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DOUBLE FINITE SUMMATION FORMULAS FOR THE H-FUNCTION
OF TWO VARIABLES

By K.C.Gupta and S.P.Goyal

1. Introduction

The parameters of the H-function of two variables [3, p.117] occurring I1n
the present paper will be displayed in the following contracted notation (analo-
gous to the notation of Srivastava and Panda [6]):

HO, 7, 1 My, Ny ﬁ:a, ny | X | ((fzpl v Op AP1)) . ((szl Epﬂ)) ' ((31:;,. Ep,)) ]
poaitnasitnas |y (@, 38, B, ((d,,8,0) ((f,, F,))-
:(2:::')_IL1 Lz o(u, v) 0,(u) 0,(v) x v du dv (1. 1)

where, for convenience, ((cz o, A, )) abbreviate the p,-parameter sequence

(@i oy, 4y, (a, s a,, A, ) ((c, )) for p,-parameter sequence (cy,€;), =
r(cpﬂ 5 ) and 31m11ar mterpretatlons for ((b s B ,B )), ((d ,5 .)) etc.

Also gﬁ(u,v)=-IJ[F(1—a-+a-u+A-v) H F(a ~ U — —A)
j=l J 7 7 —} =m+1

2 ~1
X I_'[ Ir'c —-ij—l-ﬁju—l—ij):,

- ——1
0y =1 I CLc;e) TT (=0, 1 e fI ra-a+am

-j=ng+1 J=nmy+1
and with 6,(v) defined analogously in terms of the parameter sets ((e Eﬁa))

((qu an)). An empty product is interpreted as unity, and all the greek and
capital letters are positive. The nature of contours L, and L, in (l1.1), the

conditions on parameters of this function, its asymptotic expansions, particular
cases etc., can be found in a recent paper by Goval [3].

The aim of this paper 1s to estahlish three interesting double finite summa-
tion formulas for the A-function of two variables. By suitably specializing the
various parameters involved, these formulas would yield the corresponding
double summation formulas for a large variety of special functions involving
one or two variables. The corresponding formulas for Kampé de Fériet function,
Fox’s H-function, generalized hypergeometric function have been obtained in
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this paper. In the end of the paper, a double summation formula has:_lbeem
reduced to single summation formula involving the H-function of two variables.

To save space, three dots, «--, appearingat a particular place in any H-function
of two variables will display that the:parameters 1n that position are the same
as that of the H-function of two variables defined by (1.1).

2. Summation formulas

m . (—m) (—n)(b—e—n+1),(b),
r§6 ED rls! (2“3"‘7#'—'?_2_)’,(6)3
0 pal: e[ x2[(Q—c—7—5a,B), - 2 een 3 see
XH
pr+1, g +23% _yl e (1—c—71 a0, 5), (1-c~-s: a, ﬁ) * ees o ...:I
- (B),(e—b), ‘
~ (e, (etn-1),
0 ,n+1: . ol X (I—C—m'—?z ’ o, 5), vos MEETT ISP T
2.1)
XH‘HI’ AR Lyl (I=—c—m:a,B),(l—c—n:ia,fB):«: ] (2-1)
m n — — b
2, _( m),'( ?:)3( )
r=0s=0 yi §i |
XHAFI (I1=c—r—s:ia,f), e, (2—e—m—n-tr,8) 3 ees]
Blyl-e,(A=c—-7: a, 5),.. (1—;*—3 sa, B) i (1—e—n+b+r,6),,(1—e—s,¢) :l
=(=1D""®),,
XHA'I A=c—m—n:a,pB),:  te,(2=-e—n,6) e
Blylee,(l=c—mia,B),(A—c—n:a,B):(1—e+be), -, (1~e—n,¢t); :l
(2.2)
2 - _(_—-m),.'(—nl)s(a),
r=0 s=( Y. S.
XHA'-%' (1—c—r—s:a, B), 2o, 2—m—n—d-+s,8) .]
Byl A—c—ric, ), A~c=5: @, ) : A1+a—d~m-+5,), -+, (1—d—7,8)3--

=(-1)"""(a),

HA‘x (1—c—m—n: a, B), - teee (2—d—m, &) : ]

X

Blylee,A=c—mi a,8),A—c—n:a,B) : 1+a—d,e), -, (1—d—m,e) : -
(2.3)

In (2.2) and (2.3) above, 4 stands for 0 ,n,+1:m,+1,n,: mg, ng
and B for p,+1,¢,+2: p,+1,¢,+2 7 P, qs.
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Conditions corresponding appropriately to the conditions (1) to (vi) on p.119
in the paper by Goyal [3] are assumed to be satisfied by all the H-function of
two variables occurring in the above formulas.

