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A REMARK ON INCOMPARABLE 1I1ORPHISMS OF RINGS 

By Chul Kon Bae 

1. Introduction 

Throughout this paper rings wiII be a11 commutative rings with units anu 

morphisms w iII mean unitary ring homomorphisms. The purpose of this paper 

is to study some properties of an incomparable morphism [5. p.28, or 1J and a 

universalIy incomparable morphism [1] . In this paper, we shaIl show that 

if g : .4.-• C is an integral morpbism, thcn C-• B !8l,4C is an incomparable 

morphism for each .4.~B in Proposition 3.1 and , in Proposition 3.3, if f: .4. 

-• B and g : B-JC are two universally incomparable morphisms. then A - ’ 
B !8l AC is a universaIly incomparable morphism. Morcover, we shaIl discuss an 

extension of coroIlary 3.6 [lJ in propesition 3. 5. It is worth for some genenll 

case of B as an .4.-algebra. Lastly, it 、，vi11 be proved that, for a given morph 

ism f: .4.←~B， if A’-• B !8l A .4.' is an incomparable morphi sm (a universaIly 

incomparable morphism) for every faithfuIIy fIat morphism g : A - • A', then 

f is an incomparable morphism (a universaIIy incomparable morphism) respe 

ctively. 

1 want to express thanks to Professor M. Nishi for his kind advices and 

constant encouragements, also 1 am indebted to S. ltoh and A. Oishi for their 

stimulating and kind comments. 

2. Definitions and Prc1iminaries 

Let A be a commutative ring with identity. We let Spec (A) be the space 

of aII prime ideals of A. For P E Spec (A) , we denote by K (P ) the quot ient 

field of A/ . Let f: A-• B be a morphism. For an ideal J of B, we under. 

stand that Jn .4. means f - l(J) and we say that J l ies over the ideal JnA in 

B and that JnA is the contraction of J iDtO .4.. For a ring A, we denote the 

KruIl dimensioD of A by dim A. 

Let B; be an A'algebra for each i E J, where J is an ordered set, and (B; , 

f j,) be an inductive system with 끼‘ : B;--->Bj A.algebra morphism. We denote 

the directed limit of B;’ s by B = lim B;. 
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DEFI :-! ITIO:-.l 2. 1. Let A - • B be a morphism of rings. We say A-• B is 'an 

i1lc011lþarable morþhism if two diffcrent prime ideals of B with the same contr' 

act ion in A can not be comparable. 

DEFI l\ìTION 2. 2. We say [: A-• B is a zmiversal!y inco:Jψarab!e ttlor þltiSl.시 

if C- • B @AC is an incomparahle morphism for each morphism g : A-• C. 

The following proposition 2. 3 is useful [cf. lJ. 

PROPOSITIO :-.I 2. 3. Let [: A • - • B ond g : B-C be tω0 까orþιisms. T hen ‘ we 

have [o l!owing slolm.μ ellts. 

( 1) [[ [ is i1!tegrol, then [ is on illCOI’ψarable 까orþhism. 

(2) I[ [ is snrjectivc, tιen f 셔 an Î1lco11lParable 1Jlorþl!ism. 

(3) I[ b이" f O1zd g are ùlcomþarable morþιisms， theu 50 z.s gf. 

(4) I[ g[ is 0“ incomþarable 1Jtorþhism, tl~en 50 is g. 

(5) I[ [ is 0 "’“ νer 5al! j' i ncomρarable nzor þllism, the’‘ [ is iilcomþarable, 

The other notations of this paper are similar to [5], [6J and [7J , 

3. Main results 

The following proposi tion 3.1 and 3. 2 are proved easily b)' propositiGn 2.3. 

PROPOSIT!ON 3. 1. Let [: A- • B be atl incomþarable 1Jlorp.tdsm. and g : A-• 

C be a1l i1ttegral 1Itorþllism. Then C- • B@A C is all illcOηzþaml-!e …rp?u's끼· 

PROOF. Since g is integral, B-B 0 .4C is integral by change of rings. 

Then B-• B 0 .• C is an incomparable morphism. Hence. A-B 0 AC is an 

incomparable morphism. Therefore C~B 0 AC is an incomparable morphism. 

PROPOSITIOi\' 3. 2. Let [ : A-• .B be a tmiversally …co’llþarable η'lOrphism alld 

g : B - C be an incomþarable 1샤orjJhisjJ1u. The1t B - • B0 .4 C is a깅 씨comp­

arable 1Jlorþhis1Jl 

PROOF. A- • C and C- • B 0 AC are incomparablc morphisms by proposition 

2.3. Thus B-B 0 AC is an incomparable morphism. 

PROPOSITION 3. 3. I[ [: A-• B and g: B - • C are I lCO wúversally incoJJl ­

parable 끼orþιtsηIS， tilell A-• B 0 AC is a 1Iltiversally iltconzþarab!c t1Iorþι.s까· 

PROOF. Let A- • D be a morphism. Since [ and g are universally incofTl 

parablc morphisms, D-• D 0 AC is an incomparable morph ism. On t he other 
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hand, D ε'AC←→(D εA':7) ~AB is an incomparable morp,hism from hJrpothesis 

Thus D•• D @A(C@AB) is an incomparable mOJ: phism. 

The fo io、vmg prOpos lt ‘on 3.4 is a characterization of an incomparable mor 

phis:n when an a lgebn!. is finitely generated Qvcr a field 

PROPOSITION 3. 4. Iet A be a linitely generate1 k-algebra 1νifT， k a liel d. 

ThC1l t.iw fo!lowing statcη'zenls are eq;tlνalent. 

