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ANALYTIC SUFFICIENCY CONDITIONS FOR GOLDBACH’S CON JECTURE 

By C. J. Mozzochi and R. Balasubramanian 

1. Introduction 

It is generally known among serious students of the Goldbach conjecture that 
within the framework of the Hardy-Littlewood circle method. attack on the 
problem the whole difficulty is in obtaining the requisite estimate on the integral 
of the representation function over the minor arcs. 

The purpose of this paper is to fill a gap in the literature by carefully 
elaborating upon the above statement; as we have not been able to find any 

of our results even mentioned in print. 

2. The Hardy-Littlewood circle method 

In this section ￦e will present an outline of the Hardy-Littlewood circle 
method as modified by Vinogradov in [77] and as presented by Estermann in 

[13] • 

15 
Let e(α)=e2πia， f(x, v)= r:;e(þx), xo=쁘한 n 

p~v κ 

For each n we will select a finite number of rational points in the closed 
interval [xo, xo+ 1]. Symmetrically placed about each of these rational points 

will be a closed neighborhood of radius xo. Each such closed neighborhood will 

be called a major arc, and the union of all such major arcs for each fixed n 

will be denoted, M(n). Everything will be arranged so that for each fixed n 

(greater than some fixed integer N 0) the major arcs wil1 be pairwise disjoint. 

For each fixed n each interval between adjacent major arcs (or between a 

major arc and the point xo) w il1 be called a m쩌or arc, and the union of all 

such minor arcs will be denoted m(η). Clearly, for each n, m(n)nM(n)=φ 

and m(n)UM(n)= [xo, xo+1]. 

The crux of our application of the Hardy-Littlewood circle method will be 

the construction of three sequences R(n), S(n), and T(n) with the following 
properties: 

1. 놓n log-2n드T(n). 
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2. Jf~(x， n)e( -nx)dx=T(n)R(n)十O(n log-An). 
M(n) 

3. S(n) - R(n) =0(1). 

4. There exists a real number, e. such that S(쩌능e>o if n is 

ínteger. 
We conclude this section with the. following. 

an even 

LEMMA 2.1. Let {An} be any sequence 01 subsets 01 [xo. xo+ 1]. Then 

j 2Cx. n)e( - nx)dx=O(n lOg-ln). 
A, 

PROOF. 
%0+1 

f2(x, n)e( -nx)dxl 드 12(x. n) dx드 n I(x. n) 1
2
dx=n(n). 

A. x。 0 

3. An analytic sufficiency condition with the generaIized Riemann 
hypothesis 

At the very end of his expository talk to the Mathematical SOciety of 
Copenhagen in 1921 (cf. [24J) Hardy made under the assumption of Hypothesis 

R the following statement after discussing the case r=3 which corresponds to 
his Theoerm D in [25]. 

There is unfortunately a vital difference between the case r=2, which 

corresponds to Goldbach’s theorem. and all of the rest. We have to fill in the 
skeleton which 1 have presented to you. and to transform it into an accurate 
proof; and in doing this we find ourselves compelled to suppose that r>2. It 

only remains that 1 should explain to you shortly the reason for this regre­
ttable limitation. The explanation which follows must be taken merely as a 

first approximation to the tnith. 

We will not elaborate further upon this statement by Hardy other than to 
say that it is clear that Hardy and Littlewood in 1921 knew in addition to 

their assumption of Hypothesis R precisely what the difficulty was with 

regard to their method of attack on the Goldbach conjecture. 

The rest of this section will be devoted to exhibiting a plausible analytic 

sufficiency condition for the asymptotic formulation of Goldbach’s conjecture 

under the assumption of the generalized Riemann hypothesis by means of 

Estermann’s formulation of Vinogradov’s modification of the Hardy-Littlewood 
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circle method. 

First we present some preliminary lemmata and theorems, some of which" 

will be used in Section 4. 

LEMMA 3. 1. For any nμmbers xl and x2’ 

U 

!(Xl+ X2' ν)=e(vx2)!(Xl' v)-2πZ씬 e(μX2)!(Xl’ μ)dχ. 

PROOF. [13] page 53. 

Let g(x, ν)= 1::’ 투짝죠L (U늘2) and g(x， ν)=0 (v<2). 
2~~:iv log ηz 

LEMMA 3.2. For any numbers xl and x2' 

U 

g(Xl+X2' v)=e(vx강g(Xl' v) -2:πlx2./ e(μX2)g(Xl' μ)dμ. 
0 

PROOF. [13] page 63. 

LEMMA 3.3. Cn(m)= 1::’ μ( 주 )d. 
d/m. d/n \ U 

PROOF. [28] page 237. 

THEOREM 3. 1. Let m늘3， k드m1/2(1og m)A and (k, 1) = 1. Then under theô: 

assμηzþtz'on o! the generalz"zed Rz"eηzann hyþothesz"s !or every δ>0 

f , ++5 
Il (m : k, 1)-감좋맞|드A(δ)m ‘ 

PROOF. [9] page 129. 

THEOREM 3. 2. Let m늘3， k드logμm and (k, 1)=1. Then 

Il (m: k , 1)- z..띈|드Ame써_，v맺짝 I 

PROOF. [13] Chapter 2. 

LEMMA 3.4. 

ε」L-=호잭표텅) .Iogx+A+O 
;~~ rþ(n) ~(6) 

PROOF. [46] page 38. 

log x 
x • 
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LEMMA 3.5. 

∞ 팍오) Cιn)-ε 
q=1 Ø~(q) ~.. q~y 

、‘ 
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 -, 
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"PROOF. [49J page 211. 

LEMMA 3.6. d(n)=O(ne) for enery e>O. 

PROOF. [28J page 260. 

뻗같→ ∞ for eνeη e>O. LEMMA 3.7. 

