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AN ANALYTIC SUFFICIENCY CONDITION FOR GOLDBACH’ S 

CONJECTURE WITH MINIMAL REDUNDANCY 

By C.]. Mozzochi 

1. Introd'Jction 

In this paper we present an analytic sufficiency condition for Goldbach’ s 

conjecture which eliminates approximately seventy-five percent of the redun­

dancy inherent in all other known Hardy-Li ttlewood-Vinogradov circle methodÞ 

analytic sufficiency conditions. 

2. Notations and defirtitions 

Let p denote a prime. Let n는2 denote an integer. Let xo= 

Let 

Let 

• 

Let 

f.(x ,n) = ζ’ cos (2πpx)， 
- p<;.n 

f.(x , n)= I::,’ sin (2πρx) ， 
- p<;'n 

f(x, %) = j;(x, %) +짝(x. n). 

os(2πmx) gc(x. v) 도， c ; gc(x, ν)=0 if ν <2. 
2s,,lSt, log ηt 

in(2 、gs(x, u) = ￡’ 프뜨.~7rmx) 
2SmSu logfM 

; g/x, v) =0 if v <2. 

15 log'''n 
% 

• 

Let g(x. v) = gc(x. v) +igs(x. v). For each 1z let m(n) be those points in [xQt xo+ 11' 
which are not in any cIosed neighborhood (major arc) of radius Xo about any-

rational nur빼H 

xO+IJ -ηm(n씨z샤). Let r(n’n샤) be the number of representations Qf n as the sum of 

two pr끼ime않s. 

3. Main resuIt 

By a straightforward computation it can be shown that 
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%0+ 1 

n)]cos (2πnx)dx for any x。r(n)=2 
x。

‘ 

、

꺼
 

• 
1 J 

뼈
 

、

9i + 
cos (2πnx)dx 

M(n) 

=A(n)+B(n). 

-2 "THEOREM 1. A(n) =0 (n log -~n) 끼zpUes r(n)>O !or every even n는No' 

4. Some comn1ents 

1 1 

o 0 

:80 that 

A(η) =O(n IOg-1n). 

It is known (cf. [7] or [8] for details) that if. A*(π) is defined: 

[fc(x, n) +zfs(x, n)] 2 [cos (2πpx)+i sin (2 πpx)] dx, 
m(n) 

-2 
!-then A융(n) = 0 (n log-~n) implies r(1Z )>O for every even 1z는No. 

Let R(x, n) and I(x , n) be the real and imaginary parts, respectively, ofthe 

: integrand of A*(n). It is easy to see that 

R(x, %) = [f3(x, 7Z) -fkx, %)] COS (2πηx)+2!/x， u)!s(x， n) sin (2πnx) ， 

.and 

I(x, %) = - Iff(x, %) -양(x， n)] sin (2mzx)+2!c(x , η) ! .cx , n) cos (2 !i:nx). 

All previously known Hardy-Littlewood-Vinogradov circle method, analytic 

. sufficiency conditions for Goldbach’ s conjecture are similar to that given above 

""involving A*(n). The basic differences between them arise from the manner in 
까，vhich m(n) is defined, and whether or not one 、，V'ishes to invoke the generalized 

Riemann hypothesis (cf. [7J or [8]). 

'1'0 remove the (q , n) = 1 condition in the definition of ηz(n) . in the.or.em 1 one 

ι r:an let q드nE and then invoke the gcneralized Riemann hypothesis (cf. [7] or 

,[8J). It might be possible to do this by letting q드ne and then using the 
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techniques in [3] to handle the exceptional character; so that the generalized 

Riemann hypothesis can be avoided. 

Theorem 1 was conjectured while the author was trying to simplify a com­

puter program employed to analyze the pointwise behavior of R(x, n) and I(x, 

n). The results of this analysis as well as the analysis of the pointwise behavior 

of the integrand in the hypothesis of theorem 1 is presented in [5]. 

