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A TWO-DIMENSIONAL NEUMANN EXPANSION FOR THE
H-FUNCTION OF TWO VARIABLES

By S.P.Goyal and R. K. Agrawal

1. Inftroduction

Recently Gupta and Goyal [7], Goyal [5,6], Srivastava and Daoust[11],
‘Srivastava and Panda [10], Abiodun and Sharma [1] and others have obtained
-certain Neumann expansions for functions of one or several complex variables.
In an attempt to unify some of these results, we first prove a lemma involving
.a Mellin-Barnes type of double contour integral, popularly known as the H-
-function of two variables in the literature and make use of this lemma to
-establish a new two-dimensional generalized Neumann expansion for the said
function in a series of products of two H-functions of two wvariables. This

.expansion formula is sufficiently general in nature from which one can easily
obtain a large number of interesting(known or new) other expansion formulas
:simply by specializing the parameters of the H-function of two variables.

The parameters of the H-function of two varables [4, p.117] occurring In
ithis paper will be displayed in the following contracted notation:
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«(for integers m, n, p and g such that 0<<z<<p and 0<<m<¢g) and 0,(¢) is defined
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analogously in terms of parameter sets (ej., Ej)l " and (f, Fj-)1 0

The symbol (a;; o AJ—)# Ly would abbre\{'iate the (p—-n_) parameters (a, 115

a, . 1 A, 1)reses (ap; a, Ap) and (aj, cr}-)ﬁl,p, the (p—n) parameters (e, ;.
O, Dreees (czp, ap) for integers # and p such that 0<z#<p and so on.

The conditions on parameters of the H-function of two variables, its asym-
ptotic expansions, some of its properties, particular cases, nature of contours:
L, and L, in (1.1) defining the H-function of two variables were given by
Goyal [4] in detail. Recently Buschman [2] has explored various sets of condtions.
sufficient for convergence of a generalized H-function of two variables. This
function of Buschman 1s more general in nature than the function defined by
(1.1). The conditions sufficient for the convergence of double Mellin-Barnes.
integral (1.1), obtained from [2, Egs. (6.8) or (5.9)] are as follows

22 d m, gz ", Pa
j=m+1 7 j=17 j=1 7 j=mt1 7 =17 j=ngt1
h ¢ ms ds 1y Ds
V=— 37 A.—-3_BA+3XF.— 3, FA+XE.—- 37 E>O0 (1.5)
f=n+1 J i=1 J j=1 7 j=mni+1 7 7j=1 7 j=n,+1 /
arg x| <(1/2)Un, |arg ] <5 V. (1.6)

If 7,=0 in (1.1) and (1.2), the H-function of two variables will be denoted:

by H,[x, y] or Hl[;] and ¢(s,?) will be denoted by ¢,(s, 2).

Also to save space, three dots “...” appearing at a particular place in any
H-function of two variables indicate that the parameters are the same as those:
of the H-function of two variables defined by (1.1).

2. Results Required

By an appeal to the familiar result due to Reed [9, p.565] we easily arrive:
at the following ihtegral

TTxu—lyrlHl [ax’, by"]' dx dy___a—u/:g—u/a ¢l<__1‘_ —1)51("'&);62(_%}}1
0 0

pro-vid;ed that | | |
(i) The conditions (i) and (ii) given on page 119 in the paper by Goyal [4F
are satisfied. |
,_ (iD The set of conditions (l. 4) to (1.6) are satisfied. .
(i) p,0>0 '
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. “pl g?jnz[Re( f} )] <Re(n) <p , ggﬂg[Re( I;Cj )] and

o min [Re(F1)] <Retty<o_min [Re(-p)]

_ 1<j<my ] 1<j<n, ]
_Also making use of a known result by Gupta and Goyal [7, Eq. (2.3)] we get:
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(2.2)
where
(i) The conditions (i) and (ii) given on p.119 in the paper by Goyal [4] are-
satisfied. '

(i1) The conditions (1.4) to (1.6) given just above are satisfied.
(1ii) p,0>0,

~Re(D) —p min [Re(g )| <Re(®) <o, min [Re( = i

1<ji<m, F; 1<i<n.- ’Ej
—Re(u) — JlgI?g}n [Re( f} )] <Re(0) <o 112;2’2 [Re<—1;je.f )] n _3_

Again, by an appeal to the Neumann expansion given by Abiodun and Sharma

[1, p.260), we have
- A+ U+v -

5 +m, - 2 7 l
xuyu=2u+um = (2+2m)(ﬂ+2n)1" P P ]1+2m(x)
_1_1" 5 Fme, 14— 2—-—+nJ
* ]#_}_zn(y) ~ (2. 3)

:*"a

Now, we give generalization of the above Neumann exXpansion in terms of
the H-function of two variables:

LEMMA. If o, 0>0,

01<; glmg [Re(—?—)])a ma}i.. [Re(—2, . 70] |
f; T

al g}glml[Re( F, )]> max [Re(-v, —-w],
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¢ min [Re(-l_cfl-)]> max |Re(s, ——-)| and

