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1. Introductien

- E‘_

The concept of the measure of non-compactness of a bounded set in a metric
.space was introduced by Kuratowski [5]. In [4], Furi and Vignoli used this
mnotion to prove a fixed point theorem for continuous densifying mappings which
are weakly contractive with respect to a lower semi-continuous function. Later
on, Thomas [7] gave an improvement of the fixed point theorem of Furi and
Vignoli by placing conditions on the iteratses of the mapping rather than on the
mappings itself. In this note, we introducz thz concepts of pairwise-densifying
mappings and pairwise-weakly contractive mappings with respect to two lower
seml-continuous functions, and establish a result on fixed points for such mappings
which 1ncludes both the above theorems as particular cases. To achieve our
goal, we first prove a fixed point theorem in compact space. This subsidiary
result generalizes fixed point theorems of Edelstein and Bailey.

We bzgin by introducing the following notations and definitions. Throughout
this paper, let X denote a set, and S and T self-mappings of X.

DEFINITION 1.1. Let A b2 a bounded set in X. Then the measwre of non-
compactness, a(A), of 4 is the infimum of all e>0, such that 4 admits a finite
covering by sets of diameter less than & Some 1mportant properties of the
measure of non-compactness are listed below:

(1) a(A4)=0 < A is precompact.
(i) a(A)=a(Ad), A stands for the closure of A.
(iil) a(AUB)=max{a(4), a(B)}, where B is a bounded subset of X.

DEFINITION 1.2.(cf. [4]). The mapping T is said to bz densifying if for e{rery
bounded subset A of X, a(T(A))<ax(A4) whenever a(4)>0. '

A contraction mapping and a completely continuous mapping are examples of
densifying mappings. |

DEFINITION 1.3. (cf. [7]). Let F be a real-valued lower semi-continuous
function defined on XX X. The mapping T is said to iteratively weakly F-con-
tractive at the point x if there exists an integer #(x) such that
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PP, T"P(0) <F(x, y) for all y&X with y#x:.

Wc mtroduce the followmg more general notlons-. -

DEFINITION 1.4, Mappmgs S and T are said to be pazrwzse denszfymg if. for-
every bounded subset A4 of X, with a(A)>0

(TS T(A)) <a(A).
Clearly, two densifying ‘mappings S and ‘T will .be always pairwise-densifying..

" DEFINITION 1.5. Let F ) and F2 be real-valued lower semi-continuous functions.
‘'on XX X. The mappings S and T are said to be pairwise-weakly contractive. with:
‘respect'to 'Fl and F_ at the point x if - | | | -

O F (TSz, STy) <F (%,5)
._a'_nd | | |
G | Fo(STx TSy) <Fy(x, ),

for all yEJi such that y#*x

For S=T (respectively S=identity), we simply say that T"(respectwely T) is:
-weakly contractive with respect to F and F |

2. Main rsults

Firstly, we prove a fixed point theorem for pairwise-weakly contractive map--
pings defined on a compact space X. This result is then used to prove our main
result for pairwise-densifying mappings. = |

'PROPOSITION 2.1. Let X be compact such that ST 1is éon!z’rmoz;s and S, T are-
parrwise-weakly conlractive with respect to F. and F, at all points. of X. Then:

ST or TS has a fixed point. Further, a common fixed point of ST and TS is:
alwaeys unique.

PROOF. Define ¢ : X—R* (non-negative reals) by qﬁ(:c)zFl (x,STx). Then ¢-

is a lower. semi-continuous function on the compact set X, and therefore:

attains a minimum value at some point & of X. OSuppose that §#ST(£) and:
,TS(ST(E))#ST(Q-) Then we have

BTS'T(E)=F (TS(STE), ST(TSTE))
<F (ST, TS(STE))

<F(§,STE)
=@(§). -
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.This contradicts of minimality of §£. Hence either §=ST¢ or -T-S(STE)=ST¢
Thus ST has a fixed point § or TS has a fixed point ST¢. Unicity of a’common.
fixed point of ST and TS is clear from definition 1. 5. I‘ hlS completes the proof.

COROLLARY 2. 2 Lct T be a mappmﬂ' of a compact se! X zm’o ztself wzth T
continuous and also T 1s weakly contractive with respect to F and F at all

points of X. Then T has a unique fixed point.

PROOF. That T has a unique fixed pomt say &, follows 1mﬁled1ately from
proposition 2, 1 by takmg S=T, Now T (TE) (T E) TS, Se T¢ 1S also a
fixed point of T . Uniquencess of ¢ ends the proof.

COROLLARY 2.3. Le! T be a self-mapping on a compact set X with T? continuous.
Let F be a [ower semi-continuous function on XXX such that for all x and » in

X:
2
F(szl TJ’)<F(x:J’), x#y'

Then T has a unique fixed poini.

COROLLARY 2.4, Let T be a coniinuous mappz‘ng' 171 12?23 compact set X such
that T is weakly contractive with respect to F1 and Fz' Then T has a unique

fixed point.

