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ON A RELATION BETWEEN NORLUND 
SUMMABILITY AND LEBESGUE SUMMABILITY 

By Z. U. Ahmad and V. K. Parashar 

1. 1 Let 2:an be a given infinite series with the sequence of partial sums {Sn} , 

-Sn=aO+al+ ... +an. Let {Pn} be a sequence of constants. real or complex such 

that 

Pn=PO+Pl +"'+Pn~O， P -1 =P-l =0 

and let us write 

(1.1. 1) 
n T ‘ 

Tn=돈。Pn- IJ SIJ: tn =화 . 
Then the series 2:an is said to be summable (N,Pn ) to sum s, 

and is equal to s ([3J , [9J). 

if lim t n exists 
n->o。

It is to be observed ([2J , [5J) that summability (C, α) and harmonic 

bility are special cases of (N, Pn) summability, when {Pn} is given by 

+α-1\ F(n+α) 
Pn=l α=1 - )=" r(n上 1 、 T' r~、 , (α>- 1): 

summa-

(1.1. 2) 

‘and 

(1. 1. 3) 
Pn= 1I(n+1) (n늘0) 

P n = 1/(1 /2) + ... + (lI (n+ 1) )-logn’ as n→∞， 

.respectively. 

The conditions for the regularity of the method of summability (N. Þ,) ιlc1Ïned 

by (1.1.1), are: 

(1. 1. 4) 
PM 

limτ늠=0， 
n-tooo - n 

and 

(1. 1.5) 필IPil =O(Pn) , as n→∞· 

If Pn is real, non-negative, and monotonic non-increasing the conditions of 
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reguladty (1. 1.4) and (1. 1.5) are automatically satisfied and the method (N .. 

Pn) is regular and hence harmonic summability is also regular. It is known that 

harmonic summability implies (C, α) summability for every α>0. 

The series 2:an is said to be summable by Lebesgue method (shortly (R, 1)

sunzmabl e) to sum s, if the sine series 

(1. 1. 6) F(t)= 증 ι(펀찢 
n~1 “ 、 ” 

is convergent in some interval -1: <t <1:, and if 

(1.1. 7) t-1F(t)• s, as t• 0, ([1]). 

We write H n to denote the n-th harmonic sum of the sequence {sn}' 

1.2 We set 

(1.2.1) (Po+PlX+--- +P” xn+…)-1=co+Cl X+…+ cnxn+ ... (lxl <1; cO= 1) 

From (1. 1. 1), and (1. 2.1) , we obtain 

(1. 2. 4) 
n 

a_= L: c __ ..(T ,, -T,,_,) 
“ ν=0 .. “ “ ι ‘ 

from now onwards we take ao=O, so that To=O. 

2.1 Concerning Lebesgue summability Szàsz ([6]) has proved the following:‘ 

result: 

THEOREM A. 11 2:an z's sumηzable (C， l-α) lor some poszïz"ve α <1, and zf 

” --g l-a 
(2.1. 1) g | S U | =0(% ), as x→∞1) ， then the serz"es 2:an z's summable ‘ 

u=-l ν 

by Lebesgue method. 

Recently Varshney ([8]) has proved an analogous theorem for haÍ'lllonic: 
summability. His result is as follows: 

THEOREM B. 11 a seη!'es 2: an Z"S harηtom-c sztmηzable and zf 

(2. 1. 2) 
n 

L:.IHu-Hu_11=O(logn), asn→∞， 
U=-l 

” -l where Hn= ξ (n- ν + 1) -. su' then .I’an z's summable by (R, l)-method •. 
U=l 

-
1) s-z is the Cesaro sum of order (-a) of the seri않 Zan, i. e. 

_,.., n _h ,-a+n 
SM “=ε~A‘ .. a , where A “= 

” ν=0 ，， -ν JJ n \ n /. 
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The object of this paper is to establish a couple of analogous theorems、

for Nδrlund summability which covers both the Theorem A and B as speciaL 

cases. 