~PROOF. [28J page 267. 

‘LEMMA 3.8. If f(q) Z"S mμltψ/z"caNνe， and r; If(q) I <∞• then 
n=l 

g ’ f(q) = Or; f(pm). 
q=l P m=O 

PROOF. [13J page 3. 

LEMMA 3.9. 

CJn)= L:’ ε -
• O<h~q 

(11, q)=l 

、

φ
­뼈

-
뼈
 

/
따
「
 

% 

-

뼈
 
L
「

,% 
-q 

• 

If (n, q)=a and q=aN, 

PROOF. [28J page 238. 

‘ LEMMA 3. 10. Correspond썽g to any x and any y>l there are nμηzbers h, q such 

ithat (h, q)=l and sμch that q드 yand Iqx-hl <y-1. 

PROOF. [28J page 30. 
1 

Restrict e such that O<e<lÔO. For each n let m(n) be those points in [xo, 
'XO+ 1J which are not in any. closed neighborhood (major arc) of radius Xo 

k 
‘ about any rational number : where (h, q)=l and q드상.If n늘No， then the 

q 
‘ major arcs are pairwise disjoint, since 

h1 

ql 
h2ql-h1q2 ~ 1 ~ 1 
다1q2 능과iT는강õ "> 2xo 

15 
- 21og % 

h2 

q2 

% 
, z"f n능No• 
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15 
rClearIy, the measure of M(n) is 1않s than or equal t이김왔12 \ ; so that since 

n 

e<웅 it tends to zero.; so that the measure of ηz(n) tends to one 

Let r(n) be the number of representations of 12 as the sum of two primes. It 

is easy to see that 

"0+ 1 

r(n)=f f2(x , n)ê( -nx)dx for any xo. 
x。

We decompose the above integral into 

r(n) = r f2(x , n)ê( - nx)dx+ r f2(x, 12)ê( - nx)dx 
11l(n) M(n) 

=A(n)+B(n) 

By Lemma 2.1 we know that A(n)=O(12 log-1n). 

‘We now establish the following. 

THEOREM 3.3. Assume the generalz"zed R z"emann hypothesis. Then A(n) ==o(n 

’Iog-2n) implies r(n)>ü foγ everyeven n늘No. 

PROOF. By definition 

、 where

f2(X, n)ê( -nx)dx= B ~’ T(h , q), 
qs.n' O<hs.q 

M(t) (h, q)=1 

τ+"0 

T(h, q)= I f2(x, n)ê( -nx)dx. 

LEMMA 3.11. Let q드상， I y I 드x(p (h , q)=l, and 1Z는No. 

Then 

f( 보+y， 써-팎으~ g( y, n) I 드C?(1og15%)%1/2+E+5. / Ø(q) "".7' .r/ I ι a 

PROOF. By the definition of f(x , ψ) we have 

;But it is easy to see 

f( 웅， u) - ￡ E(뿐)1드 끓 l<q 
p-rq 
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￡’ e(잭 
P'5:.v \ q 
p-tq 

lh 
=。끓q\ e\τ) 옳u 1 

(1. q)=l P르t(1Ilodq) 

lh \ 
= 。장Q (e(τ )n( [ν] ; q, 1)), 

(1. q)=l 

and by Theorem 3.1 we have for some δ <iEo 
ls [v] 

But by definition ls [v] =q(O, v) , and since (h, q)=l we have by Lemma 3;3; 

that j 

I lh ￡’ e( , t~. )=μ(q). 
o <t '5:.q \ q 

(1, q)=l 

Hence for 0드U르n and n늘No， 

f( 후， 아-파와g(O， 
/ ifJ (q) 

ν) I <q十 I :S e(꽉 
p~v \ q 
p-tq 

-짧}lsk] 

=q+ ￡’ d l1z 
o <t '5:. q \ q 

(1. q)=l 

드q+qn1/2 +cY드상+n1/2+e+δ드C1n1!2 +e+δ (0드U드n). 

By Lemma 3.1 and Lemma 3.2 we have 
t 

f(웅+y， n =e(1싸(좋， ν)-2πz·y e(vy)f( 후， v)dv, 

and 
0 ‘ 

” 
g(y, n)=e(ny)g(O, n)-2πz"y J e(ν'y)g(O， ν)dv. 

0 

IOg15n , og--n , 
Hence, using the fact that Iy I 드Xo and xo= - we nave 

f(강+y， n -짧fg(y， %) 

= e(써f(웅， n J-

드 f( 몫， nJ- μ(q) ~rn 
ifJ(q) Õ\U 

% 

n 

-2πz.y E(W){f(4, 
o . 

t 

n)/ +2πXo f( 웅， 

- μ(q) 
패Rrg(0， 

U ‘- 뻗Lg(0 
Ø(q) " 

v) ’dν 

v) /dv 
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드(1 +2πX01Z)C1 1ZC1/2+e+δ) 
드C2(log15n)n1 /2+e十δ for n르No• 

LEMMA 3.12. Ullder the hyþothesz's of Lenznza 3.11 we have 

f2(추十y， 싸-팩(q) ,i(y, n) 드C3(log15n)n3/2 +e+δ. 
이 / if/'(q) 

91 

PROOF. This is immediate by Lemma 3. 11 and the. trivial inequalities If(x, 

n) 1 드n and Ig(y, 12)I<n and the fact that if lal 드n and 1 b 1 드n， then la
2
-b

2
1 

드2nla-bl. 

We -now assume n는N 0 throughout the rest of the proof. 

