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ON MULTIPLICATION FORMULA FOR HYPERGEOMETRIC FUNCTIONS 

By M. A. Pathan 

For Lauricella’s hypergeometric function of n variables defined by ([5]. 
p.113) 

F상) [a, bl, , b” ; C1, ·파 ; Xl' "', X，η] 
∞ ∞ (a)_ i ... i … (b ,)… ... (b_)_ x~’l xm. = ε ".L:: ~lT"'+m，，'" l ' m1 m. ~ 

m,=O ~O (C1)m .... (Cn)m. m1! mn! 

r(a+n) 
where Ix1 1+ … + IXnl <1 때d (싸-카찮수. Srivastava ([6]. p.67) proved a 
multiplication formula 

F~) [17, -ml' .... -mn : a1 +1. …，와+1: 샌 …，샤] 

m，+흡m，(α빨2F1(~띔 : x) 
× F?+1) [α+ 1， -ml' "', -짜， -k: α1+1. …• an +1, α+1: A1' …, 신， 1) (1.1) 

A special case of (1.1) for η=1 is 

2Fl(-%r ; Axl= ￡ lβ+η1l1L7， o ; x) 
\ α+1 / η=0\ n / ‘ 4\ β+1 / 

X F2 [β+ 1， -m, -n; a+1, ß+1: À, 1] (1. 2) 

where F 2 is Appell’ s hypergeometric function ([3J , p.224). 

The object of this paper is to generalize the result (1. 2) in another form to 
obtain a multiplication formula 

Fra, b: - mz, α1+m1 + 1: L. -~ l 
'-- . ---1 

L c: a2+ 1, a1 + 1 Z Z J 

m밤， (α+ l)k ", (3) 
k。-파y-=-FA'/ [α+1， -ml' -m2' -k: α1+ 1， α2+1， a+1 : x,y, 1] 

fa, b: -， α+k+ 1. x-1 1 1 x FI ’ --~ --=-1 
L c: α+1 Z ’ z J 

where 

F[a’ 짧’f ∞ ∞ (a)r+/b)r+s(d\(f)sx'/ .g ; x， y]=εg 
r=Os=O (c)r+/e\(g\ r!s! 

(1.3) 

(1. 4) 
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lxl <1 , lyJ <1, is Kampe de Feriet’s hypergeometric function of two variables (1). 

In Kampe de Feriet’s notation, it is written as 

F[2| bl ] 11 d,f lx 
11 c Iy 
11 e, g I J. 

In order to ,prove ‘ (1. 4). we consider a special case of the formula of Erdelyi 
( [2] , p. 156) 

L앓')01X) 대')0싼)= 麗2딩 짧)(X) (1. 5) 

where 

/αl+mt\/α2+m2'\ (3) =(1--1 ' :"1 )r-~ , :"~ ，)F-;) [a+1. -ml' -m2, -k: α1+1， α'2+ 1， α+1: Àl' À2' 1] 
\ m1' \ , m2, 、

for 양o and L~a)(x) is Laguerre polynomial. On multiplying both the sides of 

(1. 5) by 

e -(À'+융ß)t tÀ Wμ ν(야)， 

integrating wi셋， r，xspec낀to r t fψ띠 rO to 。? Py u한ng a speci따 case of the result 
([4] , p. 226) ‘ ’ 

jte-(Xl+끌)상 Wμ u(Rt) LXl)(X1t) L앓，)α2t) dt 

r(À+악좋) r(À- lJ+좋) (α1+싸 (α2+ 1)m， 
,,-) / "" ""' .o-À-l 

m1! m2! r(À-μ+2) μ 

F니+LI+좋， À- Ll+좋 -m2, αl+ml+ 1 • À2 À1 

L 
~ 

À-μ+2 : α2+1， α1+ 1 ττJ (1. 6) 

Re여)>Re(À2)>0， Re쩨>0， Re(À+LI+좋)>0， 

3 and replacing À +τ~+LI， À+2-ν， λ-μ+2， À2' ß ~and À1 by a, b, c, y, z and x 

:respectively, we obtain {1. 3). 

When m2• 0, (1. ,3) reduces to 

광[a， b， α1+m1+1 : -허=￡ (α+l)k c, α1+1 z J .Þ"O k! 

F2 [α+1， -mi: -':k, α1+1， α+1: x, l] F[a，갚 =;g갤+1 : 쓴L， -웅] (1. 7) 
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For x = 1, (1. 3) yields 

Fra, b: -m2, αl+ml+1: ..1-._ _ll --. ---, L c; α2+ 1， α1+ 1 z ’ z J 

m,+m, (α+1)k ~(3) 
- 싫 다「FA [α+1， -ml' -m2, -k; α1+1， α2+ 1， α十 1 ; 1, y, 1] 

ra, b， α+k+l. _1 1 
x~F?1 ’ : --7 1 (1.8) 

3~ ~L c α+1 z J 

Setting a=c in (1. 3), we obtain a multiplication formula for hypergeometric 

functions in the form 

F 21b, -m2’ 
αl+ml+ l， a 2+1, a 1+1; ::, - 추| 

L Z • Z .J 

m양2 (α+1)k ( z-x+l \-b P /b, α+k+l. 1 \ 
’ 급 Lk! \ z J 2‘ l\ a+l ’ z-x十1 J 

(3) 
X F'i J [α+ 1， -ml' -m2' -k; a 1+ 1, a 2+ 1, α+1; x, y, lJ 

Finally, we Iet m1• 0, b=c, z= 꽃 and the result (1. 8) gives 

F 2 [a, -m2, α1+ 1 ; α'2+ 1， α1+1; yx, -xJ 

(1.9) 

m, (α+1)h ~ (a, α+k+1 \ 
ε---E- F ( ; -xj F2[α+1， -m2, -k; α2+1， a+l ; 카 lJ k=o k! 2 1\ α+1 . ~) 

(1, 10) 

‘which on applying ([3J p. 105(3) and p.238(3)) and adjusting the parameters 

}Ieads at once to the result (1. 2) of Srivastava. 

AI Fateh University, P. O. Box 656 

Tripoli, Libya 

REFERENCES 

'[1] Appell, P. and Kampé de Fériet, Fonctions lzyþe1'geomet1'iqμes et hyþe1'sþhe1'iques. 

polynomes d’ Hermite, Gauthier-Yillars, Paris, 1926. 

1[2] Erdelyi. A. , On some exþansions 써 Lague1'1'e þolynomials, Jour. Lond. Math. 8oc .• 

13(1938), 154--156. 

{3] _ _ , Highe1' t1'anscedental f:μnctions， Vol. l , (McGraw Hill, New York), 1953. 

(4] Kulshreshtha, S. K. , A theo1'em 0η Mk. m tγaηsforms， Proc. Nat. Acad. Sc. , India. 

36. A(1966). 226--229. 



288 M.A.Pathan 

[5] Lauricella, G. , Sulle f，μnzioni iPergeometriche a piu variabili, Rend. Circ. Math.‘ 

Palermo, 7 (1893) , 111-158. 

[6] Sr ivastava , H. M. , A mκltiplication formula associated with Lauηicella’ s hypergec‘ 
metric /:μnctioη F A' Bull. de la Soc. Mathèmatique de Grèce, 11, Fasc 1(1970) .. 

66- 70. 