2.2 Our main theorem is: 

THEOREM 1. lf I:an z's (N,Pn)-summable and, zf 

n 
(2.2. 1) ι= E IT,,-T ,, _11 =O(P_) 

” ν=1 - - - ,. 

then I:an z's (R，1) -sμηzmable， provided that Pn z"s non-η:egatz":νe， 

seqμence sμch that Pn→∞， aηd 

(2.2.2) 
f 

(2.2.3) 

(2.2.4) 

(2.2.5) 

and 

(2.2.6) 

n , 1 

d_=E ι=O( 효 ) ; 
” u=O “ \ ... n 

ν옳l ι=0 화)， for n늘0; 

_00 Pv-n _( P 
‘, -_ .. ‘-
~ - •• ‘ 

순L ν(v+ 1)--'"\ % 
, n늘1 ; 

최§화 =0 윌) ; 

for a þositive z'nteger μ and n= [μt-1 ] ， 't'= [t-1
] 

Pn=O(Pμ P,). 

non-zncreaslη앙 

Combining Theorem 1 with Lemma 4 below, we also get the following interest-

ing and simple result. 

THEOREM 2. Let Pη be a positive, non-increasing sequence, sμch that PO=l， Pn→∞SI--~ 

화부 is non-decreasing sequence. -and the conditz"on (2.2.4) throμglz (2.2.6) hold. 
rn 

lf I:an is (N.Pn)-sumηzable and if (2.2. 1) holds. then I:an is also sμηz…able (R, l). 

2. 3 We need the following lemmas for the proof of our theorems. 

LEMMA 'l. lf {P) is a non-negative. non-increasz'ng seqμence suck that the series~ 
。。

L: Pv-nlν(v+ 1) converges. tken P n1n• O. as η→∞. 
ν=n 

PROOF. Since P n늘o and n Pn드Pn' we have 
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Pn P n+1 P t-%Pn+1 _ Pn -n Pn 
x--까쿠-::--1 = n(n+1) 늑강강주1)"늘O. 

P… P 
깅=--> O. Thus the sequence 깅」 

P 
Hence, there exists lim τε =α， say. Then there exists an integer N such that 

η_0。

bounded and nonincreasing. 

P I _. 

n>α/2( =α-융) for n늘N. Hence, we have, for n는N. 

P !J -n ‘ ∞ 
ε .、 ~， 

ν(ν十 lJ 」 lJ날” 

。。 ν -n ‘ ∞ ))-n 
.>요，--:L:; 

ν(ν+ 1) ~ 2 ν =2n ν(ν+1) 
=。。，

1J =n 

LJ=n 
P쓰二쓰τ一 converges. Thus 

ν())+1 

00 

which contradicts our assumption that the series :L:; 

we see that α =0 and hence the result. 

LEMMA 2. Let {Pn} be a n01Z-negative, non-increasing sequence such that 

g , Pu-n n 

;=“ ν(ν+1) -

P 
” • ,’ n 

then for n는1， 

(2.3.1) 

pn 
-t α

\
 

κ
 -
써
 

∞
 
g 

때
 PROOF. We have 

pu 

-
뻐
 

∞
 ε
 때
 

얻 (P,,-p,, _J ∞ P'J_ fI 

= r「 v !J -'t- +L그 !J二";=“ ν())+ 1) !J =n ν())+1) 

3쓰 (P" - P ,, _ _ ) ∞ (P ,,-P,,--) ∞ P" ’ 
- t「 U !J- n- + L그 u !J-,,- " + L그 !J-" 

갇L ν())+ 1) "!J =2n+l ))())+ 1) ν=n 강강후1) . 

==o( P" ., 
% 
+숭 1 

!J =2n+1고강+1) 

!J / ιJ 

:L:; .P ,,+O{ , - n 
μ=!J -n+1 ~ 、 n 

==O(츠L 
% 

==O( Pn ~’ 

+0 감 +0 째n !J훌+1 ν(i」;I〕
• 

% 
by hypothesis. since (n+1) Pn드Pn' 

LEMMA 3. Let P,t be non-negaUve non-z'ncreasz"ng such that 

sequence. If I:an z's summable (N， pη) ， tJzen 

p 
n is a null 

% 
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(i) 
∞ T-T , f P 

W~= ε u ν-~=o( n); 
.. z; =n J) 、 n 

n 
(ii) W~'= L:: W，， =O(P~). 

” ν=1 - … 

PROOF. (i) We may assume, without any 10ss of generality, that T n = O(P n)' 

By Abe1’s transformation and by hypothesis, as m→∞， we have 

∞ T -T , m-1 , z; 
W,,=z U z;-!:.... = L:: -→上" ε (T ，，-T，，_，) 

“ z; =n ν z; =n ν(ν 十1) μ=0 μ μ-J. 