By a change of varia뼈=(x-웅) we haγe 

T(h, q)'=e(-켈 f2(웅十y， n )e( -ny)dy (A) 

However, by Lemma 3.12 
%0 

f2(좋+y， n )e( -찌)dy-파(q) e( -갤 
rþ<-(q) \ q 

g2(y, n)e( -ny)dy 

-%。 -%。

%, %0 

< f2(웅+y， J- μ2(q) 2f , r-" ,,/ g-\..y, 
￠ι(q) 

n) dy드 r C3 (log151Z)nC3/2+e+δ)dy -
-%, -%。

드2C3Xo(log15n)n3/2+e+δ흐C4(1og30%)%1/2+s+6. 

%, 

Now let T 1(n)= r g2( :y, n)e( -ny)dy: so that by (A) and the above we 

have if Ch, q)=l and q드상， then 

T(h ,q)-팩싹T1(싸 -쁘 ìl 드Cllog30n) (n1/2+e+ O) (B) 
rþL-(q) - \ q ’‘ 1 

Let T(n)= 1::’ log-lml10g-1ηZ2 
m" ηZ， 

with the conditions of summation ml르2， m2르2， and ηZ1 +m2=n. 

1/2 

(C) 

It is easy to see that T(n)= r g2(y, n)e( -ny)dy. (D) 
-1/2 

Also, it is clear that the number of terms on the righthand side of (C) is 
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(n-3) , and each term is greater than log-2n and less than 1 ; 

log -2n <T(n). 

so that 놓% 
(E) 

It is easy to see using the formula for the sum of a geometric series that 

m1 I 1 1 

ε: e(??zy) | <--」--- 4 ;z":'2- V
'.

J / I - Isin πyl 

Hence by the definition of g( y , n) and Abel ’s lemma, 

Ig(y, n)1드 lyl-1 (O<lyl 드웅) ; 

80 that 
1/2 

IT(n)-T1(n) 1 드2 r y-2dy<2XÜ1=2n log-15n• 

Hence for (h , q) = 1, 

el -강낀 
q 

x, 
q드në 

따인 
rj/"(q) 

T(n)-T1(n) I 드-감 
rþ"(q) 

and combining this fact with (B) we have 

(2n log-15n) , 

T(h, q)-팩(q) T(n)e( - 써 
￠‘(q) \ q 

드C 4(log30n) (n1/ 2H+Ö) 

CF) 

十 .， 1 (2n log-15n); (G) 
￠‘(q) 

so that that adding (G) rþ(q) times for some fixed q드상 we have 

듀’ T(h, q)-팍q) T(n) B e(-씌 
。<:~S:r rþι(q) O<k잭 \ q 

(h , q)=i r ，~， (h , q)=l 

드Cllog3on)(상/2+ ë+ö얘(q) 十τ송'\ (2n log-15n). 

But rþ(q)드상 and by definition 

B e( - nh ì=Cn(n) ; 
O<hS:q \ q I ’ 

(h , q)=l 

so that it follows immediately from (H) that: 

B T(h, q)-웰q) T(n)Cn(n) 
O< hSq ￠ι(q) ’ 

(h, q)=l 

(H) 

드Cllog3on) (n1/2+e+δ)+ }_'\ (2n log-15n). CI) 
rþ(q) 

Now summing 0γer all q드në an :l using Lemma 3.4 we have 
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「i셀
 

r; T(h, q)-T(n) r; 따q) .C,,(n) 
O<h승q q승n' rj/'(q) ’ 
(h , q)=l 

드Cllog30n)n1/2+ 3e+δ十 r r; τ동-;-\c2n log-15n) 
‘ ’ q -5:. n' φ~q) J 

드Cllog30n)nl/2+3백+( C5 log 상+C6+C7뾰폼)(2n log一15n)
% 

드Cllog30n)nl/2+3e+δ+Csn log-14n+Cgn 10g-15n 

-14 十ClQn1 -"10g

르Clln log一14κ ; 

Hence this estimate with the hypothesis yields 

r(n)-T(n) ε， 했삼。(n) 략(n)n log-2n十Cnn log-14n ; ( J) 
q-5:.n' φ- 1..'/) , I 

where k(n)• o. Now let 
.. 2 ,. _、

R(η)= 도’ 욕i오스Cn(n) and S(n)= r:. 
q-5:. n' rj/'(q) ’ q=1 

By Lemma 3.5 and Lemma 3.6 we have that 

、
찌
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l、n1 
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-
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끼
g
 

끼
닝
 

/
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、-
/
l、

?“ 

-
n
ι
 

u 
τ
@
‘
 

s 2 E 
IS(n)-R(n) I 드C12 d (n)(1og jog3% ) 드C13 nτ(1og2og3%S)2 ; 

n n 

80 that I S(n) - R(n) 1=0(1). 
By (E) what remains to be done is to show that S(n) is uniformly bounded 

away from zero. 

“2(q、Let f(q) = "',,'-'1.1 C,,(n). 
￠ι(q) ’ 

Since μ(q) ， rþ(q) and CqCn) are all multiplicative functions of q, f is a mul­

tiplicative function of q. Also, by means of the triγial estimate on CqCn). 

namely 1Z, and a direct application of Lemma 3.7 we have 
。0001

r; lf(q) I 르nr;-τ: , <∞ for each n; q=t'''-';' "-,j=l rþ"(q) 

80 that by Lemma 3.8 we have for each 1Z 

S(%) = n Rf땀). 
But 
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lf m=O, f(pm)=f(po)=f(1)=따1) C1(n)=1 
￠ι(1) -

lf m=l, f(pm)=f(p1)=f(P)=따안Cn(n) =효싹 
(r(p) r (p-1Y 

lf m는2， μ (p11l) =0; so that f (p’")=0. 

