Kyungpook Math. J.
Volune 18, Number 2
December, 1978

ON THE CONFORMAL AREAL SPACES OF THE SUBMETRIC
CLASS IV, THE CONFORMAL CONNECTION PARAMETERS

By Om P. Singh

The present paper is a further outcome of our previous papers [1,2 3]? on
the studies of Areal spaces of the submetric class in connection with the con-
formal correspondence. The prime purpose of this paper is to deduce the:
conformal connection parameters in the Areal space of the submetric class with
respect to the Davies’ connection parameters [6]. The notations used in this.
paper are the same as those employed in our earlier paper [1] and in [6]
without explanations.

Let us consider two distinct z-dimensional Areal spaces A(':) and E(f) of the:

submetric class, the fundamental functions of which are given by F(xi, ﬂia) and:
F (xi, pia) whith the same system of coordinates. These two spaces A(’:) and

E(’:) are said to be conformally related if their respective four-index metric:

tensors gff and gfjﬁ are connected by the relation

_af 20 _af
(1) g;, =€ g‘i'_f’

where ¢%’ is a factor of proportionality and ¢ is at most a point function

(theorem 3.1 [1]).
When two spaces A(’:) and E(’:) are 1n the conformal correspondence, then

with the aid of (1), it is easy to see that the normalized metric tensors (A.
Kawaguchi and K. Tandai [4]) g and & of the spaces A(:’:) and EEM) re--

spectively are related [1] by
20

2 g;=¢ &y
and therefore = PR
(3) | g_ijz 6—25 gij
1) Numbers in brackets refer to the references at the end of this paper.
2) Latin indices h,£,7, %, seorsceeesse run from 1 to z» and thé Greek indices «,8,7,d,--from:

1 to m throughout this paper.
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-where g“ and ,g'rfj are the contravariant counter-parts of the tensors g;; and

8y T espectively.

Due to E. T. Davies [6], we also have a set of connection parameters I ; (x,
D) in Areal spaces of the submetric class which are explicitly given by

°h __ hk S 1 kk
(4 I'ij=8 'y, =58 (¢;8pte,8,—¢,8;),
‘where
y A0
(5) e,=0.—G . ar

and G’ the so called G functions by E.T. Davies’ are the well defined quan-

titles 1n the space A(’:), which have been determined in terms of the four-index

. 4 4
metric tensor g. f .

If we introduce the notations

9 == kand % =—2—=:°

0% rogpl T

-i-then the simplification of (4) by means of (5) yields
(6) ”r"" ]é g [(g;k ,’+g3k;_gv k)""(Gr jla’ ‘I‘Gr zk’ T_Gﬂ;gij;r C;)]-

 Further, on making the use of the following notatlons

k_ hk . .

(7) Tij_g Tz'jk with 7’3}-;3— 9 (gjk. i+gik,j_gif-k)'
'we can express (6) as |
L bt LG T x
o (8) F“""T 2 g ( ol Jk-! ~ +G zki Gﬂkg?,j r)'
Now, in virtue of the relation ([5] p. 74, relatlon 5.7)
@ L« - a& m ~n L X -_m n
20, =85 p T8y 17 B & r7; By

and as a result of the symmetry properties of £y

Sie have
a a
gz}'; k _Cz'j. k +CJE. |
After this, following our previous paper [2], if we put Cz.j ‘::=C-i C_,z p s It
» - - - ' + . '
1s 1mmediately obvious that
(9) £ a'j Czj. k°

Takmg (9) as granted and on puttlng g’” Cz:. Ch the definition (8) can

1o o
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ffinally be rewritten into the form

10 I'; =7, ——-(G roRY LG "

(4 4
Cl’?-_l_] 7 Cl']+3. 4

o
- G Cﬂf r)

Henceforth, we shall denote the quantities referring to 71(2) by bar overhead
throughout this paper.

Let I i.'j be the corresponding connection parameters of the space ﬁ(’::) then,

‘with the understanding of the above relation, these are given by
ay Fl=7!-—5-@]ct* +GITt* ~g*GrC, ).

atl g, r a;+z,r ok z_;r
Since ¢ 1s at most a p01nt function, therefore (2) gives us

(12) g k—-e (Zak g;it8&; ) where 7,=0,
from which it follows that

(13) 7

7’..—-7 +r.rc)‘ +cr§ —g g 0 g
where we have made the use of the relation (7). Contracting (13) with respect
to k=i, we obtain
(14) =T =11
Again contracting (10) and (11) with regard to =7 and on subtracting the

former relation from the latter one, if we employ (14) in the so obtained result,
we find that '

15 o,=3 [(21“ +G! c”) ol ) +G c’“”)]

0.
J

Subtracting the relation (10) from (11) and on making the use of results (13)
and (15), we get finally

/ h

J

Fh [(21* +G7 c “yol+@r, ‘G C“")a

¥

-z g, @l +Galak1:)]

| 1 . =7r=k#k ---r—ha' _hBR=T R «
+7(G§£ff-i+6afffer ¢ Gﬂkgff )
(16) |

° f ! o [ o h
=@ 46,05 0 el GG, )afj
[ o
| -—g gz-j(21",k+G Ck r)]
hk
~.. 2 (Ga'z+j r_[_G Cz, y Ga’kcz )

swhere we have also taken the help of the relations (2) and (3).
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Now, if we put
!

r h _ Ak 1 T, 57 y ~l : ol Y ~1l & y
/e py=1" 5| @f i+ CmC o0 + QL +G €10 0
Wk ] r oAl |
(17 ( _i gz‘j(zrlk—l_ccxl Ek. r) :I
1 Y kO Yy ~nh hk T 24
\ - 2 (G&’i f}- Y _l_Ganzr 4 —& Gakgij, 4 )’

the relation (16) reduces to
ﬁihj(x: P) — n;}(-x: P).
which shows that the quantities [I :; (x, p) defined by (17) are invariant under

the conformal transformation (1).

. m * . - . #.
We now remember that if the space A( #) under consideration is a Riemannian

spaces in particular,' C i f =0 (Theorem 1, due to K. Tandai [7]). Consequently,
we have Cz-]. ': =0. In such a case the relation (10) becomes
+ >

f'z'? 2735{;;}’

and (17) reduces to
/ [
O e A LA LIS o S ]

which are the quantities derived by J.M. Thomas®, known as the conofrmal
connection parameters of the Riemannian spaces. We shall call the quantities

nz.’}(x, p) ‘the conformal connection parameters’ of the Areal space of the

submetric class.
From (17), by means of the straightforward calculation, we can see with ease:

that the quantities [] fj(x, p) satisfy the following relations:

) =T, T @»=0, I %7 =0
Furthermore, from (14) and (15), we notice that the quantities 6.(x, p) defined:
by

_oph h Yy ~nh o
t‘f»’}.(at:,.,jﬂv)---21",1_1F 274 +Gah€j_ >

are also invariant, i.e, 8 i,.(::r:,.r ﬁ)=8j(x, p), under the conformal transformation.

(L.

This completes our discussion.

3) See Eisenhart, L.P. [8] p.9%4; Thomas, J. M.: Conformal Correspondencé of Riemannian.
Spaces. Proc. of the Nat. Acad. of Sciences, Vol.11(1925), p. 257,
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