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ON INTEGRAL MODULUS OF CONTINUITY OF FOURIER SERIES 

By Babu Ram 

1. Let F be a function with period 2π. If FεLpCl드P<∞)， then the Lþ-mod

ulus of continuity of order k능1 of F is defined by 

0<11 

where 
7_ k .... _ ‘ 

/1," F(x) = E ( -1)‘-“ C) F(x+at) 
a=u 

and 1/. 1/ denotes the norm. 
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where 

A2 av-1 =Aau-1-Aau=au-1-2a,+at+1· 

Throughout this paper the letter Ck denotes an absolute constant depending on 

k which may have different values in different contexts. 

。。

2. Concerning the series g(x) = E a" sin ν'x， Teljakovskil [3J has proven the 
0=1 v. 

following 

THEOREM A. 
。o • 

Let {ao} òe a quasz'-convex null sequence a쩌 웰 u-ηaol <∞· 

Then g(x) is iχtegraòle and its integral ηzodulus 01 contz"χuzïy satz"，ξfz"es the 

condition 
。o • 

ω(1/n; g)=2/π E v-~Iav 1 +O(A,), 
v=n 

where 

” 2 2 ∞ 2 
A”=% Z그 ν I/1W 

a"_11 + E vl /1‘ afl _ 1 ,. 
” ’ =1 - ‘ o=n+l ’ ‘ 

The object of this paper is to generalize Theorem A for modulus of continuity 
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of order k by proving the following. 

co • 

THEOREM. Let {a) 

Then 

be a quasi"convexnμII seqμence and ~그 v-Lla,, 1 <∞. 

μlhere 

ωk (l/n ; g) =C
k 

。。

‘ E v -Lla .. 1 +A_ +B‘ I , 
’=n 

‘ n ‘ .1..... 00 n 

B‘ =η-“Z그 Uκ TLIS"a，， _l 1 + E νI~‘ a，， _ll. 
,. v=l ‘ - v=n+1 • ‘ 

v=1 • 

The following theorem of Aljancic [1] is a corollary of OUr theorem. 

THEOREM B. Let {av} 

Then 

co • 

be a convex nμII seqμence and ε u-‘ a" <∞. 
v=1 • 

-k n k-1 1 
ω (1hz; g)드Cbn_~E v~-. a,,+ E v ‘ a .,_ 

~ v=l ‘ v=” v 

3. We require the following lemma for the proof of our theorem. 

LEMMA 1. [1]. Let O<t드%-1 (% = 1, 2, …) and k a natural nμmber. l/ Kv(x) 

‘denotes the Fejer conjugate kernel, then 
π 

| 파t K/x) Idx드Ck 1,k tk (U = 1, 2, ·, %), 
0 

π 

1~~tKv(x)ldx드Ck(v=1， 2， …). 
(k+1)/n 

4. PROOF OF THE THEOREM. The function g is integrable under the 

lhypothesis. To prove the theorem it suffices to show that for O<t드%-l 
π 

|AXtg(X)ldX드Ck 濤u-1lau l +An+펀· 
’we wríte 

π (Hl)!:κ 

(4.1) lAXt g(x) ldx = 
o 0 

=11 +12, 

π 

c 
+ 

J 
(H1)!n 

\We shall estimate 11 and 12 separately. Let 

glven 
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Do(x) = 一 1/2 cot. x/2 

Dv(x) = Do(x) +sin x+sin 2x+ ,,0+sin 0:: 

20+1 
cos n X 

-- - , u=1,a- --2 sin x/2 

F v(x) = DO(x) + D 1 (x) + .00 + D v(x) 

(o+l)x 
= - 7 , U=α 1, 2, .... 