COROLLARY 2.5. Let T be a Continuous mapping of fhe campact sel X into
itself such that for a lower semi-continuous functzon F cm X ><X r,md far all

x, ¥ in X with x#y: S
F(Tx, Ty)<F(x,)
Then T has a unique fixed point. |

REMARK. If F is a metric on X, then corollary 2.5 reduces to a theorem of
Edelstein [3].

COROLLARY 2.6. Le! T be.a coniinuous mapping on a compact metric space
(X,d), and for all x,y in X with x#y,. there exists a positive integer n(x,y)
such that -

* - A5 T <d( ).

Then T has a unique fixed point, . L * : . o7
| ~1 . |

PROOF. Let S=T . Then ST=TS=T" 'is continuous from (*).
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The resudt now follows from proposition 2.1, where d is playing the role of

F1 and F2.

REMARK. Corollary 2.6 resembles clorollary 2 of theorelﬁ 1' or Bailey [1] .
We can also deduce a result like corollary 3 of Bailey [1] from our corollary
2.6,

Now we shall use proposition 2.1 to prove the following:

THEOREM 2.7. Let S and T be paz’rwz'se-denéz’fyz‘-ng mappings on a complele
melric space (X,d) into ttself such that ST and ‘TS are continuous. Further,
let S and T be pairwise-weakly contractive with respect to F1 and Fz' If for

some xOEX, the sequence {xn} defined by ST(:.\tz'w)::t:z”er " T-S(:CZ,szr 1)=x2n+ ) for
n=0,1,2¢+, ts bounded, then either ST or TS has a fixed point. Further, a
common fixed point of ST and TS is always unique. |

RROOF. Consider the set
A=U {z_}.
n=0 28
Then
TSzT(A) ZHL;JO {xzn +2} ’

~ whence TSzT(A)CA, and the continuity of ST and T'S imply that TS?'T(E)
CA. We shall now prove that 4 is compact. Since X is complete, it suffices
to show that a(A)=0. Suppose that a(A4)>0. Then by noting that

A= {x} U(TST(L),
we have |
a(A) =a({xgd UTS’T(4)))
=max {a {xg}, (T ST (A}
=a(TS*T(A))
<a(4),

which is a contradiction. Hence it follows that A4 'i's'clzompact. Since TSZT(?D
CA, the rest of the proof is now identical with that of the proposition 2. 1.:

COROLLARY 2.8. Let T be a self-mapping of a complete meilric space (X,d)
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such that T° is continuous and T is densifying. Further, let T° be weakl y
contractive with respect to F, and F,. If for some x,&X, the sequence {x,}

defz'zzed_ by 72‘2(.1:5”)::1(:jrz y Jor n=0,1,2, <+, s bounded, then T has a unique fixed
point. '

COROLLARY. 2.9. Let T be a continuous self-mapping on a complete melric

space (X,d) such that T is densifying. Further, let T be weakly contractive with
respect to Fy and F.,. Then if some sequence of iterates starting from x,&X
is bounded, T has a unique fixed point. | .

REMARK. If F,=F,, and T is densifying then corollary 2 9 becomes a fixed
point theorem of Furi and Vignoli [4].

COROLLARY 2.10. Let T be a self-mapping of a complete metric space such
that T" is densifying for some fixed integer n, T is iteratively weakly
F-contractive at all poinis in X, and T s continuous at x. I f some sequence
of iterates starting from x,&X is bounded, then T has a unique fixed point.

PROOF. Let S=T""", Then ST=TS=T" is continuous. Since T"" is densifying,
TS°T =(T”)2 1s also densifyin_g. Then by taking F(=F,=F, it follows from
theorem 2.7, that 7" has a unique fixed point. Hence T° has a unique fixed
point. This completes the proof.

REMARKS. Corollary 2.10 is the main result of Thomas [7], and also theorem

2(1) of Lee [6]. From corollary 2.10 we can also deduce . corollary 2,.1(1) of
Lee [6] and a theorem of Bryant [2].

3. Problem and example

Let X denote a non-empty set, and P a non-empty family -of pseudo-metrics
on X such that the collection {Sp(x r):x&X, pEP, r&E(O, +o0)} forms a base

for a Hausdorff topology on X, where S, (x, 7) is the open sphere of p-radius 7
about x. The concepts related to a topology for X to be concerned, will be

those related to the topology generated by P. Also, S and T denote self- mappmgs
on X. Now we pose the followmg problem: |

Can we prove a result analogous to theorem 2.7, when X is sequentially
complete with respect to P, and for all x, y=X, x#y and for all pP
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p(STx, TSy)<p(x,3), p(x >0
=0, p(x, y)=0.
REMARK. Should we solve the above problem, we can deduce theorem 2(II)

and other related results of Lee [6] as corollaries to this result.

Finally, we give an example to justify the statement of proposition 2.1.

EXAMPLE. Consider a set X={e, b} with discrete metric F=F,=F,. Define
mappings S and 7" on X into itself by

Sa=a, Sb=qa, Ta=a, Tb=b.

Then S and T are continuous mappings on the compact set X, and also
conditions of proposition 2.1 are satisfied. This example shows that the mappings
S and T in proposition 2.1 are not necessarily identical. Also, the mappings S
and T can possibly have other fixed points although a common fixed point has
to be unique.
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