
Kyungpook Math. ]. 
VoJune 18. Number 2 
December. 1978 

ON THE CONFORMAL AREAL SP ACES OF THE SUBMETRIC 
CLASS IV. THE CONFORMAL CONNECTION .PARAMETERS 

By Om P. Singh 

The present paper is a further outcome of our previous papers [1, 2, 3]1) on. 

the studies of Areal spaces of the submetric class in connection with the con

formal correspondence. The prime purpose of this paper is to deduce the. 

conformal connection parameters in the Areal space of the subme하tric class with 

respect to the Davies' connection parameters [6]. The notations used in this 

paper are the same as those employed in our earlier paper [1] and in [6] 

without explanations. 

Let us consider two distinct n-dimensional Areal spaces A었) and X(Z) of the 

submetric cl잃s， the fundamental functions of which are given by F(상， PL) and1 

F(xi, pig) whith the same system of coordinates. These two spaces A염) and 

효었) arè said to be conformally related if their respective four-index metrie: 

tensors g떻 and g얹 are connected by the relation 

(1) =aß __ 'ln ßß 
gïj =e gïj ’ 

where e'ln is a factor -of proportionaIity and (J is at most a point function , 

(theorem 3.1 [1]). 

When two spaces A었) and :A(=) are in the conformal correspondence. then, 

with the aid of (1). it iseasy to see that the normaIized 

Kawaguchi and K. Tandai [4]) g;; and g“ of . the spaces 
tJ -- -" 

spectively are related [1] by 

metric tensors (A. 
(m) __ ~ ïI (m) 

A ” and A” re--
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(3) ij __ -2q _iJ g =e g , 
• 

1) Numbers in brackets refer to the references at the .end of this paper. 
2) Latin indices h,i.j.k, ............. run from 1 to n and thè Greek indices a,ß,r.ò, ...... from. 

1 to m throughout this paper. 
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용하 are -where gη and 

동ij respecti vely. 
the con tra varían t coun ter-parts of the tensors gij and 

Due to E. T. Davies [6], we also ha ve a set of connection- parameters 1강 (x, 
þ) in Areal spaces of the submetric class which are explicitly given by 

(4) 
。 h hk:-' 1 hk 

I1ij= g Fijk =호g"" (쟁Jk+ejgik -ekgij) , 

‘where 

(5) eiEat-GL at , 

‘ and G:i the so called G functions by E. T. Davies' are the well defined quan-
(m) 

tities in the space A"; ’ which have been determined in terms of the four-index 

;metric tensor Eaβ 
<> tJ 

If we introduce the notations 

ò L三펴b . =.k and ò a 三4r= : a . 
κ ax - r ap& r · 

,then. the simplification of (4) by means of (5) yields 

(6) 채 =공lk [(gjk, i+ g ik, j-:-원， k)- (G;igjk; ~ +G와 gzk; t -G싸 확; g)]· 

Further. on making the use of the following notations 
h hk (7) rij=g r4ik with r서늙웅(gjk， i+앓， j-gψ k)' 

、we can express (6) as 
h 1 hk (8) I1zj=rtj-τg'~(G싫jk; # +G하 gtk; t-G싸 g젠; 

:Now. in virtue of the relation ([5J p.74, relation 5.7) 

2Cij, $ =gij ; $ +gmn; $ r ? β ? -gmn; $r?β?. 
‘and as a result of the symmetry properties of g서 • 
껴e have ‘ 

g lJ';; η 

a 
=C ‘ 

a 
+C .. 

a 
k -

'"' ij, k I '"'j 

￠). 

..After this, following our previous paper 

.is immediately obvious that 

[2] • if we put C
“ + 
,..,. 

(9) g젠 ; g =짚， $ • 

a =C.: a+C. a 
k _,",ij, k I '"'ji. k • 

it 

Taking (9) as granted and on putting (8)can 
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finally be rewritten into the form 

Gζ c，;: ~). 
all 十 'J. r 

““ 
4e 

a 

γ
l
 

(10) 찮 =펴 -웅(G4gX t +G와감 
to A:(:)by bar overhead we shall denote the quantities referring Henceforth, 

,throughout this paper. 

