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AN ANALYTIC SUFFICIENCY CONDITION FOR GOLDBACH'S
CONJECTURE WITH MINIMAL REDUNDANCY

“ By C.]J. Mozzochi

1. Introduction

In this paper we present an analytic sufficiency condition for Goldbach’s
conjecture which eliminates approximately seventy-five percent of the redun-
dancy inherent in all other known Hardy-Littlewood-Vinogradov circle method,

analytic sufficiency conditions.

2. Notations and definitions

loglsn )

Let p denote a prime. Let #>2 denote an integer. Let x0=< ”

Let

f.(x,n) =37 cos (2npx),
psn

f(x,n)=3" sin (2npx),
pn

f(x, ) = [ (x,n)+if (x, n).
Let .

cos(2rmx) .
X,V . x,v)=0 if »<2.

Let

_ sin(2zrmx) | .
g.(x, v)_zg%'gu logm g (x,v)=0 if v <2

Let g(x,v)=g.(x,v)+ig (x,v). For each # let m(#) be those points in [x, x;+1]
which are not in any closed neighborhood (major arc) of radius x, about any

rational number -—g— where (2,¢q)=1, (g,n)=1, and q:’ilogwn. Let M(n)=[xg

xy-+1] —m(n). Let r(n) be the number of representations of # as the sum of

two primes.

3. Main result

By a straightforward computation it can be shown that
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x4+ 1
r(n)=2 [ ff(x, n) — ff(x, 32)] cos (2zmx)d_x for any x,

Xo

=2 f [ ff(x, 7) ——ff(x, n)] cos Qarx)dx
m{n)

—F2 f [ff(x, #7) —ff(x, n)] cos Quanx)dx
M(n)
=A(n)+Bn).

“THEOREM 1. A(n)=0 (u log_zn) implies r(n) >0 for every even n=>N. |

4. Some commnients

1 1
| A(n) | _’<_2fff(x, n)dx+2ffj(x, wdx=n(#n)+z(n):
0 0

:50 that

A =0(nlog ™ 'n).
It is known (cf. [7] or [8] for details) that if _ﬂ A*(n) is defined:
[ UG +if (2, ] [cos (2zpx)+i sin (2zpa)] dx,
m(n)
then A*(n) =0 (» log_zﬁ) implies 7(#)>0 for every even n>N,.
Let R(x,n) and I(x,n) be the real and imaginary parts, respectively, of the
integrand of A*(#). It is easy to see that

R(x,n)= [ff(x, 1) —ff(:::, n)] cos Canx)+2f (x,n) f(x,n) sin (Canx),
.and

I(x,n)=— [ff(x, 7) —ff(:c, n)] sin (Canx)+2f (x,n) J (x,n) cos (2rnx).

All previously known Hardy-Littlewood—V inogradov circle method, analytic
-sufficiency conditions for Goldbach’'s conjecture are similar to that given above

involving 'A*(n). The basic differences between them arise from the manner 1n
swhich m(#) 1s defined, and whether or not one wishes to invoke the generalized

Riemann hypothesis (cf. [7] or [8]).
To remove the (g, #)=1 condition in the definition of m(n) :in the,or,_em ] one
«can let q:-__”inE and then invoke the generalized Riemanr_l hypothesis (cf. [7]) or

{8]). It might be possible to do this by letting ¢g<<me and then using the
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techniques in [3] to handle the exceptional character; so that the generalized
Riemann hypothesis can be avoided.

Theorem 1 was conjectured while the author was trying to simplify a com-
puter program employed to analyze the pointwise benavior of R(x,#n) and [I(x,
#). The results of this analysis as well as the analysis of the pointwise bebavior
of the integrand in the hypothesis of theorem 1 is presented in [5].

9. Proof of theorem 1
Fix n>N, By definition

2 f [ ff(x, 7) — ff (x,7)] cos QCraux)dx=2 > > T(hq)
n(n) g<leg®n OR<q
(g.2)=1 (h,g)=1

where
T(h,q)=T_(hq)—T(h,q),

i%—x
q Q

T (h,q)= f ff(:c, n) cos (2nnx)dx,
b,

q

and
h

T'f‘xu

T (hag)= f f i(x, n) cos (2rnx)dx,
h

q

LEMMA 1. Let ¢<log'’n, |9|<x, (B,¢)=1 and n>N, Then

| k,r _-u((l:) or —69
fc( g Y 7’3)— (q) gy, n) | <nlog "#

and

R _©(g) < T =62
l fs( g +3, ﬂ) ¢<q) 8'3(3’: ﬁ) =7 108' /e
PROO¥. This follows from theorem 58 in [1].

