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INTEGRALS INVOLVING SPHEROIDAL W AVE FUNCTION 
AND THEIR APPLICATIONS IN HEAT CONDUCTION 

By R. K. Gupta and S. D. Sharma 

O. Abstract 

This paper deals with the evaluation of two definite integrals involving 
spheroidal wave function, H-function of two variables, and the generaIized 

hypergeometric function. AIso, an expansion formula for the product of gen­

eraIized hypergeometric function and the H-function of two variables has been 
obtained. Since the H-function of two variables, spheroidal wave functions, and 

the generaIized hypergeometric function may be transformed into a number of 

higher transcendental functions and polynomials, the results 

paper include some knoWll results as their particular cases. 
obtained m this 

As an appIication of such results, a problem of heat conduction in a non-homo­
genous bar has been solved by using the generaIized Legendre transform [9]. 

1. Introduction 

the p-parameter sequence (a1, α1)' "', (ap• 

and the q-parameter sequence (01' 이)， …, (Oq' βq)' by [(ap' ap)] and [(Oq' ßq)J 

for convenience, Let us abbreviate, 

ap)' 

respectively. 
We start by recaIIing the fam iIiar H-function in the form (cf. [7], p.408) : 

m n 
;II F(얀-ßl);[1 r(l-까+αf) 

Hm,”lz 
P.q 

[(ap' α'p)] 
[(Oq, ßq)] 

1 
- 2πz. 

L 
i- 4-p z‘ ds, 
n r(1 -0.+β ;s) n r(ι-a.s) 

j=1+m J J j=1+n J J 

(1.1) 

where L is a suitable conto1.1r. 

The H-function of two complex variables H(x,y) has been analogously defined 

and represented by Mittal and Gupta [11, p.117]. For convenience, and brevity, 

however, we shaIl use the contracted notation introduced by Srivastaγa and 

Panda ([13] , p.266, Eq. (1. 5) et seq.) throughout the present paper. 

The known results ([8] , p. 16; [5], p. 316; [10] , p.33) required in the sequel 

may be recaIled as foIlows: 
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0) The spheroidal wave function can be expressed as: 
c。

S ,uu(c, x) == L그 * d~n，， (c)P:~ ， ~(x) 
…“ r=û.1 ’ ”‘ T' 

(1. 2) 

mη 

'Where the coefficients d~"'(c) satisfy the recursion formula [8, eq. 3. 1. 4] and 

the asterisk* over the summation sign indicates that the sum lS taken over 

.only even or odd values of r according as (n-m) is even or odd. 

(ii) F l(1-x2)ρ-l Pr (X) dx 

(1. 3) 
r(l+p+웅u↓ 

、

π2'" r ρ+웅ηz r p-울% 、
、 r 웅-융(v十m) r p-웅v) r (1+÷(ν-%)/ 

-

;provided 2 Re(p) > 1 Re(m) 1. 

(ii i) E
Il

!(a)==!(a+1) , E: !(a)=E
Il 

[E:-
1
!(a)] (1. 4) 

where E denotes the finite difference operator. AIso, we shaIl use the foIlow-

~ng notatioil through':JUt the paper: 

(α)r == 
r(α+r) 
r강-=α(α+1}"(α+r-1). 

2_ Finite integraIs 

Tlze main integrals to be proνed lzere aγe the !ollowing: 

Il(P)=fL (1-x2)P-l Smη(c， x) H[y(1-x2)2 ， z(1-x2)μ]dx 
。。

==2'" π ζ% d?R(c) 
r=û.1 ' 

rl1+융y rl융 -m-웅7 -1 

HOJZl +2 : (%2, %) ; (%3, %3)/ [(apl : α'p，' Ap)] , 

p, +2. q, +2 : (P2' q 2) ; (P3' q 3) \ [(bql : βq，' Bq)J , 

1-p+웅m : À., μ " 1-p-웅m: λμ : [(C .. LI , )J ; [(ι ,E , )] : p./ p./" .. ,- P8'" - p, 

