 
- F(1+β)r(송+좋α-융β r 좋+울β-

valid for R( 1 +β-융αl>o. 

FinaIIy we use (9) in (11), it yields 

(14) r _. /') 3 _. 3 ,., 1. 1 , 3 
2FlI α-β， τα-τβ-τ ’ τ+τa-÷β: -1 



-

Summation Formulae for 씬(울 

1 . _3" 5 

vaIid for R(웅+웅β-울)>0. 
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