PROOF of (2.1) : Writing Mellin-Barnes integral of the H-function of two.
variables from (1.1) in the left hand side of (2.1), changing the order of
integration and summation, which is justified as the series involved are finite,
we find that

o ' . 6 @ u v
Lh s =(2m.)_._fL ‘[L’_t;ﬁ(u 0)60,(W0,()x'y"

['(¢ct+oau+Bv)
-m n (—-m)r(—n)s(b—e—ln—l—l)r(b)s(c—l—a*u—}-ﬁv)H, hdu I
X_,E)E) r! sl (2-—e—m—n)r(e)s(c+au 5v)f(c+au+5v);_

Using the following result due to Carlitz [2,p.139] :
m n (—m),(—n)a) (b)c),, ), (), (), ., 5 4
D N I X OX O RO (TN CEDRORON (24

(a—0b is not an integer, ¢=b—e—n+1, and d=a—d—m+1)
in the above expression and interpreting the result thus-obtained with the help
of (1.1), we get the right hand side of (2.1). |

The results (2.2) and (2.3) can be easily proved by proceeding on the Iines.
similar to the result (2.1).

3. Special cases of (2.1)

(a) On taking mo=ms=1, n=p,, #,=n3=pP,=Ps 4,=4¢3 &,=f;=0, replacing:
g, by ¢,+1, putting all Greek and capital letters equal to one in (2.1), and

using a recent result due to Goyal [3, p.123, (3.3)] therein, we get the following:
double summation formula for the Kampé de Fériet function [1]:

m (—-m)r(—n)s(b——e-n—l—l)r(b)s(c)f_l_s
S T S Gme—m—n) (&) (), (0,

4L [T ts,(a,) 1 (c, )i (e,) |
nt&eletr,cts, (0,) 1 ()i (F )y ]

b)), (e=b), pt+lp[Ctmtn,  (a,): (cp) + (e,) x]
= — _F : 8
(G)n(e‘I‘ﬂ_IJm g+ 2, g _C"l“m, C‘I"?Z, (bql) . (dqa) . (fqz) y

(3. 1)

(b) Again, on putting n=p1=q;=n3=p3=0, my=gy=1, f1=0, F.=1, =1In:
(2.1), letting y—0, and using [3, p.123,(3.5)] therein, we get the following:
series for Fox’s H-function, which is believed to be new:
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m n (——m)r(-n)s(b—e—n-l-l),.(b),
Y s!@—e—m—n) (&),

r=0s

m., ny+ 1 (1—c—7r—s, ), ((Cpﬂ: spﬂ)) ]

XH X
rtlat2 71((d,, 8,0, A—c=7,0), (1~c—s,)

®),(e=8),  mumit [ |[(A—c—m—na),((c,,¢,)) ]

= (e),,(e—l-n —1)m Hp“+1’ 7:+2 ’ (quz’ 5%))’ (I=¢=m,a), (1=c—n,a)

(¢) Further, on taking m,=1, n,=p,, d;=0, all Greek letters equal to one in
{8.2) and using the result [4, p.600, (4.6)], we get

(3.2)

m n (—m),.(—n)s(b-—e—-n—{—l)r(b)s(c)rﬂ - c-r+s, (cp) | -
r§03=0 rl sl(2—e m—n)r(g)s(c)r(c)s p+1 q+2-.(dq), o7 cls ’ xJ

5). (e—b ctmtn,
Dnle—0), cmtm, (c)) :x] (3.3)

= o 15
(g)n(e_l_n - l)m o+l q+2L-(dq): c+m,C+n

Similar type of double summation formulas for (2.2) and (2.3) can be ob-
tained by specializing the parameters of the H-function of two variables as
indicated above, but we shall not record them here due to the triviality of the
analysis.

Lastly, if we put #=56=0, 1—e=¢ in (2.2), the double series reduces to the
following single series for the H-function of two variables.

% (—m), g imet L e Cx[e e, (@—mtr+1,8) ¢ ]
f:OP ?’1 ot :pﬂ+lr QE""I " _y ces ° (a, e), ‘ew s vee
N FSIRTTINE P ) W LRI e, (@a+1,8) "']
-—(_1) H  pe+1,q.+1 ; l:y Loee @ (d: 8), e . ... (3- 4)

If we reduce the H-function of two variables to Fox’s H-function with the
help of a known result due to Goyal [3, p.123, (3.5)], we get the single series

for the H-function, which is a particular case of a general result given earlier
by Jain [5, p.462].
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