(. C^(n) 
S(n)= n! l+-객-→-; 1-

P \ (p- 1) ‘ 

But by Lemma 3.9 we haγe CpCn)=(p-l) if (p, n)>l , and CpCll)=-l if 

(p’ n)=l ; so that 

f C^(η) \ I 1 \ 
S(n) = 20 11 + _ l' 'j )르2 0 11-←수「꺼 l늘20 

p>2 \ (p- l) ‘; f;>2\ (p-1Y;- m=2 
1-쉰 1= 1. 

m 

4. An analytic sufficiency condition without the generalized Riemann 

hypothesis 

One, of course, would prefer an analytic sufficiency condition for the 

asymptotic formulation of. Goldbach’ s conjecture which would not require the 

generalized Riemann hypothesis. Mozzochi (c.1975) in [53] established sùch a 

condition , and we will improve his results here and in Section 5. 

For each 1z let in(n) be those points in [xo, xo+ 1] which are not in any 

c~osed neighborhood (major a1'c) of radius Xo about any rational number 
뚱 where (h , q)=l , (q, n)=l and q드log15n. If n> N 0' then the major arcs 

are pair、;vise disjoint. Clearly, the measure of M(n) is less than 0 1' equal to 
45 210g~Vn 

1z 

to one. 

- ‘ ; so that it tends to zero. ConsequentIy, the measu1'e of m(n) tends 

Let r(n) be the numbe1' of representations of 1z as the sum of two primes. 

It is easy to see that 

-"0+ 1 

r(n) = r f2(x , n)e( -nx)dx for any xo. 
x。

We decompose the above integral into 

r(n) = r f2(x , n)e( -nx)dx+ r f2(x , n)e( -nx)dx 
111 ( 11) M(η) 
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=A(n) + B(n). 

ßy Lemma 2.1 we know that A(n)=O(n log-ln). 

We now establish the following. 

THEOREM 4. 1. A(n)=o(n log-2n) z.mPUes γ(n)>O for every even n늘No­

PROOF. By definition 

f2(X짜， n)e( -nx)dx= 
111(") 

ε;’ ..L’ T(h, q). 
qs!og"η O<hSq 
(q , n)=l (h , q)=l 

끼There 

τ+x， 

T(h , q)= . f 2Cx, n)e( -nx)dx. 

LEMMA 4. 1. Let q<log15n, 

f(웅+y， 

yl 드XO' (h, q)=l , and n>No. Then 

n)-권의Lσ(y， 1Z) I 드n log-69n. 
φ(q) b 

PROOF. This follows from Theorem 3.2 in a πay very similar to the way 

that Lemma 3.11 follows from Theorem 3. 1. See Theorem 58 in [13]. 

LEMMA 4.2. Under t7ze hypothesis of Lemηza 4. 1 we have 

I f2( lz +v. nì- μ=(q) fJ"2( v. n) I <C , n2joQ"-69 r( ': +y, IZ)- ~←一g2(y， n) <C1n2log j \q / ￠끼q) 0 "'J~ _.", I -.L 

PROOF. This follows from Lemma 4.1 in exactly the same way that Lemma 

3. 12 follows from Lemma 3. 11. 

We now assume n능lVo throughout the rest of the proof. 

By a change of variable y=( x-웅) we have 

T(h , q) =e( - 켈 ” v “ 
7 d 、‘ , / w 야

 

) % v 
t L「

q ν
 

l 
o 

t -“ 
x 

(A) 
-z。

However, by Lemma 4. 2 

xf2(추十y， 샤( -ny)dy-팩(q) 
q - I - - øι(q) 

x。

e( _ nh 
q 

g2(y, n)e( -ny)dy 
-x。

x。

< f2(훈+y， , ”v“ /
‘
‘
、

?]
ψ
 、
띠
 

/
’\
-
r
t
u
、

n4 

-i 

u 
-
A
ω‘
 

n) Idy드 

x, 
2 '- __ -69 Cln~ log-"~n dy - n ‘-

-x。 x, 
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69"" __ n __ 1 _ '" -54 =2xOC1n‘ 10g-U"n=Czn log-"~n. 

"'0 
XO1v 1et Tl(%)= l g2(y, ”)ε(-ny)dy; so that by (A) and the above we 

"'0 
have that if (h, q)=l , q드log15n then 

T(h , q)-챙) T1 (η)e( -뿌ì 드C2n log -54n• 
띠‘(q) \ 9 ι -

(B) 

Let T(n)= ζ’ log nl1log ηZz (C) 

with the conditions of summation ml는2， m2능2， and ml +m2=n. 

By exactly the same arguments that we used in the proof of Theorem 2.3 ‘ 

we have 

웅n log-27z드T(n). (D) 

and for (h , q) =1 , q드log15n 

nh \ 11 1l~(q) I 7' r~\_ 7' r .. \1 ,.,. )11 fk• 7) I IT(n)-T1 (n) I 드" "느(2n log-판). 
q / I I q/' (q) I I ‘ I rþ""(q) 

(E) 

Combining (E) with (B) we have for (h, q) =1 and q르log15n 

μ‘ ( q) '" / ~ j 7zh \ l~n __ ,-,_-54"" , 1 T(h , q)_ u감딱T(n)e( - 7zh ì I <C껴 10g-54n+} (2nlog-15n); (FJ , 
‘ rþ'"(q) \ q /1 .....::0 “ - rþ‘ (q)' -

so that adding (F) rþ(q) times for some fixed q드log15n we have: 

B T(h , q)-팩싹T(n) B e(-캘 
。<hζ~ rþι(q) O< hSq \ q 

Ch, q)=l .,. ，~， Ch.q)=l 

드(C2nlog-54n)rþ(q)+ ,"1"<1. {2nlog-15n)에/3(q). (G}' 
- - " rþ"/ .J(q) 

But rþ(q)드log15n and by definition 

Z ’ e( -쐐 )=Cn(n) : 
ü<h 5:.q 、 C{ I ' 

