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MULTIPLEGENERALIZED . PROLATE SPHEROIDAL W A VE 
TRANSFORM .AND .. ITS APPLICATION 

By. S. D. Sharma 

O. Abstract 

In the present paper the multiplegeneralized prolate spheroidal wave transform 

ilias been developed and its useful operational property has been discussed. As 

‘ an application of this new transform we have considered the non-homogeneous 

.cubical region. The source of heat generation lies inside it and is dependent 

‘upon temperature, and the conductivity is variable. 

1. Introduction 

Recently, Gupta [5] has defined the generalized.. Jacobi transform by the 

“equatlOn 

(1. 1) 

where the generalized pr뼈te spheroidalwave function; ø~a.ß\c， x), satisfies 

‘the differential equation [5, p. 104] : 

(1-x2)짧상a β)(c， x)+[(β-α)+(α+β+2)x]뚫 ￠r a)(C X) 

+ [xf,a) (c) -c2X2)]￠α.ß)(c， x)=o， (1. 2) 

X(c) being the separation constants for every value of c. 짧.ß) “ , x) 

,expanded as 

can be 

(1 .3) 

The coefficients d:/(c) can be determined by a five term re걷ecurs 
.. a manner quite para떠IIe려1 to the case of prolate sp야he밍roηo이i뼈da려1 wave functions [4때4써] • 

The inversion formula for this transform is given by Gupta (himself) as 

∞ f~' ß(c) 
f(x) =g c R #얀.ß)(c， x), 

n=u ”’(c) " 
(1 .4) 

~here the normalizing factor, N:. ß (c) , is given by 
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” 、V/ - J= 'o L-j,n 'V /J (2n+2j+α+ß누 1) r(n+j十 1)

×π굉쉰α람끄 

• 

(1.5) • 

2. Representation theorem and inversion formula 

THEOREM 1. 11 I(x, y, z) z's contz"nuous (and 01 bouηded variatz"on) over the 

cμbz"cal regz"on {(x, y, z) : 一 l<x<l ， -l<y<l, -l<z< l}, and zf the mμltzþle' 

genera!t"zed prolate sPheroidal wave translorm 01 f(x , y, z) is given by the equation: 

T {/(x, y, z); (x , y, z)• (p, q, r)} =f(p, q, r) 

= J~lJ~lJ~l (l-x)a. (1- y)a, (1- z)α· (1 + x)β. (l+yl'(l+z)β. 
(a •• β.) ~... -，\ ./.(α，.ß，)~_ .. ,\-1. (a,.ß.) x 1 (x, y, z) rþ~~" /JI/ (p, x)rþ~~，./J'j (q, y)rþ~’ (r , z)dxdydz, (2.1) . 

then 

T-1U(p, q, r): (p, q, r)• (x , y, z)} 드I(x， y， z) 

∞ ∞ ∞ f (p, q, r) 
= 뭔o 뀔o 뀔o NXl， β시P)NX2·βz) (q)NX.，때)(r) 

× 꿇 .. ß.)(P， x)rþ말’ β')(q， y)짧，. ß'\r, z), 

at the poz"ηts 01 the cμbe at which I(x, y, z) is continμous. 

PROOF. By generalized Fourier series [3J , the function I(x, y, z) possesses a. 

(2.2) ‘ 

formal expansion given by 

∞ ∞ ∞ (a， .ß.)~ L •• '\-1.(α，.ß，) ~_ .. ,\-1. (a,.ß,) 1 (x, y, z)= 듀’ ￡’ 도’ Dn n ” ￠， ( P, x)#llg (q, y) ￠ts (r, z), 
n,=O n,=Q ’‘·=o l 2 s ll 
( 一 l<x드1 ， -1드y드1 ， -1르Z드1) (2.3) 

Now, by grouping the terms in (2.3) 80 as to display the total coefficients of. 

봐μ• ß,\ p, x) for .each nl' we can wr따 formalIy 

f(x , y , z)= 도’ 。
。。

(2.4) 

Normalizing the function ’ h 
Y 

, M g 
Q 뾰

 

1 

없
 

V 

때
 

n 
u a -n 

u 

‘ 

t i 、

μ
 

, h 
u 

‘ 

/ ( 
、

、

υ
 

깅
 내 

g 

l 

/ 
1 

、n 
, m 
r we get 

、
、
깅
 

r /
l、

、

υ껴
 j 

g 

l 

，

m
γ
 

、
1
/

”v‘ 。
‘

ι
\
 

、
“
“

o
μ
 

α
 ’” ’

m
γ
 

” ∞
 야
 
셈
 -
ι
씌
 

∞
 [
A따
‘
 

= (2.5a)' 

=Fnl(y, z), say. 
_,. • r ‘ ’ 

