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ON SOME TYPES OF AFFINE MOTIONS IN AFFINELY CONNECTED
GENERALISED 2-RECURRENT SPACES-III

By Kamalakant Sharma

1. Introduction

We consider a non-flat affinely connected generalised 2-recurrent space AG
{2K} with symmetric connection F ,» curvature tensor B]M(— —B m) and with
B8, and ¢, as its respective vector and tensor of recurrence. Then

(1 v,V B

m ;kl @ n ;kl 5# m jkl

wnere V‘denotes covariant differentiation with respect to I’ ;k.

Further, let the space admit an infinitesmall co-ordinate transformation.

(1) ®=x"+E(x)dt [0 being infinitesimal constant] satisfying the condition
(2 £, =V,V £+ B, £ =0,

where® 75’ denotes Lie- derwatlve with respect to the above transformation.
Such transformatlons are called affine motions.

It is known [1] that the fellowmg relat;:pns hold in an AG{2K,} admitting
affine motions: |

® 7 €V, By+(,C-C8 —&q, B, =V & -V.B,

(4) é‘tVtBJM-—CB 1o “where '=fmA and A =am,1-¥czn

® BB =0=EV B BV BT £ B Ve B Ve '
.(6) ﬁ | Lc=£" Vv, c=0.

‘In an earlier paper [2] affine motions generated by a bi-recurrent vector field
have been studied in an AG{2K wie The object of the present paper 1s to obtain

further results on such affine motions generated by a bi-recurrent vector field.

2. Affine motions corresponding to a bi-recurrent vector field

We consider an affme motlon generated by a bi- recurrent vector field &'
given by (7) V,V §' =S, §' where S, #a . Putting V?.S _Bsz ¥ where f¥ is

mm
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a skew-symmetric tensor it follows from (2) and (7) that

® EVE=EB, f"=f"(-B, +B >=f"1(VV,~V,V

=F " (Spn =S )€ =FE where F=f""(S_-S ).

From (1°), (2) and (7) it follows that

(9 S & +B, £ =0.

Multiplying (9) by & * and summing over k£, using B;kf‘& SJ =0, we get

(10 S46 =0. 1

Also, putting i=%, and summing over 2 in (9) and using (10) we obtain

(11) B£ =0.

Further, we know that sz,:: —-B,,+B,,. Hence the contraction on 7 and J in
(2) yield Vka=(BH—B,k)E" where aC.EVtEt , whence from (11) we get

(12) V,a=—B,E.

Operating V,V; on (12) we get

VVVa=-VE -V.B,—VB, - VE-EQBV B, +a,B,)~S, B,
Making a commutator on 7 and 1, from the last formula, we get,
By - Va=(Ay+S,;~8;)B,E ~E (BN By~BN B,p:
Multiplying this by éj and summing over 1, using (9) and & V,x=0 we obtain

[(Azj'i' S;j — Sﬂ)?,] Bﬂf 26.’51(5ng3:;3 - ‘5jVIBtk) .
Using (4) it follows from the above equation that,
(13) [A,+S,;~S,)E +CB]B,E =dE'V B, where d=£4,

Let us suppose that =0, i.e. the vector of recurrence B, of the space is

pseudo-orthogonal to the vector é‘ generating the motion. Hence, from(13) it
follows that we have the following two cases:

Case 1. B,£ =0.
Case 1. (Alj—I-S,j—-Sﬂ)EJ—I—C‘BJ:O. |
Case I. In this case we have not only V,2=V,V,&=~B' &=(B,,~B, )& =0



On some Types of Affine Motions in Affinely Connected 303
Generalised 2-Recurrent Spaces-IlI

‘but also,
(14) S.& =S, =0.
Using the formula[ [3], (2.6)]

! 3 !
(15)  A,,Bjy=a,B,, B\, =B+ B~ Ayl B A= BV A

.Multiplying(lS) by E" and writing Amté'mznt, we get
Multiplying (16) by {-J and using thB;szl = —n,VijEj =—7ytSikEt=0
() ntEt =0) and (15), we get

‘(17) | 7217?13 — (S]ﬁ' T Skj)aﬁézg o 5kEME:V[Ajm'

Also, we know that [[3], (2.1)]

2 ') ! ¢ ) ¢ i ] 2 ]
l (18) AmnBjkl = BtmnBij — BjmrthkI + BkﬂmBﬂt — B:m#Bjkt +‘8 mVnBjkl _ 5 anBjkP

First operating Vp on (18) and then transvecting with E’p " we get

(19 &'V A, =Cn, +8,a,EE+CEV B —2C76,.
Using (19) equation (17) reduces to
(20) 7:(n,+CB,)=(S;,— skj—ﬁjﬁk)aztf"E"—I-ZC?ﬁjﬁ k—Cﬁké‘PVpﬁf

Interchanging 7 and £ and subtracting the resulting equation from it, we
‘get
C(nB,— ;B =2(S;,—S, e, £ & +CE BV B8, B,V ).

Multiplying this equation by fjk and summing over 7 and % we get
0=2F auf" é" .
Since F'#0, we obtain, therefore,

(21) a, &€ =0.
Transvecting equation (3) with &" and using (4), (6), (8) and 4=0, we

obtain
B [C-(C—F)—€¢"a,,] B, =0
which reduces in view of (21) to C- (C—-F)-B;:M=O.
But since C#0, C#F and B;kzél #=0, the last relation is an impossible one.
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Hence, we deduce the following theorems:

THEOREM 1. If in an AG{2K y} the vector of recurrence of the space is pseudo--

orthogonal to the vector Et generating an affine motion of the bi-recurrent from:
given by V,V £'= S4E (S, 7ay,) then B,,£' 0.

k7 .
THEOREM 2. If an AG{2K } admit an affine motion generated by a bi-recur-

rent vector field § and B,ké‘f =0, then the vector & cannot be pseudo-orthogonal

o the-vector of recurrence of the space.
Case 1. In this case by virtue of (10), we have

(22) | n; 1S, E“ +CB.=0.