Ch, q)=l 

so that it follows immediately from (G) that 

ε TπT(h“h， qψ)←-땅와Tπ(“써% 
0< h5q p kqJ 
(h, q)=l 

드ι% 1og-39%+7L-(2% Iog-10%). 
“ rþ~/ .J (q) -

(H)' 
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Now summing over all q드log15n such that (q, n) =1 we have 

￡ε’ E TπT(h“h， q띠)-구Tπ(ω%쩌) 1ε= 펜g와) Cι'n( 
q~딩log앙15애，κz O<h~q q~logl5η ø"'(q) • 
(q , n)=l (q , n)=l (q , n)=l 

드(C2nlog-39n) (log15n)+r E .A/; .1(2nlog-10n) 
“ Lq~log세 Ø"fV (q) 

드C21Z log- 24n十C3(2n log-lOn)드C4nlog-lOn; 

since by Lemma 3. 7 

g 「숙-드C3 (C3 independent of n). 
q~log한 ￠ ι/"(q) 

Hence this estimate combined with the hypothesis yields 

r(n)-T(n) E 파싹Co(n) I 략(n)χ log-2n十C4η log-10n• (1); 
loglS” ￠(q) ’ 

Cq, n)=l 

977 

where k(n) • O. Now let 

R(n) = ε 팩연) Cn(n) 
f2￡멜i (j/' (q) , 

and 

S(n)= .L’ 
q=l 
딱g와) .Cι'n(lZ써z 
ø"'(q) , , 

where 

，
덕
 
씨
 

、
찌
 꺼 

q 

q 

/
，
‘
、
/
，
‘
、

f 
f 

--nu 
--찌

 
/
l
l、

ngl 

D 

Then 

R(n) - S(n) 1 = ε;’ 
q>log"n 
웰) .Cn(n)Dn(n) 
￠‘(q)' , 

< ε;’ 
q>log15n 

q square free 
Ø2

(q) 

since μ2(q) =0 if q is not square free, and by Lemma 3.9 if q is square free ‘ 

and (q, n)=l , then !CqCn)!=l. Hence !S(n)-R(n)!드C510g-14n， by Lemma , 

3.7: so that ! S(n) - R(n)! =0 (1). 

By (D) what remains to be done is to show that S(n) is uniformly bounded , 

away from zero. 

Let 
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f(q) =따g) Co(n)DaCn). 
￠‘(q)' • 

Since μ(q) ， rþ(q) , DqCη)and CqCn) are all multiplicative functions of q, f is 

a multiplicative function of q. Also, by means of the trivial estimate on C" 

(n) , namely n, and a direct application of Lemma 3.7 we have 
co 0。 애 

ζ’ If(q) 1 드% 듀’ .,-'- <∞ for each n; 
q=l - - q=l rþμ (q) 

80 that by Lemma 3.8 we have for each n 

But 

S(n)=n ε:。f(pm)·

1f m=O, f았=fφ0)=f(F펜곽C1(n짜n)=l. 
。'"(1) “ 

2(P) Cp(n)Dp(n) 
, J 、 l' .I -J 、p)= "，?~1'~ Ch(n)Dh(n)=. Y , .. ~L. 

rþ"'(P) p. - p. - . (p-1) ‘ 

1f nz늘2， μ (p"') =0; so that f( P"') =0; so that 

/ C ,,(n)D ,,(n) 
S(n)= n! l十-4」-」i?

i\ (p-1Y 

Clearly, if n is even, D2(n) =0 ; and by Lemma 3.9 we have Cp(n)=(p-1) 

if (p, n)>l and Cp(n)=-l if (p , η)=1; so that 

/ C(η)Dh(n) \ _ I 1 
S(꺼= n 11十 y y? l늘 n (1--느 ~τ5 

p> '2 \ (p-1) ‘ / p>2 \ (p-1) ‘ 

。。

능 n 
m=2 

1- l?ì= ~ -‘- . 
- ηZ2)- 2 

so that Theorem 4.1 is now established. 

If one tries to drop the condition (q, n)=l in the definition of nz(n) above, 
then one is confronted with trying to show that either S(n) - R(n) =0(1) or 

S(n) - R(n) =o(S(n)) , but neither of these statements appears to be true if q드 

logMn for any integer M>O. 

Let xo*=~on→ where O<e<1. Let nz*(n) be those points in [xo, xo+1l which 

are not in any closed neighborhood of radius xo* about any rational number 
웅 where (h , q)=l and q드log15n 

Clearly, 

m(n)C(η션(n) Unz xx (n)) 



where 

But 

and 

so that if 

then 

• 
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m*융(n) 

m**Cn)= u 1 웅-x얀， 웅+xo* 1. 
(h , q)=l 
(q , n)>l 
한log15n 

<h-;;;'q 

m*Cn) nm**(n) =rþ, 

f2(X , n) !dx드2x하n210g30'l드C6Cn log-3n) =o(n log-2n) : 

f2(X, n) !dx=oCn log-2n) , 
m*(n) 

f2(X , n)eC - nx)dx=ACn) =oCn log-2n). 
m(n) 

5. Some improper approaches to Goldbach’s conjecture 

99 

(K) 

The following deep result is due to Vinogradov and its proof can be found 

in [13] page 54. 

THEOREM 5. 1. Suppose 

A 1 : Il log-3n <v드n， 
A 2 : log15n <q드n log-15n, 
A 3 : Ch, q) =1, 
thell, 

A4 : f( 웅， ν)! 드써og-3n) ， 

Fix e>O, arbitrarily small. Let kCn) be a sequence of positive real numbers 

converging to zero. Consider 

A 1*: kCn)n1/2 10g-1n<v드n. 
A 2*: log15n <q드n1 +e log -15n• 

A 3*: Ch, q)=l. 