(2.5b), 
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The right hand side of (2. 5a) is a sequence of functions Ftl(y, z), %l =0, 1, ••• , 

each represented by its double Fourier series on the left-händ side of (2.5a) on 

the square {(y, z) : -1도y드1 ， -1드z<1}， where the coeffieients: 
。o " 

g Dn,ni”l 찌. ". (r, z). 
na=U - - - • 

of 짧g β，) (q , y) can be determined in a like manner to give us 

”흘 DII싫4αs βJ (}; z) = Nrl βlJ (P;NX2 #a) ( q) 긴 li (1-xfl 

X (1+xl'(1 -y)a'(1+y)앙(x. y, z)짧 .. β，) (p, x)않‘’ ß.) (q, y) 

× 짧 .. β.) (r, z)dxdy, . (2.6a) 

= F n,n, (z) , say. (2.6b) 

Again repeating the above outlined procedure, by eq. (2. 1) we finally get 

= ,,(a , βl) (a2. ￡) (a β ) /" .. "\ J( p, q, r) (2.7) 
N ” (P)Nn (q)Nn s, • (r) 

Thus, by virtueof eqns. (2.3) and (2.7), the inversion formula (2.2) 

immediately follows. 

3. Particular cases 

(i) If a 1 =한 =0 (z" =1, 2, 3) and p=q=r=O, then the integral transform (2. 1) 
reduces to the well known finite Legendre transform. 

(ii) If p=q=r=O, then our transform (2.1) reduces to the well-known Jacobi 

transform. 

(iii) If αz=봐=一 웅(z" =1， 2， 3) ， p~O， q~O， r~O， then our trqnsform (2. 1) 

reduces to the multiple finite Mathieu transform recently defined by me [6]. 

4. Operational" property 

THEOREM 2. 1f f(x , y, z) and zïs pal’tial derivatives are bozeχded over the 

region {(x, y, z) : -1 <x <1, -1<y<1, 一 1 <z <1}, the generalizeJ prolate 

sψheroz"dal waνe transform of dZJferential operator: 

L (3) = (1- x) -a' (1 +x) -ß，꿇r(1 - xf,+l (1 +xl'十1짧. +(r"':"y)-a'(1+y)-ßò 
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꺼 r 1'1 _ _ \a.+l/. , _\ß.+l à[ 1 1" .2.2. 2 2 x숲[(1-z)a.+ (1+z) dz l-(P x +qy +r z Jf(x,y, z) (4.1) 
, . • -

exists and is gz'ven by 

T {L (3) [(X, y, z)} = - [x~~" ß,) (p) +쌓. ß')(q) +책"ß，)([)]!C p, q, r) , (4.2) 

provided that 

f(x, y , Z) , 떻， 

PROOF. By definition (2.1) , we first evaluate 

à -r /. ..,\ a ,+l/. , .. '\ß ， +i강U 

=l l l 1(1-y)ag(1+yF(1-z)%(1+z)8s스 (1 -x)써(l+x)ß， +1뿔 
dx 

× 짧，.ß，)(P， x) 짧‘’ ß')(q, y)딸.ß')(r， z)dxdydz 

-p 
1 1 1 

2 i (1 -x)a' (1 +xl'(l- y)a'(l+y)β'(1- z)a'(l + z)β. 
-1 -1 -1 

x [(x, y, z) ø:a,. ß,)( p, X) ø:a,. β')(q， y)ø:a •. 없tr， z)dxdydz, (4.3) 
711 "'... ~ I n2 ......... ' I n, 

=11 +/2' say. 

Now evaluating the x"integral of / 1 twice by parts, we get 
1 1 

/ 1 =1 (1- y)따(1 + yl'(l- z)a'(1 + zl'향.ß')(q， y) 짧 .. ß')(r, z) 
-1 -1 

1 

X !(1 _x)a， +I(l+x)ß， +lf쁨짧폐(p， x) 一f(x， y， z)꿇짧 .. ß,\p, x)} ldydz 
-1 

+ I I I I [(x, y, z)옳 (1 +xl' +1 (l-x)a, +1옳짧l껴'\ p, X) 
-1 -1 -1 

X(l- y)α‘(1 + yl'C1- z)a'(l + Z)βs짧‘ ß,)(P, X) 꿇"ß')(q， y) 

×야?”a.)(r， z) |dxdydz (4. 4) 

Since the _ first expression within. curlγ brackets vanishes. òn both the limits 

(because of prescribed conditions), the right"hand sideof (4.4) reduces to 

-x(al,al)(P)f(p, q, f), 
”‘ 

(4.5) 
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by virtue of equations (1.2) and (2. 1). 