then, ,,(m) 
Let r ψ be the corresponding connection parameters of the space AV~ 

、with the understanding of the above relation, these are given by 

-g뼈E4c“ f). 
‘…+ "'", I 

therefore (2) gives us 

r. h _ 'v h 1 /'r; r r; h a ,r; r 7'i h a (끄) TzJ =rij-τ (Gatfj t +G따f i, r 
:Since (J is at most a point function, 

wnere (J L=(J 
“ k ’ k. aTi·, k =e2g(2σ'b g ,;;+g;; b) '1 .11 - ~ Il ~" η" k'/' ’(12) 

'from which it follows that 

+σtδ? -g g젠 (Jk’ ;<; h h 
T. =r- -+g.δ ， :) ") ~ , , (13) 

Contracting (13) with respect where we have made the use of the relation (7). 

we obtain to h= z"’ 

띤=움(fC-r따). 
Again contracting (10) and (11) with regard to h= t" and on subtracting the 

iformer relation from the latter one, if we employ (14) in the so obtained result, 

(14) 

1We find that 

(2fk.+EζC~~)-(2f，~+Gζ C:~) 
'" “ U+J ’ l ’‘J “” 十J ’ i 

Subtracting the relation (10) from (11) and on making the use of results (13) 

• 
~ _ 1 
U j - 2n ‘(15) 

we get f inally :and (15), 

I •‘-, - “ _1 _ ..... _1_ H 

(2r ;, +C ~，C ; "_ ) δ ? +(2r ;+G」Ic; :) δ; 
V ‘~ + ,,_ I ... .. r _. + - ’ ‘ 

-ghk 강(2f，t+Ercl f ) 
ν ... ‘ .. +, .. , , 

+속(E￡C? f +ELE?f -ahkcrc •. ?) ‘ “‘+'’ l “ J + .. ~ I “ .. +ν l 

(2fl;+G;lgLt ) δ3+(2쉰i+G싫ir g) δ? 
-g앓ψ(2f4+G4g4 ? ) 

~ (G;'，C~ C: +G;';C: ~ -lkG샤- “ v 

“ ‘“‘ ’ L' ’ l “ '''+'''' “… +', ’ 

、

1
-싫 
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L
μ
η
 

~ PI--

--% --R4 h 

“η
 

。r --(16) 

.:where we have also taken the help of the relations (2) and (3). 
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Now, 

(17) 

if we put 
。 h 1 

nzj(x， p)=F 서 -깅κ! 、“‘ lj I ~αl;j， rJ g i l 、“， 1 i ’ -al그 i. r / - j 

hk ,_ ':' 1 , ~ r ~ 1 α 
-g gij(2rlk+G핵k， ;) 
+÷(Gr c? α +Gr c?a -ghkGXCf α) “ 2 -1- J. r ' - aJ -+. 2. r c> - ak + 

the rela tion (16) reduces to 

n침(x， p)= n긴(x， P) ， 
h 

which shows that the quantities n 서 (x, p) defined by (17) are invariant under 

the conformal transformation (1). 

We now remember that if the space A었) under consideration is a Riemannian 

spaces in par야퍼tikcmlu뼈l 

we have C.'1 ~ =0. In such a case the relation (10) becomes 
十"" ,.. 

k --h 

”η
 걱

 

h 
””” 

。r 
ZJ 

and (17) reduces to 

(h) 1 rrt )."h. rl) .. h hk rl 
nD(x)=tz'쇠 -강L t;jJ 안+μδj -g gijllkJJ ’ 

which are the quantities derived by J. M. Thomass
>, known as the conofrmal 

connection parameters of the Riemannian spaces. We sha려11 ca떠11 the quantities. 

n3(“xι째，껴p) ‘t바t뼈 con따lfor야rma 
submet얀rikc c미las잃s. 

From (17), by means of the straightforward calculation, we can see with ease 
h 

that the quantities n 젠 (x,P) satisfy the fo11owing relations: 

nZ(x，p)=n꾀 (x， P) ， n자(x， P) =α n꾀; 2 PZ =o. 

Furthermore, from (14) and (15), we notice that the quantities 아(x， P) def ined: 

by 

면(x，p)=2fL-2rC +G;h삼 g, 

are also invariant. i. e, () .;(x,P) = (}.;(x.P). under the conformal transfúrmation‘ 1"'--''''' -J 

(1). 
This completes our discussion. 

3) See Eisenhart, L. P. [8] p. 94; Thomas, J. M. : Conformal Correspondence of Riemannian‘ 
Spaces. Proc. of the Nat. Acad. of Sciences, Vol.ll(1925) , p.257. 
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