Al: If( 웅， v) 달Cn)n1/210g-1n. 

LEMMA 5.1. If A1*, A2* and A3* z"ηzply A 4*, then CK) Cof Sectz"on 4) Z"S 
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true. 

PROOF. Suppose xεm션씨. By Lemma 3. 10 there exist numbers h anà q such 
that (h. q) =1. q르1Z1 +e log-151z and Iqx-hl <n-(I+e) logl5n. 

But then this implies that log15n <q; so that using A1* and the trivia1 

inequality I f( 웅. v) I 드v we have 

f( 웅. v) 드k(n싸건og-11z (0드U드n). 

Setting y=x--부 we have Iy 1 = I x-추 <n-(1+ε)1ogm% <n-(lH긴 
IJ I IJ I q 

Hence by Lemma 3.1 we have 
n 

f(x. n) 1= I e(까( 춘， n )-2πz.y O S(μy)f(춘， ze)dμ 

드k(n)n1/2Iog-1n+2π 쓰← )十k(n)n1/210g-ln 
?Zl+c 

드(1+2π)k(n)n1/2 Iog- 1n. 
However. it is not the case that A 1*. ι4t and A 3* imply A양 ; for if one 

lets v=n2/3 and q=n. then it is easy to see that for any f)드풍 

“2/3 ______ II T""T'" •• 213, ___ ~ (1 .. 2/3\ 
Cl「Eτ-드cos f) D(η )르f(τ. n""") if n는No. 

IOg “ \ ,. 
In Ïact. one can construct an infinite number of counterexamples by lettìng 

h=l. q= [n1/2+2"'l and v=n1/2+.1 where LI>O is arbitrarily smaIl. 

The upshot of aIl of this is that it is not possible to establish (K) by trying 

to obtain the requisite estimate on 1 f(x. n) 1 for xεm*(상. 

If (A 2*) is replaced by 

Ai했 : 상<q드n Iog-15n 

then we have 

LEMMA 5.2. lf A 1*. A2'흙 and A3'용 imPly A4*, then A(n) =o(n Iog-2n) μ，here 

A(n) is defi1zed in Section 3. 

PROOF. Same as proof of Lemma 5.1. 

However. for any arbitrarily smaII LI>O we can use the corresponding coun­

terexample mentioned above to show that it is not the case that A1*. A 2** 
and ι43* imply At. 
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AIso, in passing we note that it is easy to see that the conditions r(n) = 
.o(n log-2n) and A(n) =o(n log-2n) are not compatible where A(n) is that of 

either Section 3 or of Section 4. 

Nor is it the case that 
1-%0 

” f2(x, n)e( - nx)dx=o(n log-2n). 
x。

ror if this were true, then by (F) of Section 4 we would have 

I r(n) - e( - n)T(n) I <k(n)n log -2n+C2n log -3n• 

where k(n)• O. And since e( -n) =1 for aIl n. this fact together with (D) of 

Section 4 would imply that every sufficiently large integer can be expressed 

:as the sum of two primes. 

6. Final comments 

1n a forthcoming paper we plan to establish Theorem 3.3 ￦ithout assuming 

the generalized Riemann hypothesis. To produce such a proof one must in 

:addition to other important details carefully and delicately analyze the difficulty 

'Concerning the possible exceptional character in a satisfactory manner. 1t 

appears that aIl of the necessary tools to do this have been developed in [50J. 

We would like to thank Dr. R. C. Vaughan and Professor E. Bombieri for 

helpful discussions on the contents of this paper. 

1nstitut Mittag Leffler 

The Royal Swedish Academy of Sciences 

S-182 62 Djursholm, Sweden 

Tata 1nstitute of Fundamental Research 

Bombay, 1ndia (400005) 

REFERENCES 

Ul T. M. Apostol, Introduction to aχalytic number theory, Springer-Verlag, New York, 
1976. 

f21 H. Bohr and H. Cramér, Die neuere Entμ>icklung der analytischen Z ahlentheorie. 

Enzyklopädie der mathematischen 찌Tissenschaften II.3 Heft 6. Leipzig, Teubner, 1923. 
{31 V. Brun, Le crible d’Eratosthéηe et le théoréme de Goldbach, C. R. Acad. Sci. Paris 

168, 1919, 544--546. 



102 C.J. A1ozzochi aηd R. Balasμb1’gmtmfa% 

[4J K. Chandrasekharan, Arithmetical f.μηctions ， Springer.Verlag, New York, 1970. 

[5J J. -R. Chen, On the representation 01 a larger even integer as the sum 01 a prime 

and the product 01 at most two primes. Sci. Sinica 16, 1973, 157-176. 

[6J G. Chrystal, Algebra, 1 , n, 7th ed, (reprinted) Chelsea, New York, 1964. 

[7J J. G. van der Corput , Sμr 1’ hypothèse de Goldbach. Proc. Akad. Wet. Amsterdam 

41, 1938, 76-80. 

[8J H. Davenport, Analytic methods lor diophantine equations aηd diophantine inequali­

ties , Campus Publishers, Ann Arbor, 1962. 

[9J H. Davenport, A1ultiplicative number theory , Markham Publishing Co. , Chicago, 1967. 

[lOJ 1. E. Dickson , History 01 the tlzeory 01 numbers, Washington, Carnegie Institution 

of Washington, 1919: reprinted, New York, Chelsea, 1966. 

[l1J H. M. Edwards, Riemann’ s zeta lunction , Academic Press, New York, 1974. 

[12J T. Estermann, 0η Goldbach’ s problem: Prool that almost all even positive integers 

a1'e the Sum 01 two primes, Proc. London Math. Soc. (2) 44, 1938, 307-314. 

