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ON THE FUNCTIONAL EQUATION f[x+y f(x)] =f(x) f(y) 

By S. S. Jou 

1. Introduction 

The functional equation 1 : R-• R, R the set of real numers, such that 

f[x十y l(x)J =/(x) I(y) (1) 

was first studied in [2]. The equation has certain applications in the continuous 

groups and geometric objects. Practically the only continuous solutions of the 

equation are given in the following theorem. 

THEOREM A (See [lJ , page 132-135): Let 1: R-• R. 1 sat설fy (1). Then lo!­

lowz"ngs are the only contz"nuous solutz"ons 01 (1). 

i) I(x) =0, γ xεR 
i i) I(x) = cx+ 1, γxεR， where cεR 

1 , ‘ 씁 γ X<X1 
i ii) I(x) = 

O 

O 

γ X>X1>0 

γ X<X2<0 
iv) I(x) = 

1- Fγ X>X。
"2 “ 

The proof of the theorem A is based on the following lemma. 

LEMMA B. (See [lJ, page 132-135): Let 1 a contz'nous solutz"on 01 (1). 11 there 

exist x1' x2εR， x1 =P x2 such that l(x1) =/(x2) =p0, then I(x) =constant. 

The Dirichlet function , which takes value 1 for the rational numbers "l.nd 0 

for the irrational numbers, is an eχample of bounded, measurable solution of 
(1). Using Hamel Base, it is posible to construct a unbounded and nonmeas­

urable solution of (1). In this article we generalize the domain of the equation 

(1) to a real topological vector space X. 

2. We use X to denote a real topological vector space and X* the dual space 

of X; that is the collection of all real continouous linear functionals on X. A 

subset M드X is called a lineaγ manzfold if M=xo十M0' where xoEX and M 0 a 

vector subspace of X. M is called a hypeψlane if M 0 is maximal. The closure 



116 S. S. Jou 

M of M is also a linear manifold if M is; hence any hyperplane is closed or­

dense in X. For any hyperplane M. there exists φ :X-• R. ø linear. suc뇨 

that M=xo+ {xIØCx)=아 = {xIØCx)=ØCxo)} for some x，。εX. and M is closed iff 

ØEX* (i. e.. ø is linear and continuous). 

LEMMA 1. Let f: X-• R be continuous nontrz.νial sμch that f[x十y fCx)] = 

fCx)fCy). Then Mo= {xlfCx)=l} is a closed hypeφlaηe containing O. 

PROOF. lf xo. y。εMo. then fCxo+Yo)=f[xo+Yo fCxo)] =fCxo) fCyo) = 1. hence 
2 

Xo十YOE三Mo' Putting x=y=O. we get fCO)=fCO)W and this implies f(O)=O or fCO} 

=1. lffCO)=O. thenfCx)=OVxεX and we have to omit this case. Hence fCO} 

=1. or OEMo' 

Let x。εMo Then fCx~ fC-xo)=fCO) =1. Hence fC-xo) =1 or -x。εMo'

Let xoE프Mo. XO~O. Definegx,: R >R. gx,(?)=fCÀxo) γxεR ; then gxo satisfies 

(l). But gx。〔0) =gx。(1) =1, hence by Lemma B, we have gx。(X) =constant=1, 

and this implies fCAx~ =1. or ÀxoEM。 γ XεR. Hence M 0 is a vector subspace 

of X. M 0 is closed by the continuity of f. lf M 0 is not maximal. then there 

exist xl' x2εX linearly independent such that span {xl' x2l nM 0= {이 • here 

span {x1• xz} = {x I x= Àxl +μx2• A. μεR}. Define g 1 CA)앞~ fCAX1). gzCA)앞L 

fCAxz) γ 2르R. Then g • and g~ satisfy (1). Hence there exist Zl = A1X2• Z2=Az 
x2 such that fCz1) <1. f(z2)> 1. which would imply the existence of Z。ε {zlz=

AZ1 + C1- A)ZZ’ O드X드1} such that fCzo) =1. Thus we reach to a contradiction. 

