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TRANSFORMATIONS OF CERTAIN DOUBLE SERIES. 

By B. 1. Sharma 

1. Introduction 

Bailey [2, p. 30, eq. (1. 2) (1. 4)] have given the foIlowing typical formula for 

~3Fi1) and 4F 3(1). 

ia, b, -m:1 
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a, l + 웅a， b, -m : 1 
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The object of this paper is to obtain transformations of certain double series 

、with the help of (1) and (2). 

The following notation due to Chaundy [3] is used to represent the 

hypergeometric series of higher order and of two variables. 

-Jap) : (bq); (c); x , y 

‘ (3) F 
(ds); (eh): (fk); 

∞ [ (ap)] m+n [(b)] m [(Cr)] nxlllyn 

= 잎= o l(ds)j m+n [(eh)j m [(자 )J IIm !n! ’ 

‘where (ap) and [(ap)] 111 十 n will mean ai"'" ap and (a1) 111 十 n' •••• (ap) lII +n' 

:2. The f z"rst formμla to be proved Z"S 

‘(4) F 

α ; a-2b， 1+웅 a-b, -b; -c-2d.1+융c-d. 

ß; 환-b， l+a-b; l+c-d. 융c-d; 

: F(찌r(β-α+2b+2d) Fi α ; a. b; c. d; 1, 1 

r(β-a)[’(β+2b+2d) - I β+2b+2d; l+a-b; l+c-d: J, 

-d; 1, 1 

va lz"d for R(β-α+2b+2d)>0. 

’ 
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PROOF. We start with the L. H. S of (4). 

α ; a-2b, 1 +웅a-b， -b; c-2d, 1+ 웅c-d， -d; 1, 1 

Fl 
ß; 1+a一 b， 융a-b;'1+c→d， 웅c-d; 

∞ ∞ ( a ),n+n(a-2b)n(1 +웅a-b)n( -b)n(c-2d)m(1+융c-d)m(-d)m 
=~’ ￡’ 

m=On=O 여)m+n(1 +a -b)n 웅a-b η(1+c - d)m(웅c- 에ηgm! %! 

• 
∞ ∞ (α) tU ..L.., 

=옳。뀔껴;;; %! 

n ( -n),(a\(b) ,.( -2b)" 

%1 :b (l 十 a-b)，\.1+2b-씨，rl. 
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∞ ∞ (α) r +s(a) r(b) r(c) s(d) s 

=될 뭘 (1+@ 」 b)r(l+c-djs(이 r+sr 1. s1. 

XF1 [α+r+s; -2b, -2d; ß+r+s; 1, 1]. 

Now we m3.ke use of the formula due to Appell K3.mpe de Feriet [1, p. 22, eq. , 

(24)] 

r(δ)r(δ-α -ß-r) (5) F 1 [α ; ß, r; δ; 1, 1] = 
l' (ò' 一α)1 ’(i -β- ，) ’ 

valid for R(δ-α-ß一r)>O，

= r(ß)T(ß-α+2b+2d) Fj α ; a, b; c, d; 1, 1 

T(ß-α)[’(β+2b+2d) - I β+2b+2d; 1+a-b ; 1+c-d ; J. 

This completes the proof of the formula (4). If we put a= -n in (4), it 

takes the following form. 

-n; a-2b, 1+융a-b， 一 b; c-2d, 1+윷c-d， -d; 1, 1 

(6) F1 . 1 
Lβ , τ a-b, 1+a-b; τc-d， 1+c-d; 

( ß+2b+ 2d) " _1- n ; a, b; c, d; 1, 1 

((::J)n ~Lß+2b+2d; 1+a一 b; 1+c一 d ; J, 
valid for R(ß+2b+2d+n)>0. 

Next we put d=O in (4) , we get following formula ofone variahle. 
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α• -b. a-2b. 1+융aC- b : 1 

(7) &F "l 
- - β， l+a-b. 울a-b; 

- T(β)r(β-a+2b) 
- r(ß-a)r(ß+2b) 

a. a. b; 1 l 
x 3F 2 I _ . _. _. . I 

Lß+2b. l+a-b; J 

In case ß=a-2b in (7). it reduces to a known resuIt. Bailey [2.:p.45. eq. (2)]. 

valid for R(ß-a+2b)>O. 

In case ß=I+a-α -2!1 in (5) and using Dixons’ theorem [2. p.13. eq. (1)] in 

(7) , it reduces to a known resuIt, Slater [4, p. 245, m. 22]. 

In case α=1+a-b in (7), 

α， 1+속α， r: 1 
(8)3F 21 -" 

it reduces to the following formula. 
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1n case r= -n in (8) , it reduces to a known resuIt. Bailey [2, p. 30, eq. (1. 1)] •.. 

3. The second formula.. to.be proved z's 

(9) F 

: a-2b-l. ! +--J;-a-b. -1-b: c-2d-l, ! +上c-d， -I-d:l， 1기 ’ 2 1-2-'" v , ~ v , '" ""w. .L, 2- L 2" u , .L ""'.1.,.L I 

β : l+a-b. 윷a-b-웅 : l+c-d, 웅c-d-융 ; 
-' . 

- I’(ß)r(β-α+2b+2d+2) 
- J’ (ß-α)jτß+2b+2d +2) 

’ 

PROOF. (9) can be proved in the same way as (4) on using. (2) instead of(I) •. _ 

In particular if a = -η in (9) , it takes the following form 

1 , 1 • • • _"_ n ~ • 1 , 1 -n: a-2b-l. ::. + ::. a-b. -1-b: è-2d-l. ::. + ::. c-d.l-d: 1, 1 ’ 2 I 2-"" v , .L v , .... -- ""w. - ~.τr 2 
cl이 F I " ." ι ‘ 1 _ 1. 1 

β : l+a-b. ; a-b- ; : l+c-d. τc-d-r ; ‘ 2 

(ß+2b+2d+2) ,. 
떼，. ‘ 
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From (2) we can easily obtain the fo lIowing transformation 
• '.- ., 

a, 「:-a+1， b，α : 1 - ...... ,[ 
1 ι 1_ r(β+2b+ 1)r(β」α)

.(11) 4F31 • | 
l 울a.1+a-b. β+2b+ 1: I r(ß)r(β-α+2b+ 1) 

1 . 1 -b-1.a-2b-1. ~ + ~ a-b: 1 “ ’ 2 I 2 
X4F31 

β.1+a-b. 웅a-b-놓 ; 
If we put ß=à-2b-1in (Ü); we have 

‘(12) 3FZ 

X3F 2 

웅a+l.파， 

웅aμ.1+얘a-b 
r(a)r(a-α -2b"": 1) 

- 1 ’(a-2b- l)F(a一 a)

1 , 1 
α. - b -1. :, + :, a - b : 1 2 ' 2 

l+a-b. 웅a-b-융 ; ,. 

• 

r(a-2b";'ψr(; a)r(1 +~ 一 b)t’/ g a-2b、
1 M , \"1 1 . ‘ 

r(a)rcz a-2b-l) T(:2 a-b)r( 
/ \.. I 

t 

In case we put a~웅a-b-울 and 

앉oIlowing formula 

1 _, 1 
β=강a+ τ-‘ b in (11). 

{15) 4F:: 

a. 같a+l.b. 울a-b-웅 ;. 1 

÷a, 1 十a →b 후+「La+& ; ‘ r ’ 2 . '2 

- I '(l+a-ò) 
,- P(2+2b) 

1 

j 

‘ 

we get the 
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x r(흉-+웅c-a+b 
I ’( -~-+ 윷a-b 

rC3+2b) 
• 

rC2+b)r(2十a十2b).
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