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ON NEWTON’S METHOD IN COMPLETE FIELDS 

By Vichian Laohakosol 

G. Bachman in his book [1] gave an algorithm for determining roots of 

polynomials Qver non-archimedean valued fields similar to the well-known 

Newton’ s algorithm in the real case. His two main theorems are as follows: 

Let F be a field completed with respect to a non-archimedean valuation 11 : 

also let V be its associated valuation ring. 

V={νεF; 1ν1 <1}. 

1. e. 

’I . . n-1 THEOREM 1. Let P(x) =x" +Pn - 1 x"-~. + ... + Po be a polynomz"al wt'th coellicz'ents 

in V. 11 there exists an a1εFsμch that 

1 P(al) 1 <1 and IP'(a1) 1 =1. 

then the seqttence 

a2=a1-P(a1)/P’ (a1). 
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converges to a 1'00t aεV 01 P(x). 

THEOREM 2. Let P(x) be as iμ theorern 1. 11 there exists an alεF szech that 

IP(al)l<l. P'(a1) 7"" 0. IP’ (a1) I드1 

and 1 P(a1)/ P ’ (al)2| <1, 

then thc sequence (1) coμver ges to a root aεV 01 P(x). 

ln this paper. we employ this same Bachman’ s method to slightly generalise 

the above two theorems to cover a larger class of polynomials and give one 

example 1:0 i1lustrate this. 

THEOREM lG. Let P(x) = x’1 +Pa-l X”-l + … +PO be a polynomial wz'th coel/t"cients 

in F and let 

M=max(IPol. IP11 ..... lp,, -11. 1). 

If there eústs an a1EV szech that 
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I P(a1) I <11M and 1 P' (a1) I =1. 

then the seqzeence (1) converges to. a root aεv .01 P(;t). 

PROOF. Since P(x) is a polynomial, then by Taylor’s series expansion, we 

have 

P(x+h)=P(x)+hP’ (x) + 1z2g(x. h). 

where 

g(x, h) =콰 P젠x) -I관P〈3)(X)+ ·+ 펴2 pC"\x). 

then 

(2) 」
l

、
‘
/

a τ
 

1 
i 

、
，
/
-
、
‘/ 

0 

-a 
/k 

7
‘
、

p 

-
γ
 

-P 、
j

a 

뀐
 

、

J
y
­

a K P(a1) 

pι(a) ’ g( a1’ 

-P(a1) 

P' (a1) 

where 

-P(a1) 

g\ a1’ 1강π 
1 /M 1 P(η. 、

=화 P(2씨 -숲7책; p (3)(al) + .... 

Since the coefficients of the polynomiaIs p(i\x)/i! (i =2. 3. …) aII have 

valuations 드M. I a11 드1 and I P(a1)/P' (a1) I <11M. then 

-P(a1) 

P ’ (al) g , al ’ <i1f. 

AIso from (2). 

(3) !P(aj l 드 IP(a1) I 2M <11M. 

Using Taylor’ s series expansion again. we obtain 

P(a 1) I - P(aJ 
P' (a2) = P' (a1) - P'파)' l(a1’ 『;

: 

-\vhere 

l(a1’ 
-P(a1) \ 

p(2)(a
1) , 

jJ /(a
1) ) 2! 

-P(a1) 

1강F 
p(3\a

1) 

3! + .... 

The same r않soning as for the function g yields 
-P(a1) 

P' (a1) 
η al’ 드M， 

.and so 

(4) IP’ (a2) 1= 1. 
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Because of (3) and (4) we see that a2 satisfies the same assumptions as those 

of a1; therefore, the procedure can be repeated successively and we get 

la2- a11 = IP(a1) 1, 

1 a3 - a21 = 1 P(a2) 1 드 IP(a1)1 2M， 

la4-a31=IP(a3)1 드lP(al) ! 4M3, 
---

laη +1-anl = IP(aη)1 드 1 P(a1) 1
2
--

1 

M 2
<-1-1 

<l P(al) | ( lP(al) l M)2--l-1• o (n-→∞). 
Upon putting 

a=a1 + (a2-a1) + (a3-aZ) + ... =liman’ 
we see that 

P(a) =limP(an) =0 and the proof is complete. 

The generalisation of theorem 2 can also be obtained similarly and since no 

new idea is involved, we merely state the result without proof: 

THEOREM 2G. Let P(x) aκd }.f be as z"n theorem 1G. 11 there exists an a1εv 
szech that 

IP(a1) 1 <11M, P'(al)~Q， IP'(a1) 1 드l 

and 

IP(a1)!P' (a/1 <11λ!， 
then the seqχence (1) conver ges to a root aεV 01 P(x). 

EXAMPLE. Let p be a rational prime, F=Qp be the field of p-adic numbers, 

V=Zp be the ring of p-adic integers. Consider P(x) =x3+x2!p+x+p 

so that M=p. Taking al=Q; then we see that IP(Q)I =p-2<1IM , IP'(Q)I =1. 

In this example, theorem 1G is applicable while theorem 1 is not. 
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