5. Proof of theorem 1 

Fix n는No' By definition 

2 I [강(x， n)- 채(x， n)] cos (2πl1x)dx=2 ε .E T (lz, q) 
S;:l< g"n O<kS;:q 

nt(t) fq,,;)Ll (k,q)=1 

where 
‘ 

T(h, q) =Tc(h, q) -Ts(h, q) , 

τ+x， 

Tc(k, q) = j f?(x, %) COS (2πnx)dx， 

and 

Ts(h, q) = 

τ+x， 

f3(x, az) COS (2πnx)dx. 
• 

h 
-q 

LEMMA 1. 
15 Let q드10gAUn， I y I 드XO' (h , q) = 1 and 11.는No• Tlten 

\ μ (q) - 1' •• ..... I Ic( τ+y， n)-김Rrgc@， %) 1 드1Z log-

.and 

ζ(뚱+y， 11 -꽉gLgs(y， %) -69 
드n log -u"n. 

PROOF. This follows from theorem 58 in [1]. 

LEMMA 2. Ul1der thehyþothesis 01 lemnza 1 we have 

늄L 
if/(q) <> c 

cnd 

양(웅+y， n ’- 막연Lg?〔y，%) 
￠“(q) ‘ 

2 ,- -69 드2n~ log-W1z• 
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PROOF. This is immediate by lemma 1 and the trivial inqualities ! fc(x , n) ’ 
드n， [f/x , n)! 드n， !g/y, n)! 드n and !gs(y' n)! 드n and the fact that if ! a ! 드% 

and b! 드n， then ! i _b2 !드2n!a-b!. 

By a change of variable y=(x-춘 ) we have 

%0 

Tc(k,q)= l f3(웅+y cos 2πn(y+웅 dy 

k 
-q % 。‘ 히

 

0 

다
 

:to 

, 쉰(뚱+y)cos(2πny)dy 

x。

-sin( 2π%초 
q 

f; 웅 +y)sin(2πny)dy， (A} 
-x。

and 

T/h, q)= 쉰(웅fy) c섹π씨+웅))dy 
-.To 

=cos( 2πη훈 갚(웅+y)cos(2쩌)dy 

-sin( 2πη풍 f:(꽁+y)sin(2쩌)dy. (B} 
-x。

However, by lemma 2 and (A) we have under the hypothesis of lemma 2: 

x。

。( lt λ “ “ u2(q) r( I~ +y)cos(2πny)dy- "', 
L 、 q - / - - rf(q) 

cos(2πη웅 cos(2π%웅 
-x。

xo 

x r g;(y, n)cos (2πny)dy)- 니
 삐
 

-x。

× |Xof(추+쇄in(2πny)dy一팩(q) sin이πn추 
x。 ‘ 、 q -/ - - ø‘ (q) 、 g 

” 
v 

t 

, d 、, / 
쩌
 

? 
i 뼈

 

、m / 
녕
 

? 
‘ 
c 

g 
x 

’ ’ × 

-x。
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x。

2(q) 
--?--g [ y, n) l dy 

Ø~(q) 
드2 쉰(웅+y 

-%。

드4 

x。

2 , -69 n"'log-Wn dy 
ι ι 

-%。

2 , _-69 =8xon'" log -v"n =8n log- <>'tn. 

15 
$0 that if (h, q) = 1 and q드10g<V n, then 

k 
-q 

때
 

?>/
히
\
 

m 띄
 、

φ

/
!
\
-
/
，
、

n4 

--?-μ
-
A
V
 

、

ψ
1M /l\ 

t 
T 

%. 

g따， n)cos(2πny)dy 
-%。

편(q) Tsin(2πx」L xo 
Ø~(q) L \ q 

g3(y, %)sin(2πt끼dy 
-%。

드8M Iog-54%· 
15 By a similar argument we have that if (h , q) = 1 and q드10g<V n, then 

2(q) 「 / 
T.(h. q)-감렉 cos(2πn ~ 

‘ Ø"'(q) L \ 9 

%. 

g월， n)cos(271:ny)dy 
-%。

%. 

gg(y, χ)sin(2찌)dy +퍼따) r sin( 2π7z± 
이~(q) L \ q -xo 

드8ηlog-54% 

By (C) and (D) we have that if (h,q)=l and q드log1%， then 

μ2(q) 
T(h， q)-격삼'1/ .. ø‘ (q) 

%. 

cos( 2ππ웅 g섭， n)-강(y， η) Icos (2π깨)ψ 
-x。

g따， n)-g월， n) Isin (2πny)dy +짧 sin 2랬 -% 

드16x Iog-54%· 

1Let 
%. 