(1. 5) 

l-p+웅(m+r) : À., μ l ’ -p-웅(m+r) : À., μ): [(dq,' δq2)] ; [(&, Fqa)] ; 

y , z }, (2.1) 

where À. and μ a1’ e positz'νe integers, and 

Re(p)>O. 잉e(싼찌-/6j+μif/Fk)>O : j== l, ''', n2 ; k==l , ''', n3 ; 

largy 1 <숭 
t~l Pt nt 2 q? ng þ ,. 01 

ζα';-. :L; α +L그 δ- :L; δ+gν，-:L; ν.-ξβ. 
J 1+",' 1 , 1+m,-" 1 -, i+~2-' '1 

and 
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• 
tl. b, 1ns Qa η， p, q, 
Z그 A.- 등 A，+:L그F.- ￡ F，+X그E，-g E.-gBJ 

J 1 -1- ", J 1 J 1 카 m, J 1 J 1 +11. J 1 J 
'1 argz 1 <풍 

The sel’ies OJZ tlze ri g !tt 1:αnd side 01 (2.1) is conνeγgeηt. 

강μ ; h(l-i/ 
” 
v 

η
 
‘ 

” v 

F 
u 

、

찌
 

” 
ν
 

/ 
l 
\ R m 

C 
]

, 
「

o q 
R j 

냥
 

애
 
’ 4 

/ , ‘ 
‘ 
、

」

l 
12( ,0) = 

H [y(1-x2)A, z(1-상)μ]dx 

-1 1 1 rI ::. - ::. r -m 2 2 rl1+융r 
。o c。

=2m πZ￥ ε d~zn (c) 
r=O , 117=0 ’ 

H O, n, +2 : (m2, n2) ; (m3' n3) 

p,+2,q,+2 : (P2, QZ); (P3, Q3) 

(좌) (JZ) 17 

(ηJ) u! 

u n 
핀
 

u n 
셈
 1-p- O'k+웅m : X， μ/， --(a h :α A h ) p, . -'p,' "p, 

1-ρ- O'k+웅(m+r) : À., μ l ’ [(bql : βq! , Bql)] : 

[(c. ,J.I,)]; [(e. , E ,)]: p,’ p," "P. ~-P. --1-p- O'k-웅m : .:1., μ --
(2.2) y, z 

: [(dq2， δ낌 -ρ-웅(m+r) -O'k : À.， μ 

result (2. 2) The zero). be 

negatz've 

right 

none 01171' 낀2， ---, ηv 
.integer with the reηzainz'1zg conditz'o1Zs as stated in (2.1). Tlze series on 

hand side 01 (2.2) is convergent. 

a or zero zs 

integers (either h or k may 

Ihl <1), 

positive 

(μ=ν+ 1 and 

are twhere !z, k 

holdszf μ드U 

tlze 

we first express the spheroidal wave function 

H[y 

integrals 

.5 mll(c, x) in the series form 

「 (1-x2)X， z(1-x2)μ] in terms of double contour integrals form ([11] , p. 1l7). Now, 

‘ changing the order of integration and summation, evaluating the inner integral 

‘ with the help of (1 .3) , and finaIIy reinterpreting the double 

variables 

contour 

two of H.function the and 

PROOF OF (2. 1): To proγe (2. 1), 

(1. 2) , 

desired we get the ‘ thus involved by definition of H-function of two variables, 

‘result. 

Re (p+À.d/δ1+μf/Fk) > 0, 
integral converges under 

it is summat lOn and Regarding the interchange of the order of integration 

.observed that x-integral is convergent if Re (,0)>0, 

the contour double The ‘(j =1, "', m2; k=l , …, m 3). 



314 R.K.Gμ:þta and S. D. Sharma 

c。

conditions stated in (2.1). The series 2:￥ 앞n (c)P섰μ (x) converges abs이utely-
r=0.1 ’ … “ 

and uniformly for all finite x ([81 , 16 17). Hence the interchange of order of 

integration and summation is justified [2, p. 5041. 

PROOF of 2.2 : On multiplying both sides of (2. 1) by 
U ... J V 

므lr(좌+δ) (k)O/j딘l r(낀+δ) and applying the operator exp (E
k 
Eo) yields 

、

U
/
，
‘
、

。
ι

m 
r 

난
 

,a 

” 

ι”
 l 

Or--

∞
 g
괴
 r 

f 

r 

·c 

-

k 

-) 

평
 께
’
 
-
팩J

 

짜
 따
 
-m 

f 

u
n
」
그un
바
 

”“ 

.
，
J
-

」

m 

‘ 

4-
T( 1+융r 1 1 \1-1 

T( ~ - ~ r-m 2 2 

p, +2. q,+2 

: (m2, n2) ; (m3, n3) 

: (P2' q2) ; (P3' q3) 

