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DOUßLE FINITE SUMMATION FORMULAS FOR THE H-FUNCTION 

OF TWO V ARIABLES 

By K. C. Gupta and S. P. Goyal 

1. Introduction 

The parameters of the H-function of two variables [3, p. 1l7] occurring in 
the present paper will be displayed in the fol1owing contracted notation (analo­

gous to the notation of Srivastava and Panda [6]): 

HO. n, : κ.n，: m •• n, r xl ((ap, ; α'p" Ap)) : ((cp•, ep,)) ; ((ep" Ep.)) 

A , ql : pg, qg ; p,, qa l y | ((bql ; gq껴q)) : ((dq•, δq)) ; ((fq,' Fq)) 

=(2π”-2ClJ2 ￠(x， u) 6l(μ)' (}2(v) x“ ldμ dv (1. 1) 

where, for c6nvenience, ((ap,; α'p.' Ap)) abbreviate the pl-parameter sequence 

{a1 ; αl' A 1) , "', (ap, ; α'p，' Ap) ; ((CP•’ 당)) for p2-parameter sequence (c!' e1) , …, 

〈않， 타) and similar interpretations for ((bq, : ßq" Bq)), ((d"., 0".)) etc. 

n, r p, 
1\lso r/J (μ， v)=nr(I-ι+α.μ+A.ν)1 π F(a.-a.w-Aν) 

j=1 J J J Lj=n,+1 J J J 

q , , -1 
× n F(1-b.+/3.x+B.u) 

j=1 I - I J 

m. r P. q, ,-1 
(}1 (u) =.IT. r(l-cj+e μ) nr(까-ζμ) ;J1, ,r(crep);_D , ，r(I -dj+δμ) j=l l j=l Lj=n,+1 I I j=mg+l 

:and with (}2(ν) defined analogously in terms of the parameter sets ((ep,' E섭)， 
{(fn' Fn )). An empty product is interpreted as unity, and all the greek and 

'1 8 '1 8 

çapital letters are positive. The nature of contoùrs L 1 and L2 in (1. 1), the 

conditions on parameters of this function, its asymptotic expansions, particular 
cases etc. , can be found in a recent paper by Goyal [3]. 

The aim of this paper is to establish three interesting double finite summa­
tion formulas for the H-function of two variables. By suitably specializing the 
various parameters involved, these formulas would yield the corresponding 
double summation formulas for a large variety of special functions involving 
one or two varÏables. The corresponding formulas for Kampé de Fériet functioD, 

Fox’ s H-function, generalized hypergeometric functioD have been obtained in 
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this paper. In the end of the paper, a double summation formula hasbeen 

reduced to single summation formula involving the H-function of two variables. 

To save space, three dots, "', appearingat a partici.ìlar place in anyH-function 

of two variables will display that the parameters in that position are the same 

as that of the H-function of two variables defined by (1.1). 

2. Sumrnation formulas 

m n ( -m)r(-%)s(b-e-%+1)r(b)s 
εg 
/=0 s<=o r!s!(2-e-m-n)r(e)s 

,+1 : … : ... f x I (1-c-r-s: α， ß)， . 
× H . ‘ - ( 

p,+l. q,+2: ... : …LyJ …, (1-c-r: α， ß)， (l-c-s : a， β) : •.. : 

(b)m(e-b)n 
- (e\(e+n-1)m 

×“ ‘ +1. q+Z: … : …Lyl …, (l-c-m : a. ß). (l-c-n : a. β) : ..• ; 

m n (-m)~( -n) ‘ (b). 
L:: L::- ’ “ 

;=0;=0 r! s! 

” • . , … --

(2.1) 

Af x I (l-c-r-s : a , ß). … : …• (2-e-m-n+r. e) ; …개 
xH-~ 

1iLy J ''', (l-c-r : a. ß). (l-c-s ; a. ß) : (l-e-n十b+r.e) ..... C1-e-s.e); • 

=(-1)까+n(b)m 

Af x I (l-c-m-n: a. β)， --- : “" (2-e-n,e) 
×H , 

1iLy 1 .... (l-c-m : a. ß). (l-c-n ; a. β) : (l-e+b. e) • .... (l-e-n. e) : . 
(2.2) 

m n (-m)~( -n).(a)~ 
L:: L:: '"“ 
r=Os=O n s: 

yl …• (l-c-r:a. β)， (l-c-s: a.ß) : (l+a-d-m+s.e) • .... (l-d-r.e):'" 

= ( -l)m+n(a)n 
/ 

yl…• (l-c-m : a. ß) , (1 -c-κ : a.ß): (l+a-d, e). …• (l-d-m.e) : . 
(2.3) 

In (2.2) and (2.3) above. A stands for 0 • n1 + 1 : mz+ 1. nz : m3, n3 

and B for P1 + 1, ql +2: Pz+ 1, qz+2 : P3' q3' 
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Conditions corresponding appropriate1y to the conditions (i) to (vi) on p. 1l9' 

in the paper by Goya1 [3] are assurned to be satisfied by alI the H-function of 

two variab1es occurring in the above forrnu1as. 