THEOREM 1. Let X a real toþological vector sþace sχch tlzat f[x+y fCx)]-

fCx) fCy). Then the following are the olzly cont쩌μous solμti01ZS. 

1. fCx)=O γ xεX. 

2. fCx) =ØCx)十l γxεX. μIhere ØEX* 

3. f(x) = [1-ØCx). γxε {x I ØCx) ,1} where rþEX*. 
o . γxε {xIØCx)>l} ’ 

PROOF. Let M 0 = {x IfCx) = 1}. Then M 0 is a closed. maximal hypperplane 

containing O. Let ø。εX융 such that Mo= {xεX I ØoCx) =O}, Let x。εX such that 

ØoCxo) = 1. Then X = M tÐRxo. the direct sum. where Rxo= {rxo I rεR}. Let X/ 

Mo the quotient space- We define f : X/M。-→R， lCx)앞도 fCu) , uεxεX/Mo' 
where x is an equiva1ence c1ass- f is weIl defined because f-(m十x)=fCx) γ % 

EMO' VxεX. 
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For x, fεX/Mo' supposing uεx， vEÿ, then u+v f(u)εx+'YJ(x)， ￦hich impIies 

J [x+ ÿJ(x)] =f[u+vf(u)] =f(u) f(ν)=J(x) J (ÿ). 

X/Mo is of dimension 1, and we can assume X/Mo= {값OI À.ER}. 

Since f is continuous and satisfies (1), then the solutions of f are the foI­

Iowing. 
i) J(À.XO) =0, γ2εR 

ii) J(À.X~=CÀ.+l， V À.εR， ￦here cER. 

-A, V XA1 
ii i) J(À.X~=r Å1 ' . -- ~-l 

0, V À.>신>.0 

“ . (0, V ;(<À.., <.0 
iv) l(À.Xo)=~. "J ‘ 

1-순， 배경2 

Hence the solutions of f take the forms: 
1. f(x)= .o VxEX. 

2. f(x)=c ØO(x)+l=Ø(x)+1 VxεX with ø=c ø。εx륨 

Øn(x) 
3a. f(x) = j 1-」「- vxε {xIØo(x)<λ1} 

.0 VxE{xIØo(x)>λl> .o} 

o Vxε {x I ØO(X) <~ <.o} i 송=> (3.) 

3b. f(x)= ‘ Øn(x) 
1-」T- v X든 {xIØo(x)경2} 

l-Ø(x) Vxε{xIØ(x)<l} 
3. f(x)={ 

.0 Vxε{xIØ(x)농1} 
with øεX홈 

On the other hand, it is easy to prove that (1), (2) , (3) satisfy the functional 

equation 
f[x+yf(x)1 =f(x) f(y) 

THEQREM 2. Let f: H .R and f satz'sfz'es f[x+y f(x)J =f(x) f(y) Vx, yε 
H , μIhere H is a real Hilbert space. Then the only contz'nμoμs solutz'ons of f are 

the jollowz'ng: 

1. f(x)= .o V xεH 

2. f(x)=<x, xO>+1 VxεH wz'th x 。εH
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3. f(x)= 
1- <x. xo> Vxε {xEH I <xo. x> <J} 
o Vxε {xEH I <x. xo>:> 1}. 

where <. > denotes the z'nner product of H. 

x。εH.

The proof follows directly from theorem 1 and the Riez Representation 

Theorem. 

COROLLARY. Let f: R n_ • R. and f satz'sfy f[x+yf(x)] =f(x) f(y). Vx.yε 

R
n
. The1z the only contz'nuous solμtz'ons of f are: 

1) f(x) =0 V x= (xl' xZ' "'. xn)ER
n
• 

n 

2) f(x) =1+ε1 단 진 Vx=(x1• Xz’ ---, %)εR
n 

n n 
1-L그 c"x" 

3) f(x) = J i=1 “ 
V xE{(Xi’ …. xn) I 추:1CiXz〈1} 

t 

o V xE{(X1’ 장， ••• , %)l설원:>1} 

wheγe ciER. z'=1. 2. …• n. 
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