1 m , n-1 
+파 Z그 (Tμ一Tμ-1)-강 L:: (Tμ-Tμ-1) ... μ=0 r- ,...... ，~ μ=0 

-찢二l TU 1 Tm Tn-1 . --
z;=“ ν(J)+ 1) ’ m n 

c。

=o( ~그 
JJ=n 

p 
u 

ν(J)+ 1) 
P ‘ ’ +o( n-L 

n 
P- \ f p __ , 

(by 1ιemma 2). =01 n. ) +이 n二i
n / 、 % 

P “ 

=01 -- , by regu1arity of the method (N, Þ,.) 
% 

n n 
(ii) W ø '= L:: W “ = L:: J)LlW ,,+nW“’ 

” u=l - u=l - ” l -

!!.. (T ,, -T,,_,) 
=~그J) '-z; z;-~- +nW 

’ ” ”+1 z;=~ /.J 

” =갚T z; -T z; -1)+nWn+1 

=Tn +nW n+l (since To=Þo ao=O) 

I Pn+l 
=o(Pn)+o야강주I 

=o(Pn), 

by hypothesis and (i). Hence the resu1t. 

LEMMA 4. ([7) , Lemma 2). If {P,,} is a posiUve and non-increasz'ng sequence 

sμch that Po= l, Pn→∞， and {Pn+1/Pη} z's a non-det:reasz'ng sequence then, for n는0， 

。o n 
dH = L:: Ic"l =L:: c,, =O(I /PH ). 

… z; =n+1 - z; =0 - .. 
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REMARK. The identity 
。o n 

d ~ = 2:::; / C"I = 2:::; C .. 
” u=t+l ‘ ν=0 ‘ 

is obtained by virtue of Kaluza’s result. (see [2] , Theorem 22). 

LEMMA 5. ([4], Lemma 3). Let ~~ rþ(nt) denotethe m-th d짜ference 01 rþ(nt) 

wz'th respect to 1Z. Tlzen we have 

(2.3.2) .1: rþ(nt) =O(tm-P/상)， 

where m is a 1Zon-negatz"ve integer and rþ(t) = (sint/tl. 

LEMMA 6. 11 Pn is sμch that z't satz"sjz'es all the conditz"ons 01 the theorem except 

(2.2.3) , theη the series 

(2.3.3) n
ι
 

각
 

ω
 
-“ 1T 

-
ν
 

”m 

-
써
 

。
나
 
-c ∞

 
Z 

써
 z's absolutely coηvergent and Iq1’ m=O, 1, 2, ------

(2.3.4) dr 4(t)=。(꽃1 ì 

PROOF. Absolute convergence of the series (2.3.3) foIIows from thehypothesßs. 
00 ' 

since gllCR! <∞. To prove (2.3.4) we have by setting Ø(t) == (sin t/t) 

L1~ S J)(t) =.1’2찮c써((n+t싼 

=1 쉴+”흘~"l cn .1뀐((n +J,I)t) 

(1) r., , ('(2) = S u (t) +S u (t), say. 

Now, by (2.2.3) and Lemma 5, we have 

s(3)(t)= 증 c" L1쐐((n+ν)t)= o( 울 / c" /. - ”=r+1 ” “ 、n=r+l .. 

tm- 1 

짜후J，I) 
• 

_., 0。

=o( l'二二 _.2:::; /cJ)=o
ν+-r+ 1 n;',+I' " 

['n-l 

쿄;-，. 

(1) And, on applying Abel’s transformation to the expression in S'';;(t), 

we obtain 
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= 흡 dn Llmn+1CØCn+써d， L1따C(r+ lJ)t) 
,-1 1 t’n 1 tm- 1 

=Oln g:=U R 
” 

Cn+ lJ) +0 P , ClJ +r) 

m ,-1 
tm- 1 、

=O( r .... ε 1 + O\--'::'~""T>p ν n=o P
” 

ν r 

=0 혈L]， by (2· 2. 5)· 
νL， 

This completes the proof of lernma 6. 

2.4. PROOF OF THEOREM 1 .. We may assume without any loss of generality 
that Tn=oCP’‘), as n→∞. By (1. 1. 1) and (1. 2. 4) we have 

。。

‘ ” FCt) = ε n 
-~ sin nt E c"_ ,,CT ,, -T"_l) 

n=l !J =1 … - -
_ .... 

。o co ..... ! ... ‘ “ι 

=tL고 CT !J
-T

!J _l) E Cn_ !J 
~렇F:; 

1)=1 n=LJ ."' .. 

the interchange of order of summations being legitimate, since by the following 

considerations the double series is absolutely convergent. 