LEMMA 2. Under the hypothesis of letema 1 we have

2 .
2 2 — 63
ff("g—'i‘y, fz)— ;Zgﬂgc(y, n) | <2n log ~n

and

jfs.z( . -, ”)'— u?@) —gf(y, 7n) :\’_Zfzz Iog_sgﬂ.
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PROOF. This is immediate by lemma 1 and the trivial inqualities |f,(x, 7n)l
<n, [f(x,n)]|<n, Igc(y,n)lgnl and |g.(9. ﬂ)l_‘é’n and the fact that if lalgk

and || <#, then Iaz—-bzl'§2n|a-—bl.

By a change of variable y=<x—-—qf§—> we have

T (h, q)z]ﬂ f:(f; .'y) COS (2;':%(5’ | f; )) dy

Z )] 4 :(g !y)cos(zzmy)dy

—Sin<2:m-—g—) fx | ff(r’; | y)sin(.?:my)dy, (A) .

__xu

and

T (hq)= f ff(-g *._y),cos<2rm(yl ?. ))c_fy

. L of B, N\ .. |
—-sm(27m-—q——) f f ( g y)sm(2zmy)d’y. (B)
However, by lemma 2 and (A) we have under the hypothesis of lemma 2

(cos<2nn-g—-) _fx | f E(—g- +J’>cos Crny)dy— ;j ((;?))—cos<2rm-g-)

XT g f(y, n)cos (2zny)d y) — (sin(%m%)

>f:fj : f f(—g— + y) sin(2any)dy— ; z g;—sin@zn—g—)

X jE ugi(y, n)sin(2:my)dy>

-—-xu
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=] - ol

= Bkonzl log"ﬁgn =8n log .

So that if (B, ¢)=1 and qrglog15 7, then

T .(h, q)— CQ) [COS(Z"m ) f g, (y, n)cos(2*my)d’y]

$°(g) e,
-l— ;E‘?; [51n(2:m—-§--> f gf(y, n)sin(zfmy)dy}
q —x,
<8 log_mfz. (C)

By a similar argument we have that if (k,¢)=1 and q<10g15ﬂ, then

T (h, qj £ (Q) [cos(?*m ) f g, (y, n)cos(2~my)dy]

6°(@) -
; EZ; [sm(?m——) f g (y, n)sm(""my)dy:ll
<8nlog ™ 'n ' (D)

By (C) and (D) we have that if (#,¢)=1 and qs_'logwn, then

Xo

T(h,q)— gjgi [cos(Z:m—z—) f [gf( ¥, 1) —gi(y, n)]cos (2nny)d y]

+ ; Ez)) [sin(sz-g—-) _fx ﬂ[ g (v, n)-g (y, n)]sm (rny)d y]

—54
<l16nlog . - - {E)

Let

T ()= f [gf(y, 7))~ gi(y, n)]cos (2eny)dy.

_'xﬂ

Let
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T (n)= f [g (y, n)—g (y, 7)) sin (‘%my)dy

-—-xn

Let
T()=-L 5= (log™'m, log™'m)) -~ (F)

Ny, My
with the conditions of summation m>2, m,>2, and m,+ny,=n.

It is easy to see by a straightforward calculation that
1/2 .
T(n)= f [g (y, ?Z)—ﬂ' (y, n)]cos (2"1'723!)0!3! | (G)
-1/2 . :

Also, it is clear that the number of terms on the right-hand side of (F) is

-2
(z—3), and each term is greater than log "7 and less than 1; so that

—é—?z log 4 <T(n). (H)

It is easy to see using the formula for the sum of a geometric series that

m, 1 1
£ < 1
= COIESER T =3y

; (m122, O<|y|_<_—%-).
Hence by the definition of g(y,#) and Abel’s lemma,
g(o,m)|<|y] ™" (0<Iyl_<_—;—);
so that |
lgf(y, n)—gi(y, )| 2|yl

so that
1/2
|T() =T (n) !_<_4f_ y_gdy_<_4x51=4}z log_15n;

so that for (#,¢9)=1 and qglogmn

cos( 2 ) || 2| 1T - T () |<— 2 —Cam Jog ™) (D)

o (q) ® (4)