” 
v 

t 

, a 、l 
/ 

찌
 

? 
“ 

/ , 
、때

 

] 
、m ” 

v 
t 

/ 
I 

、

2 

s 냉
 

、

찌
 

v 
t 

/ 
1 
l 

、

n / 
i 

” ‘ 
g 
e 

[ 
Tc(n) = 

-%。

Let 

5 
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(C) 

(D) 

(E) 



%0 

[g따， η)-g따， 씨J sin (2π%y)dy. 

C .J, 'ktoz:zockz; ‘ 6 

Ts(n) = 
-%。

Let 

(F) T(n) =소 ε’ nog-1m, 1og-1%Zo) 
~ 1Jl h ",

‘ 
-

with the conditions of summation m1르2， ’1t2는2， and m1 +m2=n. 

It is easy to see by a straightforward calculation that 

terms on 
-2 

and each term is greater than log-~n and less than 1; so that 

웅11 log -2n <T(n). 

(G) 

of (F) iS' side right-hand 

1/2 
? 0 

[g;(y, n)-g피， n)J cos (2π1ly)dy 
-1/2 

it is clear that the number of the 

T(n)= 

Also, 

(H) 

(n-3) , 

It is easy to see using the formula for the sum of a geometric series that 

η11는2， 
m, . , , 

l p2 ￡(ηIY) 1 드τ:주:τr드τξ「; 

Hence by the definition of g(y, n) and Abel ’ s lemma, 

O<lyl드웅 J ; Ig(y, η)1 드 1 Y 1-1 

so that 

lg3(y, %)-강(y， n)1 드2ly1-2; 

so that 

1/2 

% 
-u 

-

-
、
]
/

-
、
，
/

’ 
gb 

‘ 

g
a
-
o
ι
 

짜
 1m 

?
i
-。τ

< 

-
μ
 -, 

P 

”9 때
 

1li --、

ψ
! ., .,. /

‘
、야

 

FTi 

샤
마
 

、
‘

사
u
 

m잉
 

- 2 ."1 
___ ~ -1 ~j ， -15 y-~dy<4x。 ‘ =41110g 

->i'n; IT(n)-T/n)!드4 

-(1) 1 T(n) -Tr(n) 1 드「」→(4/Z Iog-15%) 
ι (f(q). -

By (E) and (1) we have that if (h , q)=l and q드 ]og15%, then 

k 
-q 

쩌
 

때
 

(J) 

T(ll) +파싹sin(2πf과 )T，C씨 
(P-(q) \ c{ I • 

<1611 Iog-54η+ 「L-(4fz log-l5%) ; 
rþ~(q) 

앓i3ffos(2π싼 T(ll , q)-
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so that adding (J) rþ(q) times for some fixed q드log15% we have 

ll2 q) / k \ ￡’ T(h. q)-과씌) T(n) ε’ cos(2π%-r 
9;Ch~q. (f(q) 9;C~f. q \ q 
(h.q)=1 T 'v (h,q) ,=1 

μ2(q) / 
-1r- .-- 'J ，.一T.(n) 도’ sin( 2πn _ 

0-(q) ‘ Ü<hSq \ q 
(h ,q)=1 

드(l6nl따54n) rþ(q) + .4훈-(4η log-15n) r/F3(q). 
(f' ‘"(q) ‘ 

But rþ(q)드log15n and by definition 

i 

(K) ’ 

Cn(n)= B cos(2:rt.과 
" Ü<hSq \ ν 

(h ,q)=1 

-i , B sirt( 2π%추 I ’ 
Ü<hSq \ q 
(h.q) = 1 

andthe irriaginarypart ofCn(n) is equal to zero; so that q 

u2ro) 
도’ T(씨， q)-←r一T(n)CQ(n)

O< hSq ￠-(q) -
(h.q) ...., l 

’ 

드16% Iog-39%+τ는(4n log- lOn). 
￠‘IV(q) 

