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RESULTS INVOL VING THE TIPLE H FUNCTION 

By B. L. Mathur and Shri Krishna 

O. Abstract 

The object of the present paper is to obtain certain results involving the H 

function of several complex variables. An integral involving the generalized 
Whittaker functions and the multiple H function has been evaluated and this 
.result has been further utilized in finding out an expansion formula for the 
multiple H function in terms of the Laguerre polynomials. Some particular 
‘cases of interest have also been indicated. 

1. Introduction 

Throughout this paper we employ the abbreviation (a) to denote the sequence 

'of A parameters a1• …• aA ; for each i=l. …, κ (O(i)) abbreviates the sequence 

.of B(t) parameters 깐(”， j=1, .•• , B에. with similar interpretations for (c). 

1(d(i)), etc. , z·= 1, …• n. it will be understood. for example. that 0(1) =0'. 0(2) 

=0’. and so on. AIso. for the sake of brevity. we use the contracted notation 

(1.1) 
A 

[(a)] ”= .F [딴]n’ 
B(i) (i) (i) 

[b ] n=낌1 [bi ] ”, t=1, .• , t; 

The multiple H function defined recently by Srivastava and Panda [6] shall 
be defined and represented by means of the multiple contour integral as follows: 

(1.2) 

--

where 

0, À.: (μ’ • v’): ... : (μ(n)， u[”))
H[z" ….zJ =H 

l' , -n" -- A , C: [B’. D'] : ... ; [B(n). D(n)] 

[(a) : θ •...• e(n)] : [(0'). Ø'] :…; |(b(n))，￠(n)l ; Z‘’ •••• Z .. 

(n) , . r/ ~" ~". • r t' ~(n) ~(n)， .~. . .. [(c) : ￥γ， …. 1p"'''/] : [(d’). å'] : … : [(d''';. δ ] ; 
w∞ W~ 

1 
2πW 

n 

-w∞ 

μ1=ν=i， 

... 
-ua ￠l(Pl)---A(P”) UT(Pl, …Pn) ZlPl---z2’ dp!'" dP

n’ 
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(1 .3) rþ‘(Pi) = 
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첼l r(까 (i)쉰2) Pz) 1펀lF[1-bj(i)+￠j(Z) Pi] 

(i) I ~ (i) ~ '\ ~' ,... rJ. (i) Å. (i) R F(1-di +δ;'O;pJ n , r[b;,o;_rþ. ,oJpJ 
， =μ”’ +1 J J • j=v‘"+1 " J .. 

γiε {1, "', n} ; 
x 
nr n (i) 

1-안+핀 낀 Pi 
(1.4) ψ(P1' …, Pn)= ~ 1'7 f _ "n , II (i) n rla;- 2:그 6; P, 

E 
nr 
j==l 

1-cj+ 혈j(t) Pi 
• 

’ 
j=À. +1 L J i=1; 0 

an empty product is interpreted as 1, the coefficients 덴(i) ， Å. (,) 1=1, ---, A; 와 1" 

=1, ---, B(i); ￥rj(i)， j=1, ---, C ; δj(i)， j=1, ••• , D(i), γz"E {1, .... n}, are positive num-

bers, and À. μ(i). v(i). A. B(i). C. D(i) are integers such that 0드λ드A， (l) 
0:드μ 

(i) 
드D , C는O. O드p(i) EB(1), vz"ε {1, ..•. n}. The paths of integration are indent:-. 

ed. if necessary. 
(i) so (i) in such a manner that all the poles of r [d /J -진 까J. 

j = 1, …, μ(i) are seperated from the poles of r [1-깐떠+와(η 싼J. j=l, …, u(i), 

multiple integral in (1. 2) converges absolutely if 

(1. 5) I arg(zi) I <융π /j,i’ 
where 

vz"ε {1 •.••• n}, 

λ (0 
(1.6) 4=Z 인 - 숭 6?)+델 rþ.( i) _ 휠) 4(η 

j=A+l J j=1 J j=v‘"+1 . J 

-￡ ψ.(”+ 텔)δ.(”- ￡‘) ￡(2) >0, 
j=1 J j=1 J j=μ ，1， + 1 J 

γtε {1, …, n} • 

the ‘ 

The conditions corresponding to the aforementioned ones will be assumed to. 

hold throughout this paper. For convinience, the case À=O of (1. 2) shall. be 

abbreviated as H 1 [Zl' ...• Zη]. In what follows the product r(a+b)r(a-b) shallι 

be denoted by r(a ::J:. b). The Gauss multiplication formula . for the 
function is given by [2, p. 4] 

(1. 7) r(ηZZ) = (2π) (m-1)/2 (2mz-1)/2 m-1 n r(z+ 
i=1 

m being a positive integer. 