PROOF of (2. 1) : Writing MeIIin-Barnes integra1 of the H-function of two , 

variab1es frorn (1. 1) in the 1eft hand side of (2. 1), changing the order of' 
integration and summation, which is justified as the series invo1ved are finite , 

we find that 

1. h. s. = (2 π i)-2 ’ L, 
”J 
-
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-
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-
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-
r
셔
 (-m)/ -n)/b-e-n+1\(b)/c+αμ+ßv) 

xl ε z ---- r --L r+ $ Idu dv 
r=O s=o r! s! (잔E좌짝따(c+α'U+βv)/c+ακ+βv)s 

Using the following result due to CarIitz [2, 뮤 139] : 
m n ( -ηz)~( -n).(a)_(b).(c)_ ,. (b)ja)M(c) …-I. M 

g ε , ’ ‘ I i I1 = … ” … , '" 
r"=6 s"=6 u rf s! (d)r(e\(c)/c\ - (b-a)m(a-b\(c)m(c)n 

(a-b is not an integer, a=b-e-n+1 , and b=a-d-m+1) 

in the above expression and interpreting the resu1t thus obtained with the he1p , 

of (1.1), we get the right hand side of (2.1). 

The resu1ts (2.2) and (2.3) can be easi1y proved by proceeding on the lines ‘ 

similar to the resu1t (2. 1). 

(2.4) 

3. Special cases of (2. 1) 

(a) On taking m2=m3=1 , n1 =Pl' n2 =n3=P2 =p;앙 Q2=q3' d 1 =/1 =0, rep1acing. 

Q2 by Q2+ 1, putting all Greek and capital 1etters equa1 to one in (2.1), and 

using a recent resu1t due to Goya1 [3, p.123, (3.3)] therein, we get the following; 

doub1e summation formu1a for the Kampé de Fériet function [lJ: 

m n (-??Z)r(-%)s(b-e-%+1)7(b)s(c)7+s 
2그 E그 
;=0;=6 r! s!(2-e-m-χ)/e)s(c)r(C)s 

×FA+1, P2 
q, +2, q, 

c+r+s, (ap) : (CP,) ; (ep) I X 

c+7, c+s, (%) : (dqg) ; (%a) l y 

FP1+~'P， ic+m+n, (ap
‘
) : (cp) ; (ep) I X 

ql+2,q2lc+m, c+%, (bql) : (dqg) ; (fqg)|y 
(3.1) 

(b)m(e~b)n 

- -(e)n(e十n-1)m

(b) Again, on putting n1 =P1 =Q1 =n3=P3=0, m3=Q3=1, 11 =0, F 1 =1, ß=l in, 

(2.1), letting y• 0, and using [3, p. 123, (3. 5)] therein. we get the foIlowing 

series for Fox’ s H-function , which is believed to be new: 
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m, .n , (-m) ,.( -n)sC!J-e-n+l) ,.(b), 
E E.' ;=0 s'=o r! s! (2-e-m-n) ,.(e)s 

XH •, 쩌+1 I J(l-c-r-s, a) , ((cp"ep)) 

(b)m(e-b)n '[Tm .. n,+1 IJ(l-c-m-n, a) , ((cp"ep.)) 

(c) Further, on taking m2=1 , n2=Þ2' d1=0, all Greek letters equal 

’(3.2) and using the result [4, p.600, (4.6) ], we get 

m n (-m) ,( -n\(b-e-n+ l),.(b)s(c) ,.+S 7:' ic+ r + s, (c~ 
윌필 r! s! (2-e-m-n) ,.(e)s(c) ,cc)s ‘ "P +1Þ"q+2l(d q)' c+κC+s ; x 

(b)m(e-b) ,, . L' Jc+m+n, (cp) 
: X 

(3.2) 

to one in 

(3.3) 

Similar type of double summation formulas for (2.2) and (2.3) can be ob­
tained by specializing the parameters of the H-function of two variables as 
indicated above, but we shall not record them here due to the triviality of the 
‘analysis. 

Lastly, if we put n=b=O, l-e=a in (2.2), the double series reduces to the 
following single series for the H-function of two variables. 

m (-m)~ __ ".,: m.+ l. ... : … ixl"': "', (a-m+r+l , e): ... 
ε" ← ， H . """‘ ; --‘ • 
,.=0 r! -- ... : P.+l.q,+l: ""l y 1 ... : (a, e),' 

m _ ...... : m2 + 1. nl : =(-1)H . ‘ ’ -
... : p.+1.q.+1: ... 

XI''': "', (a+l , e): . 

yl ... :(a.e) .... -•••• (3.4) 

If we reduce the H-function of two variables to Fox’ s H-function with the 
help of a known result due to Goyal [3. p.123, (3.5)]. we get the single series 
for the H-function, which is a particular case of a general result given earIier 
by Jain [5, p. 462]. 
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