15 
Now summing over aII q드logAVn such that (q, n) ::;o 1 we have 

2 ε B T(씨• q) -2T(n) ε 땐Lc(%) 
8Si[ gli” 。〈hSq 、 qSl(gls,i 『(q) ’ 

. n)'::-1 (h ,q)'=1 (q. η;-=1 

(L)' 

r 

드(321t 1og-39%)(1og15%) 十 ε;’ 
qSicg"ll rþ4/3(q) 

(8tz 1og -10%) 

-24 .,...,,..., -10 ..... '-'"'_ , -10 
드32n log η+C1(Sπlog ->Vn)드C2κ log->Vn ; _ (M) ’ 

since by theorem 327 in [2] 

.11곰 . <C1 (C 1 independent of n). 
qslcg"n rþ'/V(q) ,., 

Hence by (M) and the hypothesis we have 

μ2(q) /"' ~ __ '\ 1 ___ 7J __ '\ __ 1~_ -2 __ , /""' __ 1 __ - 10 r(n) -2T(n) ~’ 유색/ Cn(써 I <k(n)n log -~n十 C.)1Z log 
qSl[ glOn ￠(q) q i -

(q. nT=1 

(N) ‘ 

where k(η)→O. 

Now let 

R(n)= B 
?f::깐.r 

、m / 
l 
\ n 

1 

C 이
 -
、
w 

ι
 ι -
?
τ
 

μ
 -4 

ψ
 

’ 
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.:and 

where 

-Then 
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∞ μ2(q) 
S(n)= 도’판뿌즌-Cn(n) Dn(n) 

q=1 ø‘ (q) ’ ’ 

r1 if (q. n)=1 
Dn(n) =1 

lO if (q. n)> 1 

IR(n) 一 S(η)1 = I r 따딱C써 Dn(n) 
q>kg' ‘n Ø"(q) ’ ’ 

드 ζ’ 「L-;
?l(g애'n '-__ ø“ (q) 
C/ :sa L:. a n:: 1 rta~ 

‘ 

: since μ2(q)=0 if q is not square free. and by theorem 272 in [2J if q is square 

free and (q.n)=l. then ICqC써 1 =1. Hence IS(n)-R(η)1 드C3Iog-1%， by theo­

rem 327 in [2]: so that S(n)-R(n)=O(1). 

By (H) what remains to be done is to show that S(n) is uniformly bounded 

.away from zero. 

Let 

￠ι(q) - q 、.-/ - q 

Since μ(q). Ø(q). D/n) and C/n) are all multiplicative fuctions of q. f is a 

imultiplicative function of q. Also. by means of the trivial estimate on C/n). 

namely n. and a direct application of theorem 327 in [2] we have 
00 0:>, 

￡’ f(q) 1 드n도’「느~<∞ for each η; 
q=l q二 1 1>~(q) 

:50 that by theorem 2 in [1] we have for each n 

S(n)=TT r，야m). 

:iBut 

If 까=0. f(p’''') = f(PO) =f(1) =꽉으) ::;l(n) D 1(n)=1. 
1>'(1)' • 

:2(p) 1"' , __ , n , .. , _ C pC1Z) D,(n) 
f(þ') = f(p) = 1-'"얀ELC(n) D ”(1Z) =-- z 

￠‘(P) Y Y 1 (P- i)i 
If í]z=1. 

lf r;z는2. μ(Pr‘) =0: so that f(p ’”) =0; SO that 

‘ 
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/ Ch(n)Dh(n) 
S(n)= IT( l+" " 

p \ (p-1Y 

9 

'Clearly. if n is even. D 2(n) =0; and by theorem 272 in [2J we have CpCn) 

--(p 一 1) if (p.n)>l and CpCn)=-l if (p.n)=l; so that 

I Ch(n)Dh(n) \ / 1 
S(n) = II ( 1 + p p.; - )는 II(l- ~τ 

þ>2 \ (p一 1)‘ / Þ>2 \ (P- 1) ‘ 
c。

는 n 
m=2 

1-」7
ηz 

1 
‘ ,- • 

- ? ’ 

'50 that theorem 1 is now established. 
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