[(%l : αPl， APl)] , (1-p+웅m : À, μ)， (1-p-웅% : 2, μ ) : 
[(bql ; βql ， Bql)] ， (1-p+웅(m+r) ; À， μ ， -p-웅(m+r) : À.， μ) : 

[(Cp,' l.ip)l ; [(eps' Ep)l : 
V.Z 

[(dq" δq)l : [(fq,' Fq)l: ~-
(2.3) 

• 

Taking summation on both sides of (2.3) and using the definition of finite. 

difference operator (1.4) , vve get 
1‘ o. 

nr(용.+δ+u) (h)VT 
j =1 I g 

떠
 

되r(낌+δ+u) u! 

Sm(c， x)H[y(1-x2)λ， z(l-x앙ldx 

e (l-i) 
c。

=2m π 훌 흘td:zη (ψ r 1+윷r r 웅-웅 r-m
\1-1 

n r(강，+δ+σ) 
j=1 1 ?vO, nl+2 : (m앙 n2) : (m3' n3) 

[(%l : αp，' Ap) ], (l-p-빠융11t : À， μ ， l-p-uk-울m: À， μ) : 

[(bql : gql, B싼 
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[(CA ,lJA)] ; [(ι , E ‘ )] ; 
P2~ ~Pa/ .1 I."'-Pa ' - P’ “ z 

[(dq2, δqa)] ; [(&, Fq,)] ; -

• 

(2.4) 

Now, changing the order of integration a,nd summation on th~ !eft hand side 
of (2.4) which is justified [3, p.173J, using the result (1. 5) and, finally, 

replacing 화+δ by 학 and 낀+δ by η'j enable us to obtain the value of the integral 

(2.2). 

3. An expansion formuIa 

In tht's section we derive the followz'ng expansioη formu!a: 

。。

= 잦 1 2(p)Smn(C, x) , 
n=u 

(3. 1) 

which z's va!t'd μnder the same condz'tions as given in (2.2) wz'th p르1. 1 2(p) is the 

νa!μe of the t'ntegral defined by (2.2). The sen'es on the right haηd side of (3.1) 

is convergent. 

PROOF. From the general theory of Sturn-Liouville differential equations, it 
follows that the functions Smn(c, x) form the countably infinite orthonormal set 

complete in (-1, 1). Hence any arbitrary function !(x)E( -1,1) can be repre­

sented as a linear combination of these functions, i. e. 

2, p-1 .... f\>u ,,,.2, kl TTf.J. ..2,A. _/. 2 f(x) = (l_xw)"-A . .F_I ~u ， h(l-x~)~IHly(l-x-)" ， z(l-x-) 
v LηU ! i 

。。

=:L:: Aø S ’ Jc, x) , -1 <x <1. (3.2) 
n=O ” …” 

[Following Churchill (1963) p.57, Taylor (1963) p. 111]. 

On multiplying both sides of (3.2) by Smn'(c, X) , integrating with respect tCJ 

x over the interval (-1,1), and making use of the orthogonality property of 
spheroidal wave functions [8, p. 22 eqs. (3. 1. 32), (3. 1. 33)] 

fl r...... ,.. , ..2 
12(p) =An J ~1 [Smn(c, x)r dx, for η'=n (3.3) 

because all other terms on the right hand side of (3.3) vanish except for n' = n. 

Now, in order to avoid undesirable consequences in applications, we shall 

normalize the functions Smn(c, x) by the stipulation that 

fl l [Smt(c, x)] 2 dx=1, [(%-m) is even or odd] 
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An=I2 (p). (3.4) 

Thus, by virtue of (3.2) and (3.4), the desired expansion formula (3.1) 
follows. 

REMARK. Regarding t Ì1e convergence of the series on the right hand sides 

of the resuIts (2, 1), (2.2) and (3.1) , it would be worth-mentioning that the 

ratio d7갤 /강"is _c2 /4r 2 [7, p. 17] and the ratio of the gammas involving r , σ 
is bounded for large values of r (even or odd) and (J by virtue of the farrly 

well known result (cf. , 6: p.47) : 

r(r+α) a-ß 
F강수jj) =r μ [1 +O(r -L)] , r→∞. 

Hence the series on the right hand side of (2. 1), (2.2) and (3. 1) are uniform­
ly and absolutely convergent by M-test. 

4. SpeciaI cases 

Although a lage number of new and known resuIts can be deduced from our 

results by suitably specializing the parameters, but we mention here only two 

of them for lack of space. 