Since S f" Y VEJ V,a, the last formula can be written as 7; —I—Va+Cﬁ =0
which reduces by virtue of (12) to

(23) n~B,£ +CB,=0.
Therefore, it follows from (22) and (23) that
(24) = - (B,+S z)EJ

Differentiating (24) covarlantly twice, we have
E’”(anksmﬁ—aknB +8 VB )+V (B _,+S )V, E"
+(B,, +S S, E+V E” .V, (B ) =0.

Making a coinmutator on # and £ and using(24) we find

ApB " HE" BB = BV 1 Bu) = By S =S~ By By )" =0
Using (2) this reuces to | | |

Ay B €7 B By BV B o) = BipuS i~ SiuSuf +SuSE =0
Using (24) in the last equaton, we get.

(Apy S5 S,d M +CBY+ By, (1,+CBY+E"(B,V, B,y = By B, =0
Multiplying this by é'kand summing over %2, using d =0, nft =0 and

,,B;knfk:SmE'z we get, [(Akﬂ+Skﬂ—Snk)$ﬁ] (T)I-I—C,SZ)—I-CJB?;BME"’:O,
which reduces by virtue of (23) to [(Akn+Skn—-Sﬂk)$k +Cg, 1 (n,+CB,) =0,
Since in this case BtkEJ #0 it follows from (23) and (12) that 7,+Cg8,70..

Contracting 7 and / in (5) we obtain -

0=/£B,=CB,+B,VE+B,N,§ .

m! ml
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Operating V, to the last formula and using BﬂV,VkEt =B, - Skzé'f:O obtained:
from (7) and (17) we get |
;

B,-VC+C-V,B,,+V,B,, V£ +S,B,E+V,B, V5 =0.
Using (12) it follows from the above equation that
¢
B, VC+CV,B,+V,B,-VE+V,B, - V,E =S, V,a=0.
Operation of V, on the last formula and use of this formula and
afm;{fBjk=O yield
B,V,VC+V, B, -VC+V, C-V,B,+S, £VB, +S, €VB,
_ Vmsjl' Vka - Sﬂ ' vmvka +‘8mSﬂ' Vka o ‘8mBﬂa . VIC =0
Multiplying this equation by E] and using (4), (6), (10), (A1), (12), we get
(éjvszC-I-C'VmC)Bjk: (CSjm"I'SJVmSﬂ) 'th‘.'l'-
Since Vm/—fCZVm(éJ VIC)=§J V,,VLC+V,.C -mel =0 the above equation reduces to

al
(25) (C-V,C-V LV, E)B,=(CS,, +EV,S,) V.
If possible, let
(26) C-V, C~VC-V £ =0.

Then from (25) we get CS jm—l—fl V,.S,=0.

Making use of (10) this can be expressed as CSJ.m :'Sﬂ-VmSJ which reduces on:
transvection with Ei to

(27) C-V _a=VaV £

Multiplying (27) by a scalar function C(0) and differentiating the last relation
covariantly, using CVra-Vmefe =CSmp§J V,a=0, we get

(28) 20-V,C-V,a+C VY, a=C-VV,aV, E+C.VC-VaV £

Contracting (28) with £”and using (6), (8), we get
(29) CEVN,a=C-F-£VVa [0 F-VC-ENta=0];
on the other hand

EV Va=V EVH-VaV &=-Va.V ¢
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whence (29) reduces to C-(C—F)-Vma-vp€m=0. But in general C#0, C#F,
therefore, Vmcr-VpSm:O. Using this into (27) we have C-fo:c:O. Since C7#0,
we obtaln, therefore, Vpcr=0 or Btké'f =0 (by (12)) which contradicts our as-

sumption that B, £'#0. So, C-V, C—V -V, £ 50;
whence, from (25) we can express the Ricei-tensor Bjk as

Thus, we have the following theorem:

THEOREM 3. If inan AG{2K w1 the vector of recurrence 3 , 1S pseudo-orthogonal
to the vector Et generating an affine motion of bi-recurrent form given by VkV ,Ei

=S ].ké_?i (S jkﬁeajk) then the Ricci-tensor B].k can be resolved as Zj-chr where ¢:1f=Vré_?J

with the use of a covariant vector A i provided (Am+Sm ——sm)é"*+c,8n=o.

n

3. Some consequences

If 8,=0, the space AG{2K ,} becomes a bi-recurrent space. In this case d is

automatically zero. Hence, theorems (1) and (2) of Takano and Imai [4] be-
come particular cases of our theorems (1) and (3).

Acknowledgement In conclusion, I acknowledge my grateful thanks to prof.
M. C. Chaki for suggesting the problem and for his help and guidance in the

preparation Of this paper.

C/0 prof. M. C. Chaki
27 Shashibhusan De street
Calcutta, India

REFERENCES

{1} K.Sharma, O some types of affine motions in affinely connected generalised 2-recurrent
spaces, To appear.

[2] K. Sharma, Orn some types of affine motions in affinely connected generalised 2-
recurrent spaces [I, to appear.

{3] K. Sharma, On affinely connected generalised 2-recurrent spaces]l, to appear.

[4] K. Takano and T. Imai, On some types of affine motions in bi-recurrent spaces 1,
Tensor N.S. 23 (1972), 309-313.