Proceeding similarly, we obtain 

-ß. ò r 1". ..,\a.+l l"' 1 •• '\ß.+l òf 1 T{(1-y)-aa(1+y) -[(1-y) (1+y) Tl-q y oy L V J/ ，~ , J/ oy J 

= -빨， ß')(q)l (p,q, r) , 

and 

-ß. ò r 1". _,\ a.+l l"" _'\ß.+l of 1 Tl (1- z) -a'(l + z) 값l(l-z)""'P(l+zY'2T~ d~ J-

(4.6) 

= -않 .. ß')(r)1 (p, q, r). (4, 7) 

Thus, by virtue of results (4.5), (4.6), and (4.7) we arrive at the result 

(4.2). 

5. Application in heat conduction 

Here as an application of generalized prolate spheroidal wave transform we 
consider a non-homogeneous insulated cubical region: -1드X드1， -1드y드1， 

-1드Z드1， where u(x, y, z, t) is the temp~rature function. The energy equation 

is given by 

ou _ 0 'T' 0μ o 1" v'" OU ,\, 0 껴 - = --(K --) + --(Kv--) +--(Kz견F) +Q(x, y, z, t). dt - j}x V" % OX .1' 0 oy ，~~ y oy .1' 0 íJz (5.1} 

The thermal conductivities K%, Ky and Kz along the principal axes are 
2, .. ~ 2, '1 /.. 2 proportional to (1- X
W) , (1-yW) and (1- z") , respectively, i. e. , K z=K 0(1- x") , 

Xy=K。(1-y2)， Kz=K。(1-z2)·
The source of heat generation, Q(x, y, z, t) depends upon temperature in the­

form: 
âu 

Ko[(에 -a1)-(이+a1)x] 꺼조-+Ko[(β2-a2) - (ß2+a2)y] a~ 

OU 
+Ko[(β3-a3) - 여3+a;yZ] 구; -Ko[P~xw+q"yw+rwzwJu 

+K。ψ. (x, y, z)f(t). 

The equation (5. 1) thus becomes 
‘ - -‘2 _견2 ， _낀2 
옴￥-=Knl (1-x2)A황-+(1-y)l흉-+(1-Z)l몫 
0& UL - ox'" _. oyW . . ozw j 

+{(암g 
aμ 

OU • .2 
+ {(ß3-a3) -:- (ß3+a3+2)z}격;- - IP‘ x" +q"y"+r"zW}u J 
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+K。ψ'(x， y , z)f(l), 、 (5.2) 

where KO>O and is constant. The ends x= :t l , jí=‘:t 1 and z = :t 1 are ins t.ila ted 

because the conductivity. vånishes there. 

Now, we solve this equation under the boundary conditions: 

{i) μ (x， y, z, t) =0 at t=O, (5.3) 

(ii) Kr짧 
/ 

=0, at x= :t l 

at y= :t 1) for t는0， (5.4) 

at z= :t 1 
/ 

K펴F=o， 

Kz짧=0， 
aμ 8μ 

Oii) μ 견 •• ’ òx ’ òy 
and 격쓰 remain all finite over the boundaries, z. e. atx= :t 1, 

y= :t l , z= :t l. 
Applying the transform (2. 1) and its opeiational property (4.2) , the equation 

(5. 2) now becomes 

서U I T' r"l，(a1oβ1)/ L'\ I -v(cxz.ß"l)/ _'- I 'V(a,.ßa)/_.,,:,: __ 77' 'JTI" 
눔+Ko[X (P)+X (q)+잔， (7)] 강=K。ψ'[(1)， nl ...... ' nz 

(5.5) 

where u and 1jJ' are thegeneralized prolate spheroidal wave transforms 
of the functions μ and 1jJ'. 

Thus, the appropriate solution of this equation isgiven by 

; r~I'_'\ ____ r T? r."(a,, β1)/ L\ I "，(따.ß') I"_' ,,,, Ca .. ß.) 
강=K。￠ f(r)expi - K。lX，1l (P)+Xnz (q)+X”· [ 7) (I--r)}d-r. (5.6) 

O 

The iilVersion. formula (2.3) yields 

∞ ∞ ∞ i (p, q, r) 
μ(x， y， z, t) =Ko 뀔 ，끊o 띔 N Ca, 씬p)N〔a， β')cq)N~αa β')(r) 

"1 "' ... .,. n2 ..... '" na 

(5.7) 

where 강 is given by (5.6). 

REMARK. The multiple generalized prolate spheroidal wave transform and its 

operational property defined .in secs.2 and 3, respectively, can be further 

extended to n-variables. 

6. Conclusion 
/ 

Finally, we conclude that on account of very general nature of kernal in 

our transform. se'veral öther 'transforms obtained earlier follow as Ìts particular 
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.cases. The transform developed in this paper is also applicable to the pro괴cms 

relating to spheroids. The special beauty of this transform is that it eliminates 

more than one variable at a time. This transform may also be useful to obtain 

‘ analytical expressions of interest for certain astrophysical situations involving 

,rotating black holes and radiation [1.2]. 
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