[13J T. Estermann, Introduction to modeηz prime number theory, Cambridge Tracts, No. 

41, Cambridge, 1952 •. Reprinted 1961. 

[14J 1. S. Gál (S. A. Gaal), Lectures on algebraic and analytic nμmber theory, Minnea­

polis, 1961. 

[15J P.X. Gallagher, A large sieve density estimate near a=l , Invent. Math. 11, 1970, 

329-339. 

[16J E. Grosswald, Topics Irom the theory 01 numbers, Macmillan, New York, 1966. 

[17J E. Grosswald, On some conjectures 01 Hardy and Littlewood , The publications of 

the Ramanujan Institute, No. 1, 1969, 75-89. 

[18J G. Halász and P. Turán, On the distributio1Z 01 roots 01 Riemann zeta and allied 

lunctioJZs 1, Jour. of Number Theory, 1, No. 1, 1969, 121-137. 

[19J G. Halász and P. Turán, On tl:e distribκtion 01 roots 01 Riemamz zeta and allied 

luκcti01ZS n, Acta Math. Acad. Scien. Hung. , 21, (3-4), 1970, 403-409. 

[2이 H. Halberstam, A þrool 01 Chen’ s the01’em , Société Mathématique de France 
Astérisque, 24-25, 1975, 281-293. 

[21J H. Halberstam and H. -E. Richert, Sieve methods, Academic Press, Lon c1on, 1974. 

[22J H. Halberstam and K. Roth , Sequences , Oxford, Lon c1on, 1966. 

[23J G.H. Hardy, Ordersoliκlinity， Cambri c1ge Univ. Press, London, 1910. 

[24J G. H. Har c1y, Goldbach’ s theorem, Matematisk Tidsskrift B, 1922, 1-16. 

[25J G. H. Hardy and J. E. Littlewood, Some problems 01 ‘Partitio numerorχηz’ : 



Analytic Sulliciency Condi#oχs lor Goldbach’ s Conjectμre 103 

[271 G.H. Hardy and M. Riesz, The general theory 01 Dirichlet’ s series, Cambridge. 

1915. 

[28] G.H. Hardy and E.M. Wright, Aχ introduction to the theory 01 numbers, 4th ed •• 

Oxford, 1959. 

[29] C. Hooley, Apþ!ications 01 sieve methods to the tlze01’y 01 numbers, Cambridge 

University Press, London, 1976. 

[3이 1. K. Hua, Die Abschätzung νon Exþonentz"alsummen μnd ihre Anwendung in der 

Zaklentheorie. Enzyklopädie der mathematischen Wissenschaften, 1. 2, Heft 13, TeiI 

1, Leipzig; Teubner 1959. 

[31] 1. K. Hua, Additive tkeory 01 þrime numbers, VoI. 13, American Mathematical 

Society, Providence, 1965. 

[32J M. N. Huxley, The distribu tz"on 01 prime numbers, Oxford University Press, London, 
1972. 

[33] A. E. Ingham, 

London, 1932. 

The distribu tz"on 01 prime numbers, Cambridge University Press. 

[34] 1. 1 waniec, Rosser’ s sieve, (preprint). 

[35] R. D. James, Recent progress iJz the Goldbach problem. BulI. Amer. Math. 55, 1949, 

246-260. 

[36] M. J utila, Recent pro gress 쩌 tke tkeory 01 L-Iunctz'ons, Seminaire de Tkéorie des 

Nombrés , Université de Bordeaux 1 , Anneé 1975-76, exposé n 0 6, 1-9. 

[37] M. Jutlia, Zero-density estimates lor L-fuχctions， Acta Arithmetica, 32, 1977, 55-

62. 

[38] I. Kátai , A remark on a paper 01 fu. V. Linnik, Magyar Tud. Akad. Mat. Fiz. 

Oszt. Köz1. 17, 1967, 99-100. 

[39] D. H. Lehmer, Gμide to the tables 끼 the theory 01 numbers, National Academy of 

Sciences, Washington, D. C. , 1941. 

[40] W. J. LeVeque, (ed.) Reνz·ezus 싫 %μmber the01γ， Vol. 1-Vol. 6. , Amer. Math. 

Soc. , Providence, 1974. 

[41] U. V. Linnik, On the possibility 01 a χχique method iη certain problems 01 “ addz"tive" 

and “ distributive" prime 1Zumber theory. C. R. (Doklady) Acad. Sci. URSS (N. S.) 49, 
1945, 3-7. 

[42] U. V. Linnik, A new ψrool 01 the Goldbach-Vinogradov theorem. Rec. Math. [mat. 

Sbornik] N. S. 19 (61), 1946, 3-8. 

[43] U. V. Linnik, Some conditional theoreηzs concerηz.χg the binary Goldbach þroblem , 

Izv. Akad. Nauk. SSSR 16, 1952, 503-520. 

[44] S. Mandelbrojt, Dirichlet series , Reidel, Dordrecht, 1972. 

[45] A. I. Markusevich , Theory ollunctioηs 01 a complex var낌ble， translated from the 

Russian , revised. and annotated by R. A. Silverman, Prentice-HalI, Inc. , Englewood 



-104 C.J. Mozzochi and R. Balasubrama껴an 

Cliffs, 1965. 
,(46] H. 1. Montgomery, Primes in arithmetic progressions, Mich. Math. J. , 17, 1970, 

33-39. 

‘ (47] H. 1. Montgomery, Topics in multiPlicative nμηzber theory, Lecture Notes in Ma­

thematics No. 227, Springer-Verlag, New York, 1971. 

,(48] H. 1. Montgomery, The analytical princz"ple o[ the largesieve, Bull. Amer. Math. 

Soc. 84, 4, 1978, 547-567. 