(i) On setting κ=P3=0， Q2=Q3=0, n2=n3=0, c=O, μ=m3=1， r=n, aII Ap,’ 

Bql, EPs, Fqi equal to unity, fi =0, z• 0, (2.2) reduces to the resuIt obtained 

by Singh and Verma ([12J , p.325 32). 

(ii) If we put h=O, c=O, Z• o in (3. 1), it reduces to the result obtained by 

Singh and Verma [12J with proper choice of parameters. 

5. Problem of heat absorption inside the sphere 

Iη tlzis sec!z"on, the problem 01 determz'ning a lunc!z"on Ø(r, x) μ，hz'ch γepresents 

lhe temperature inside the non-homogeηeoμs sPhere r드a is cOllsidered. The tem­

perature on the surlace r=a z's a prescribed lunc!z"on, say I(x) , 01 spherz"cal 

coord썽ate ‘x ’ only (-1드X드1). Therelore, the lundamental equa!z"on 01 heat 

conduc!z"on z's 

깅2@ 2 8￠ 7 1 8 r 2 8￠‘ 
kl초한 + r 경F」 +-r경섬(l-x~) 값) +pc1Q(r,x) =0 (5. 1) 

or ‘ 7 ‘ -

where x=cosß and Q(r, x) z's the sink 01 heat absorptz"on, and k, p and cl are 

respectz"vely, the condμctz"vzïy， density, and speczfz'c heat 01 the material 01 the sphere. 
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Let 

Q(7, x) = - -ET「c2 x2+ 
c1 r 

Heat Conduction 

2 

각τrl rf; 
l-X 

which is linearly depenient on the temperatμre luncNon rf;(r, X). Thus, the eqκa-

tion (5. 1) becoηzes 

ò
2 

Ó , 2 ò껴 , 1 
----~---→-aTZ l 7 67 l 72 

ò2 _ Ò 2 2 (l-x‘)ττ -2x견_ '-c x -
ox --

Under t1ze boulldary conditz'on: 

2 

”’ 1-x2 rf; =α 

@(a, x)=(1-x2)9-1 H[y(1-x2)λ， z(l-i)만， -1드X드1， 
tlze solution 01 (5.2) is given by 

rf;(r, x) = L:::J1 (,o )Smn(c, x) 
n=u 

7 ‘
a 

τl ’ 

(5.2) 

(5.3) 

where α= -웅+웅/넓m굉 11( ,0) z's the value 01 the z'ntegral delined by 

(2. 1), and t1ze condzïio1ZS 01 valzâz'ty a,re the saηze as given in (2. 1). 

PROOF. To solve the partial differential equation (5.2), we use the ‘gen­

eralized Legendre transform’ recently developed and defined by Gupta [9] as 

f꾀C) =Jl1 F(x)Sm(c, x) dx, (5. 4) 

with the inversion formula 

∞ f mn (c) S m"cc, x) 
F(x) = 올。 N꾀 ’ 

(5.5) 

where N mn is the normalization factor of Smη (c， x) given by Flammer [8, p. 22, 
eq. (3. 1. 33)]. It is convenient in applications to normalize the functions Smn(c, x) 

such that N mll
= 1. 

Now, applying the transform (5.4) to equation (5.2), we obtain 

ò
2 9 , rL 

ò(jj 
" /'XT r2 ,., 

，~ .+2rτ: -A~fl(C)Ø=O (5.6) 

where 

or v , .,. 

(jj= 
J~l(γ， x)Smη (c， x)dx 

lr( ), when r=a 

which is bounded in the region 0드r드a. 

(5.7) 

(5.8) 

If α， β are the roots of the indicial equation obtained after substitution r=ez 
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in (5.6). then 

1 , 1 
a=-걷-+걷-.ý1 +4Àmn (c)]. 

β=-웅-웅/과뀔파)]. (5.9) 

Since the solution corresponding to the root β is inadmissible the solution of 

equation (5.6) is given by 

~ =Al (c)r
a

• (5.10) 

In order to determine the coefficient Al (c). we use the equation (5.8)and get 

A1(c) = / 1 (p)/aa. 

Hence substituting the value of Al (C) in (5.10). we get 

‘ a 
~=Il(P)(승 I • 

Finally, using the inversion formula (5.5) with the improved convension 

N mn = 1, we get the desired solution (5.3). 
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