1< <n, €;
1—-e,
o, min, [Re(~7 1)]> max [Re(o. ~-)
then
KOy =4pa[¢1(_—:j—, -—g—)al(_-%-)ez(_—g—)]_lm: QA-+m) (u+n)

Atutm, putovt+n ) : . ”x_l---:(l—-Z--m, )}
r Hu.o.mg.ﬂg-ll.m,.n,—!—l 0

L__/?-—?J‘i‘m"!‘l. g—v+nt1_ pqul:p2+2-‘?2:pa+2-‘?uhy_lj_" .
(A +Atn,0) s A—-p—n,0), ..., A+p+n,0)”

(2. 4)

-provided that .
(i) the conditions (1) end (ii) given on p.119 in the paper by Goyal [4] and
the conditions (1.4) through (1.6) are salisfied.

(i1) The double series on the righi-hand side of (2.4) is absolutely convergent.

PROOF. To prove (2.4), replace x,y,#,v,4 and p by &§,7, 2u 2v, 24 apd 21t

20 20
§ , . ] and
X y

Jintegrate with respect to & and » over 0 to oo, then use the formula (2.1) and
-{2.2), we get the desired result (2.4).

respectively, multiply both the sides of (2.3) by f‘_lrflﬂl[

If we set p;=¢,=0 in (2.4), use a known relult [4, p.123, Eq. (3.4)] in it,
‘the double series breaks into two independent series over #2 and #, and there-

tore we have

| l1—-d.— —i—> c-—l—e-——-ﬁ ) 16+ A m_
'; J 2+11 2’ J j n2+1.p3.
X (J —2,0}: (A+m)I’ ( 0 /T ne ( 0

m=0 (44 {4 _
_(d}+517>1' ﬂf:, (1_6;—81?-)1.’12, 1+Z Z&"I‘??Z _
| szu.lr;ﬁlﬂx—lr (L=2A—m, 0), (€)1 ,, (L+A+m, 0) (2. 5)
P14, g ] (d}’ Gj)l.qﬂ ~

~where,

Hig q. n, _
A=320,~ 30 0;+5 e, 55 60,
I 7 ,+ 1 T |
d.

largx| <——— z, 00, ‘012;12_1 [Re( a-..{ )]> max '[R_e(—zc, - A)]
e J
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and

p min [Re(~ )]> max [Re(u, —)]

]
" Further, if we put all &’s, 0°s and p equal to one in (2.5) we arrive at a

known result by Abiodun and Sharma [1, p.260]. |
Also, if p=1, #=A in (2.5), we arrive at the Neumann expansion in terms
of H-function given earlier by Srivastava and Daoust [11, p.453, Eq.(2.7)].

3. The Main Expansion Formula

—~ &V oy . -
o, nl'*‘ﬂfg'l‘m’; T eer T oees ax y L A
xuvap+,+,+, +p’+’+p"...'... 0 =
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(U=¢;=0E, By, (Itptm 1) omrziel @ T (3.1)
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where L stands for (czj; o, Aj)l.nl’ (cz"j.; eé‘}, 55})1_ s (f;.; uF}, TFj)Lq.-..

(d;; €0;,00 Darrtae (G5 0p A, 11 4 (&;; e8;+vB,, 0B;+TB)y o5

M for (.*fa.,-;,B.,,B.)1 "y (.-:z'.; ea}+uf1}, 5&}+TA})1'p,l, (c}; ea}, 58})1,;)?
(3' TE )1 p. and

F. . for (1 A—m—u;,e0), (1-u—v—n;v,1), (a a A)lp,
(A+A—wutm;e,0), (A4+u—v+n; v, 7).

The formula (3.1) holds for all finiie values of x and y, if

(i) The conditions (i) and (i1), modified appropriaiely, given on p.119 in the
paper by Goyal (4] are satisfied by H-function of two variables occurring on
the left-hand side of (3.1). | |

(11) The conditions (1.4) to (1.6), modified appropriately are satisfied by the
H-function of two variables occurring on the lefi-hand side of (3.1).

(i11)) Re(#)>0, Re(#)>0, ¢,0,v,7=0 (not all zero simultaneously)

(iv) The double series o the right-hand side of (3.1) is absolutely convergent.

- PROOF. Writing contour integral for H [g] involved in flie'right-haﬂd side of
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(3.1) by (1 1) changmg the order of integration and summation, which 1s
permissible under the conditions mentioned w1th (3 1), we get

rohs. of (3.1)=(/2m7, f (s, )0, (s) 6. (t)a %
A+m+u-tes+0t, put+n+vdus+t i

r N

4 Z’ (Z+m)(#+n)]"

| =0 1+ A+m—u—es—0t, 1+yu+n—v—ys—1l]
: ‘ 1 1 _.?:_L I |
0,0 . m,, sy,
) Hpr‘“qu :ﬁ’a+2,q", :p’n—}—zlﬁ": y—l } dS dt (3. 2) _
.
X

where the remaining parameters of H| _,| are the same as those given in

(3. 1).
Now applying the lemma (2.4) with o=0=1, n,=#,=0, we easily arrive at
the left-hand side of (3.1).