By (E) and (I) we have that if (&, ¢)=1 and ¢< ]08’15?2, then
(( _ () 7

T(hg)— —?ﬁ—(:z?)LCO\‘:(Q ;,171 q )T(n) 5 (q) blI](-u. 7 )T (1)

<16n log™ 54?:.' 7 éq_)_(dﬂ Ion- 5 (D
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so that adding (J) ¢(g) times for some fixed qgloglsn}}?e have

2 | .
37 T(h, q)—--—g.ﬁ(@ T(n) 32 (205(2:"% ‘? )

<(161 log ') $(g) ¢.4/} —(nlog™"m) ¢'°(). (KD

But é(q)glog15n and by definit:ion

C (ﬂ) — Z COS(QE?’E"_IZ'_> -7 Z Sin—(zﬂﬂ—h—)’
! 0<h<g q : 7
(ha)=1 | - (=1

and the imaginary part of’ C () is equal to zero; so that

- ..
= T o) - L rine,m)|
e W

<16% log_3gn -

g;)‘4/6(‘?) (471 log Oﬁ). _‘ (L) PO
15

Now summing over all ¢<llog 7 such that (g, n)—'l we have

2 22 TOo-200 3 (@) C (n)
, Q< igttn . (g'®n
b el =1 - (g, 7) =1 6@

<Z(32# 10g'—39n)(10g1~’;3)+[ 2 173
| T : g<licg'®n Qj (q)

<327 logfzézz+C1(8;z log_loﬂ)g’cgn log_mfz; - (M) -

] (8nlog =) .

since by theorem 327 in [2]
1
PN 7

o<leg™n ¢*°(g)

Hence by (M) and the hypothesis we have

<C, tCl indepéndent of n).

r(n)—2T(n) 37 ‘U' ((‘7) C (ﬂ) -<!e(ﬁ)fz log ?z—l—C ot log 10, (ND.»

1 10
T @

where A(n)—0.
Now let
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and
u 0
S(n)= 421 ¢ o —C (n) D 1)
‘where
1 if (g,7n)=1
Dyl "{o if (g, m)>1
“Then
Rw—-Swl=| = 4@ ¢ ) D (n)
g>leg'tn Qﬁ (q
< 5o 1

g> log'tn ¢z(q) ’

g square {ree

:since ﬂg(Q)=0 if ¢ 1s not square free, and by theorem 272 in [2] if ¢ is square
free and (g,#)=1, then |C,(1)|=1. Hence |S(n)—R(#)|<C,log” n, by theo-
rem 327 in [2]; so that S(n)—R(n)=0(1).

By (H) what remains to be done is to show that S(n) i1s uniformly bounded
away from zero.

Let

=@ () D ().
$“(g)

Since u(q), ¢(q), D (ﬂ) and C (n) are all multlphcatwe fuctions of ¢, f is a
imultiplicative function of ¢. Also, by means of the trivial estimate on Cq(n),

namely'fe, and a direct application of theorem 327 in [2] we have

- If(q)!"(';ﬂ_' .,1 — Joo  for each #:
f?—l L ¢"(q)

:s0 that by theorem 2 in [1] we have for each #

SO =TI 5 FCB™.

P o=

But

I m=0, OO = F%) =F1) = ;8 C,(0) Dy(m)=1.

_ . (ﬁ) D .(n) = Cpln) D".(”)
If =1, f(P) J(p)= ) Cp(n) "fﬂ) (p—1)°

If 72, u(p)=0; so that f(p”‘)—_.-o; s0 that
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C.(n)D,.(n)
S(n)=Tr{1+——-L-——).
" p( (p—1)~ )

‘Clearly, if » is even, D,(#)=0; and by theorem 272 in [2] we have Cp(n)
=(p-D if (pm)>1 and C(m)=~1if (p,m)=1; so that

C.(n)D (n)
S(”):pgz(“ p(p—lgz ) =TI (p—ll)z)
> 11 (1-—)=4-
m=—=2 ni

50 that theorem 1 is now established.
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