Since, by hypothesis 17 I C n I <∞， we have 

= ‘ z κ-‘ Cn_ !J n= 1J 

• 0。

sin ntl드컨-타 Icnl =O(l!lJ), 
- n=u 

and hence, as m→∞， 
/ C 

lT IJ-T 1J-11 
u 효ll(TP-Tu-1)l흘 Cn- !J뽑쁨 

m g 

꾀
 

n 
따
 

/ 

=0(1)(m-1 %)+0(1)(힐싫」 
P ，m一 1 P 

=0(1) 
- m +0(1)( E ，그 
m \!J =1 ν(ν+1) 

=0(1), by Lemmas 1 and 2. 

Thus 

F(t) ∞ ∞ 

-r-=질(TIJ -TIJ_ 1 ):ε • 1J =1 n= 1J 

-1 _ sin nt x c

”-u-τ 
... 
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=운1 (Tu-Tu-1)Su(t) 

n 0。

=( L:. + L: )(T ,,-T"_I)S ,,(t) 
u=1 ν=η+1/ - _....-

(2.4. 1) =1;’1 +2:2, say. 

Now, 

1 1;김= L: (T ,,-T ,, _I) S,,(I) 
u=n+1 ‘ - ‘ “ 

00 1 

=O( L:. I(Tu-Tν-1) I갚p 
~=n~~ T 

r 

--m 
α
 

퍼
 

∞ (J" σ” 
u갚+1깅과~l) -강후l 

=01 굶-
∞ P “ P “ 

u깊+1강파iT+ x+1 

=01-등 
f 

pfZ 기 -/ Pμ 
n 1-'"\ μ 

(2.4.2) 
P. 

= 0 (1) .' ;- , by (2.2.6) and Lemmas 2 and 6. 

Next, we have 
n 

2:1 =L:, (T,, -T,,_I)S ,,(t) 
- 11=1 - - - -

n 

= ε(W" .... W"-'-I)VS,,(t) 
ν=1 - - ‘ - -

! =Z그 Wν[νS/I) -(V-))Su_l(t)) -χWn+l S1I(/) 
u=1 

n " 
=-ZWu ν [Su_l(t)-S/t)) +L:,. WJI SII_l(t) -nW,,+l S,,(t) 

ν=1 u=1 • 

= -2:1• 1+1;’'1.2-nW,,+1 S,,(t) 

where, by Lemma 1, 3(ii) and 6, 

Z그 1.1 =~그，νWνt1S1J_ 1 (t) 
1J=1 

n r 、 " " 
= L:, 1 L:， μWJ t1‘ S ,, _i (t)+t1S fl (t)L: uW.: 
ν=llμ=1 η - ‘ ''t 'lJ=l' ': '., 

」

‘ 、
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n t 

=o( 흔lνPu파r +o(끓r·ηPn 
P 

=o( nt _그 
- 'l" 

n 

r 

p 
p ng + 

=o(μPμ)+o(Pμ) 

=0(1) 

11 / n ιl 

since ε νW，，= o( εν- 11 )=o(nP
M

) , and by applying Abel’S transformation 
ν=1 - 、11=1 1.1 I •• 

m 
twice, writing W/, = ε W" , and by virtue of Lemmas 1, 3(ii) and 6, we have 

... μ=1 ,.. 

n / 、 n n 
171. 2三ζ(ε1W’m) L1‘ S1l_1 (t)+L1SnUn그1 W ” /+Sn(t) Wn/ 

ν=~ 、m=l ' lJ=l “ 

t “ 1 n “ Pn 
= 01흔1UPJF; )+o다늄휠P1i)+ 0\-짚P 

(by Lemmas 3(ii) and 6) 

ntP_ 
= 이 ----E 

‘ f 

+0 
P 

” P T 

+0 
P 
- /l . 

μ 
=0(1) 

and, b바ylμ￡짜mm 
.~ . - " μ 

(2.4. 3) 17 1 = 0(1). 

Therefore, from (2.4.1), (2.4.2) and (2.4.3), we obtain 

r 1 
F(t) =0(1) 표+0(1)， as t• O. 

μ 

Consequently, 

lim sup t-1, F(t)' 드0(1)표 
t• +0 μ 

being arbitrary large and 0(1) independent of μ， we get finally 

t- 1F(t)• o as t• O. 
This terminates the proof of theorem 1. 

Aligarh Muslim University. 
Aligarh, lndia 
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