REMARK. The expansioy formula (3.1) can also be generalized to yield the
multi-dimensional expansyshal formula for the A-function of several complex

variables [10]. The formula can be developed by following the lines similar to
those indicated while proving the formula (3.1). We however omit the details,
on account of triviality of analys'is Involved.

4. Some Interesting Deductions.

In the expansion formula (3.1), if we set p,=¢q,=v=7t=v=0, apply a known
result [4, p.123, Eq. (3.4)] and sum the series over » with the help of a
special case (o=1, n,=0) of (2.5), we are led to the following resu t:

— & ' ’ Y
x”ﬂ' 0, ”I"l'm’ﬂ voeve S .er ax (aj; aj’ AJ)L ?Zl’ (d: 851, aa‘j)liqﬂ':r
D@ tP st il 2 9| 2 e Je
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(a )ﬂ 11 cor 2 ese e
| P1 _ m o
- 2E(Z+m) qup,+2 X
(d;' 2"5115 )1 q 2 ) 0,”1"1"1 * aer ! ..._ a
A+m, 1), (c; tue, e . (—A=m,1)_ htdqiei g |

(1—-A-m—u;¢e0),,A+A+m—u;&,0) ]
_ 4.1)

Tple - "} i

provided that |
(1) The conditions (1) and (ii), modified appropriately given on p.119 in the
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paper by Goyal [4]: are satisfied by the H-function of. two w}‘z'ables oCCuUrring
on the left-hand szde af (4. 1). | |

{11) The conditions (1 4) to (1 6) modzfzed approprzately are satzsfzed by the

same H-function of two variables.
(iii) Re(u)>0 g,0 >-O (/wr batk zero szmultaneousl ).

(v) A’ = :a" e —-Z’e >0,

i=1 7 j=wm,+1d j=177 |
(v) The series on the rzghz‘ -hand szde of (4. 1) ts absolutely convergent.

ﬂjZf»’j (.7'—1, 2,3), i:&‘j:l (z._ e '?22;
and make use of results by Goyal [4,

If in (4.1), we put_ €=0=m,=m;y=1,
=1, p,), A=u, d;=f,=0, 0;=F, =1,
p. 120, Eq.(l1.2); p.123, Eq.(3.3)],
Daoust [1, p.433, E3.(3.1)] after a little simplification and change in param-

we get a result due to Srivastava and

eters. This result itself is generalization of many other known expansion

formulas.

Further, if we put #z,= p'2=q'2=0. replace x by x2/4 in’ the expansion formula
(4.1), usez the results [8, p.538, Eq.(4.1); 3, p.219, Eq. (44)] therein and make
slight change in parameters, we easily arrive at the following result: |
| 2%a
2%
£ L)

(4.2)

The formula (4.2) holds for all finite values x and y for the conditions easily
deducable from (4.1).

It is quite obvious that the special case of formula (4.2) will yield a special
case of formula (r=2) due to Srivastava and Panda [10, p.176, Eq.(3.16)].
Again the formula (4.2) gives a result due to Goyal [5, Eq. (3.1)] when
p,=¢,=0. Evidently (4.2) also includes the expansion formula by Abiodun and
Sharma [1, p.260] and others, |

On the other hand, if we put p;=¢,=0 in (4.1), we get the following formula
after applying the result [8, p.595, Eq.(2.2)] in it: . -

Ty

“ UH' onl.l.m’.l..ml ove 7 oo
v 0 R T T O S o 2P RIRILENELE bxfyyt M’ *ere S aae
o (d’ +m§' 6‘) o -
=4 5 Atm@rnH, " 5 20
m,n=0 Cobat2) .(Z—!—m 1), (c;tue, ey 4, (=A=m. 1)

_axeyp' L7 % e 2 ead7] .
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g e P B O ]
¢ 0 D3 t2 ! ' ’ g — 3
ST D), ek By (Cumm D)
.““o,nr+2:'";£""q @ }:mnn L ] S | | o
Hp1+4IQ1 NN LD b I " e ; o : S | | (4 3)

where L’ stands for (e a, A])l "y (d &l d‘d‘ A1,y T3 uF 'Z'F )1 zo (&5 €0,

551)mi+1q,,. (cz a, A)n,—[-l M~ for (b,B B)lq (c ee é‘e)lp,, (e uE

TE )1 5, and F, for the quantltles mentioned with (3 1)

- The cond1t1ons of validity of (4.3) can be easily obtained from those given
with (3.1). | | |

The expansion formula (4.3) is also sufficiently general in nature and would
'_reduce to recently obtained formula of Gupta and Goyal [7], if we appeal to

the known results 8, p.598, Eq..1); 3, p.219, Eq.(4)]. This special case
also includes a result of Goyal [6, p.122, Eq.(3.1)].
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