4 sin‘ x/2 

By twice use of Abel’s transformation. we have 

(k+1)/n --
/1딩 l Att F1 

A2 au-1 F,-l(X) l dx 
o 、 - -

k L 

드 Z그 C) 
a=O “ 

(@+1)/n±at -UU? S1D 0X 
Eß‘ a

fl
_ 1 • 

-:02 -._ 
J d:: 

v=1 
~ -0-1 4 sin~x/2 ±at 

L (2k+ 1)/n __ 

<2 소 (k) r I 효A%” 1 
걱쁨뾰_ \ dx 

a=o-a 히 1 0=1 
~ - v-~ 4 sin~ x/2 

(2k+ l)/;κ 

2k+ l X J “ -
-
。
‘ 따
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Since 
1 

4 sin2 
x/2 

=1/X2+0(1) for sma1l x, we have 

c。

11드CkE 
m=n (2k+ l)/(m+l) 

(2k+ l)/n 
。o

_ 

E ß- a
fl

_

1 
v=1 v ‘ 

SlD OX 
2 

x 
dx+Ck Allo 

2k+1 
But in the subinterval \ 

... 
.: : ~ m+1 

2k+1 .-.• 
..; 

~ 

.J(m=n.n+1.n+2"0). we have ‘ 

。o n 

u힐 A
“ av- 1 

r.n n "’r. /mln 

=Eß‘ a.， _ 1 τ +O( E Iß~a，， _l 
v=1 “ x \v=1 ‘ 

• ‘ 

=(-am-mAam)/X+이첼1|A%，-1 

3 3 o x oo ,? , 。

-τ-'--+ ε Iß‘ a .. 一 1 I x ‘ 
X v=m+l' ’ ‘ 

3 ∞ I n ’ ” o + E .IS"a"一 1 1m
ι 

m v=m+ll --

= - (m+ l)am +O( J am J +m2J ßam + 똘1U2{A%u一1 ∞ 21 _ 2 + E mU
' ßUa .. _ 1 , ). 

v=m+l I “ 
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。0.... ,00 00 t) m 
E t.η一ι1 a_1 + E 1 ð.a ... 1 + E m-‘ g 

m=n … m=n m=n V=l 
Thus 11 <Ck 흘am--1latnl +0 

‘ , ..254 

+O(A셔· 
00 00 n 

+~그 EI ð. 
W 

a'J_l 1 
m=n v=m+l 

- v • 

‘ we have Since av• 0, 

。o ^ 

E ð.‘ a; I z=* . la…1= 1 E 
Y" k=m 

흘 I ð. 
2 
ai 1 

。。

드g 
k=m 
。o ^ 

드 Z그 i/ð.‘ ai 1, 
z=m 

and therefore 
。o ^ Em- ‘ laml =O(An). 

m=n 

Moreover, 
。o ~ 00 .... 

ε I ð. μ !드E E I ð.‘ au_"드A .. 
m=” 

”’ m=n v=m+l 
•• .. 

and 

2 .. 2 ∞ 2 vWI ð.wov_ll εm-‘ 
m=v 

∞ -2 .m , 2 .. 2 . .n , 2 .. 2 ∞ -2 ∞ 
gηt 

~ 

~그 U|Aau-ll=gUlAav-1lgm +g 
m=n v=1 v. 'v=1 • • m=n v=n+l 

=O(An). 

‘ Hence it follows that 
。。

’ 11 드CkE v-'lovl+C011' 
v=n 

(4.2) 

1. Lemma usmg then we apply Abel’s transformation and To estimate 1
2’ 

we obtain 

l 울1 A2a， -lAttRu-lωl값 
(k누 1)(n 

v- ‘ 

π
 ? 

(4.3) 12= 

드되L띄;숭츠숭숭1+++κ， 초뚫옳5￡1J]z”때’ 
. --. ’ ” ‘ ‘ (k+ )(n 

• 
• _n ._.11 n 0。 ‘ 

드Ckln 
-I<

~νlAau-ll + ε- -
z,lAau-ll 

V=l v=nTl 

(4.2) and (4.3). 

=Ck Bn. 

'The result follows from (4.1) , 
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