, (49] H. 1. Montgomery and R. C. Vaughan, Error terms z-n additive prime number theory, 
Quart. J. Math. , Oxford (2) 24, 1973, 207-216. 

, (50] H. 1. Montgomery and R. C. Vaughan, The e:xceptional set in Goldbach’ s problem, 

Acta A서th. 27, 1975, 353--370. 

, (51] Y. Motohashi, On the Deuring-Heilbronn phenomenon 1, Proc. Japan Acad. , Vol. 

53, Ser. A, No. 1, 1977, 1--2. 

, (52] Y. Motohashi, On the Deuring-Heilbronn phenomenon II, Proc. Japan Acad. , Vol. 

53, Ser. A , No. 1, 1977, 25--27. 

(53] C. J. Mozzochi, A remark on Goldbach’ s coψectμre， Kyungpook Math. J. , Vol. 16, 
No. 1, 1976, 27--32. 

(54] K. Prachar, Primzahlverteiling, Springer-Verlag, Berlin, Göttingen, Heidelberg, 
1957. 

(55] A. Rényi, On the represeηtatz'on o[ an even nμmber as the sμm o[ a single prime 

and a single almost-prime number. (Rμssian). Dokl. Akad. Nauk. SSSR 56, 1947, 
455--458. 

(56] A. Rényi , On the representation o[ an even number as the sιm o[ a single prime and 

a sz-ngle almost-prime nμmbe7· (Russian). Izv. Akad. Naqk. SSSR- Ser. Mat. l2. 

1948, 57--78. 

, (57] P. M. Ross, On Chen’ s theorem that each large eνen nμη.ber has the [orm pt +Pz or 

Pl+PZ월， J. London Math. Soc. (2), 10, 1975, 500--506. 

, (58] K. F. Roth, The large sieνe， Imperial College of Science and Technology, 1968, 145 

--153. 

(59] W. Rudin, Real and comple:x analysis, 2nd ed. , McGraw Hill, New York, 1974. 

(60] 1. G. Schnirelman, On addilive ψroperties o[ numbers, Izv. Donskowo Politeh. Inst. 

14, 1930, 3--28. 

(61] L. G. Schnirelman, Uber additiνe Ez'genscha[ten νon Zahlen, Math. Ann. 107, 1933, 
649--690. 

[62] W. Schwarz, E싫~[ükrμng in Seibmethoden der analytz'schen Zahlentheorie, Biblio­

graphisches Institute Mannheim, Wien, Zurich, 1974. 

(63] A. Selberg, The general sieve method and its place in prime nμmber theory, Proc. 

Internat. Congress Math. , Cambridge, Mass. 1, 1950, 286--292. 



Analytic Sμifficiency Conditions for Goldbach’ s Conjecture 105 

; [64J A. Selberg, Tμ1in prime problem, Manuscript 16 pp. plus Appendix 7 pp. (unpubli­

shed). 

[65] B. Spearman and K. S.‘ Williams, Handbook 01 estimates in the theory of numbers, 
Carleton Mathematical Lecture Note Nø. 14-1975, Carleton University, Ottawa, 

Ontario, Carrada, 1975. 

: [66] N. Tchudakoff, On Goldbαcli’ s prob!em, Dokl. Akad. Nauk. SSSR, 17, 1937, 331-

334. 

'[67] N. Tchudokoff, On GòldbllCh-Viηogradoν’s theorem, Ann. of Math. (2) 48, 1947, 515 

-545. 

[68] E. C. Titèhmarsh, The theoryof the Ri-emann zeta ft“zction , Oxford, London, 1951. 

1,[69] P. Turán, Eineneue Mèthode in dær Analysis μnd deren Anwenduχgen， Budapest, 

1953. 

1'[70] P. Turán, '011 'the twin-prime pro'blem 1. (Russian Summary) Magyar Tud. Akad. 

Mat. Kutató' Int. Közl. 9, 1964/65, 247-261. 

‘ [71] P. Turán, Vn the tw쩌-φrime problem 1I. Acta Arith. 13, 1967/68, 61-89. 

; [72] P. Turán, 0κ the twinφrime problem III, Acta Arith. 14, 1967/68, 399-407. 

‘ [73] R. C. Vaughan , A surνey of recent work in additive prime number theory, Seminaire 

de Théorie des Nombres, Université de Bordeaux 1, Anneé 1973-74 exposé nO 19, 1-7. 

‘ [74] R. C. Vaughan , A note 0χ Snir.el'man's approach to Go!dbach’ s prob!em, Bull. London 

Mach. Soc. , 8, 1976, 245~250. 

r[75] R. C. Vaughan, On the estimafÏon of Schπire!ηzan's constant, Jour. für Mathematik, 

Band 290, 1977, 93-108. 

1[76] R. C. . Vaughan, 、On the estimatioχ of ,trigonometrical sums over primes, and related 

questions, Report No. 9, Institut Mittag-Leffler, Djursholm, 1977. 

; [77] 1. M. Vinogradov, Representation Qf an odd number as a sum of three primes, Dokl. 

Akad. Nauk. SSSR 15. 1937. 169-172. 

1[78] 1. M. Vinogradov, The method Qf trigonometrica! sμηzs in ihe the01’y of nμmbers， 

1947, translated from the Russian, revised and annotated by K. F. Roth and A. 

Davenport, Interscience Publishers, New York, 1954, revised (in Russian) by 1. M. 

Vinogradov 1971, translated into English, Statistical Publishing Society, Ca!cutta, 1975. 

'[79J A. Walfisz, Weylsche Exponeηtia!sμmmen in der neuereπ Zahlentheorie , Berlin , 

1963. 

i [80] A.,zygmund , .Trigonometric series, /, II , Cambridge, 1959. 