2. Evaluation of the integral 

The main resuIt to be established here is 

• 
’ 

Gamma‘ 
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(2.1) I xβ-1 Wk./X) Wg. pCX) H 1 [U1Xh" …, Un xh']dx 

o 

00 

-' -
r(-2p) 

r(웅-g-p 
∞
 g
혀
 

1 、r

향-g+p 

r! (2p+ 1) r 

융-g-p )r 
r! (1-2P\ 

Ho, 2: (μ' ， v') : … : (，μ{·h ut-’) 

A+2.C+l: [B’ .D’] : .•. : [B"'. D")] 
S ‘1 

繼
+ r(2p) Ho, 2 : (μ，， v’); … :(μm， ’‘") 

A+2.C+l: [B’.D’ ]: ... :[B….D…J 
T );.; 

valid for ” Relβ+은lkt αt \ +1> IRe(강 1+IRe(g)l ， 8>0, larg(젠 l 

<웅πl1i， l1i> 0 ; kt> 0, 아 =띤(t) I얀(t) , γtε {1, …, n}, 

(n) 
((:te-ß-p-r) : k 1, "', knJ. [(a): f}' • .... f}''''] : 

s= 
k-울 -냉p-낸β-r샤뚜: k힌ιlνf’ 

(n), .I.(n) 
[(b') , rþ’] :…: [(b''''). rþ'''']: 

(n) , Á' (n),. ul' .... μn J 
[(d'). δ'] : ... : [(d"") , δ ] : 

(n) 
[(:1:e-β -，- r+þ):hl' …. hn]. [(a) : f)’, ---, 6 ] . 

k-β-r+p-웅 ; lzì' ... 싸]， [(c): ?P", ... ，?P'(서] : 

[(b') , rþ'] : … ; [(b(n)), ￠(n)] ; ” … 
(n) , Á'(n) ,. “l' -' ..... n ’· 

[(d'). δ’J : … : [( d''''). δ J ; 

T= 

PROOF. In the integrand of (2. 1), we replace the multiple H function by its; 

MeIIin-Barnes contour integraI (1. 2) and then change the order of integration, 
which is justified due to the absolute convergence of the integraIs involved in 

the process. Next 'weevaluatèd ‘ the inner integraI by making use of a known, 

relation [3, p. 410J and furtherinterpret the results with (1.2) and (1.7) tα 

obtain the desired result. 1; 
In particular on taking 2g=2P+ 1. 2e=α， 2k=2m+α+ 1 in (2. 1) and on using: 

the known relations [3. p. 432J , we derive the result 
。。

(2.2) r e -% xß+m+ 좋a Lm(a) (x) Hl [μl Xhl, …, Unxh.] dx 

0 

_.i.二괴r no, 2: (μ，/J v'): ... :(p.까tM! “ A+2.C+1: [B'.D’] : ... : [B:'). D")] 
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±융 α-ß-p : h1 • •••• 써. [(a): θ， •• , 밴] : 

윷α+m-ß-þ) : hl' .... 써. [(c): 1p". ''', ψ(서] : 

‘ 、 (n)~ .I.(n) [ (b') , κ] ; … ; [(b'''J). ø'''J] : 
(n)~ ~(n) [(d') , δ'] ; ... ; [(d"'''). δ ] ; 

Ul' …, Un 1’ 

\valid for 

ReIß+p+힐 ht σt>웅IRe(α) 1-1. 따=띤(t) /까(t) ， kt>0 : 

Vtε{1 ..... n}, ßi> O. larg(씨 

3. Expansion formula 

The exþansz'on /ormula to be estab!z'shed here z's 

h. h_ ∞ (-1/ L_(a) (x) 
{3.1) X

W H , [μ ， x‘ , …, χ 았] = L: 
! .--! -- , 'n--. r=O rC1 +α+r、

• 

H O,2: (μ’ ， v’) : ... : (μ…， v(") 

A+2,C+l: [B’ ,D’1 : ... : [B(" , D('’] 

[( -w) : hl' ''', Izn]. [(-α-w) : Izl' .... hnJ. [(a) : (j’, …• e(n)] : 

(n) 
[(c) : ψr， …, ψ ]. [(r-w) : Izl' .... hn] : 

[(b'). κ] : .,.: [(b(n)). ø(n)] : 

(n)~ ~(n) [(d'). δ'] ; ... : [(d""). δ ] : 

llJaUd /or Re α> - 1. !::.i> O •. 1 arg(씬) 1 <울 π!::.i’ 

U1 • .... un I’ 

Relw+찮 Izt(!t >-1: ht>O. 따=강1);.찬까 wε {1 ..... n}. 

(i) 
j=1，---， μ • 

PROOF. Let 

(3.2) Xψ H1 [μIXhl , ---, xnXhl ] = 울 DJ(α) (x)=/(x). say. 
r=O ' ’ 

Here (3.2) is valid since /(x) is continuous and of bounded variation in the 

interval (0, ∞). On muItiplying both sides of (3.2) by x'α e -,; Lm (a) (x) and 

integrating with respect to x between the limits 0 and ∞. we have 



‘ ” ‘ 

(3.3) 
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。。

0 

。。

00 

= E그 D一 
r=0 . o 

Xαe-xLm(a) (x)Lr(a) (x) dx. -

NÜ'\v on using thé orthogonalitY property of the Laguerre polynomials 
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[3, p. 

292] and the result (2.2) , we easily get the value of Dn; and finaIly on substi

tuting this value of Dn in (3.2) we immediately arrive at the desired result. 

4. Particular cases 

On specializing the parameters of the muItiple H-function and the generalized 

Whittaker functions in the results (2.1) , (2.2) and (3. 1), we deduce various 

known formulae given earlier by Bajpai [1] , Saxena [4] , Srivastava and Joshi 

[5] and various others. 
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