(1) k-~A is all incOinþaγab[e ι'z，orphism 

(2) A is i.'1-teg'ra! 0νer }~ . 

(3) Sδcc (.1) is litμ le. 

(4) Sþ~" (.1) is fh시e mzd discrete 

(5) Sþεc (.1) is discrcte. 

(6) A i.'J A;'ti!!-ù1J~ ‘ 

(7) A is α fi :-!:'tc h-a!gcbra. 

(8) k ’A ls a tt :z γ v~r3ally htC01:ιpara!Jlc ηorþ/ûsm. 

PROOF , Obvio"". (cf. [1] Theo,-em 2_ 9 and [6] p. 92) 

It fo!l。、、 s easily [rom t he definition that A - • B is an incomparab!e morphism 

if and onl y if dim (B @AK(P)) = O for each P든 Spcc(.4). It is useful t o prove 

incomp:uabiliLy in t he neχt propositions. 

PROPOSITION 3.5. Løt A &3 a;z. i';ûcgrα! dOi'l"ia.i:l . Thεn the follo wirzg state­

ηzeηts arc αmz l.:’ιlcnt. 

(1) The i;ltegral closzere 01 A is a Priifer domaúz. 

(2) For cα C}Z X c01'lfai ,ted iη the qιGi' ieηt fi‘ e!d 01 A , A드A [x] is an incompa-

1'ab!e extension 
(3) For each x cmzfai1l8d in the algebra -ic c!osure 01 the quotient lield 01 A , 
A드A [x] is an αcomþa.rab!c exteilsio1t. 

(4 ) 11 B i" an exlensioll domain 01 A ünj the q1totient l ie1d 01 B is algeoγ al C 

oνeγ tlle quotient lield 01 A. the;z A드B is aη incomparable extens{ofl. 

PROOF. \Ve say Lhat a unitary ring extension A.득B is a P extension if. for 

.each b드 B. there c x ists a polynomial in A [X ] hav ing b as a root a nd one of 

the cocfficents of the polynomial is unit [2] . This definition is equivalent to: 

For each "드B， therc ex ists a polynomia l I E .1 [X ] ha ving 0 as a roo t and c(f ) 

” = A. Hcre, (二二;>) is t rivia l so we prove (~二). We assume tha t I(X ) = ε 
i ::::: O 

a i X ', c(! )= .1 a nd I Cx) =ü. Then t here exist 00' "1' O2, "', b. in A such that 
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” ’‘ - ~ ~ " .... Fn r; α;";= 1. We put g (X ) = ε7 b;X. • f; t hen the coefficient of X " of g(X ) 
i .::::O i=O • 

is unit and g(x) = 0. T his last s la tement is a150 equivalent to the statement thaL 

A드 A [bJ is an incomparab!e extension for each bE B [IJ . By [2J Theorem 5, lhe­

in tegral dosure of A in the quotient field k of A is a Prüfcr domain ifi Aζk 

is a P extension and jff A도A [xJ is an incornparabIc extension for each x Ek 

by t Ï1e above a rguments. This completes the proof of the equiva lence of (1) 

and (2). ‘이oreQver， by [2J theorem 6, the integral closure of A in Il is a 

P rUfer domain iff A C L with an algebraic extension L of k is a P extension 

and iff AζA [xJ is an incomparab!e extension for each x in L from the above 

statemen t. This completes the 2ssertion ( l )þ(3) . (3)==>(4): If B is a fi nitely 

generateJ A-algebra, then the statecncnt is lruc by virturc of [IJ and [4J . 

Genera l case is obvious by the foIlow ing lcmma. 

LEM\ 'fA . Lel (B‘’ 지i) be a d z"rected system 01 A • a!geùrcs mzd B= l띤 Bi. 11 
dim B‘ =0 for each iEl, IIIe1l dim B =O. 

PPROOl'. For cach PεSpe“B) ， let Pi= Pr껴. Then B/P=띤 B / Pi is a 

field, that is, P is a maximal ideal of B. 

Since A• • Bi is an incomparable morph ism for each iEl , djm B / i9 .• K (P ) = O 

for each PεSpec(A) . Then dim B 'i9AK(P) =O by the above lemma and the fact 

that (띤Bi) 'i9 AK(P ) =맥 (B‘씬K(P)) [4J. The assertion: (4) ==>(3) is clear. 

Thc fo I1owing two p ropJ3i tions a re 50πle characterizations of incompa rability­
in terms of flalness. 

PROPOSITIO:-l 3. 6. Lel A be au i1!tegra! domailt, alld 1 be a llOl! zero idealof 

tJze þol')'no11lial r끼g A[XJ. Thell A- • A [X J / 1 is a1l illcomparablc morphism a1ld 

1 ~.s inver!ible il/ A•• A [XJ / 1 is flat . 

PROOF. The asser tion is c1ear from corolla ry 2. 20 of [3J and corollary 3. Z 

of [lJ. 

PROPOSITlON 3.7. Lel A be 011 i1!legral/y closed domaiJl, al!d x be a:z elemelll 

Ùl the quotient field o[ A. T hen AÇA [x] is a lZ iJlcomþarable extensioll iνy 1I1C' 

illclusiOIl maþ: A드A [.TJ is a fla l epi l1lorphism. 

PROOl'. (수=) : Triv ia l. 

(=이 Thcorcm 67 [5J : Let A be a local in tegrally c10sed domain and x be 

a n c1ement of the quotient field of A. Assumc that x satisfies a polynomial 

equation with coefficients in A ha ving a t least one cocfficient a unit in A. T hen 
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e ither X or x -1 lies in A. 

Since A is the intersection of localizations of A for each maximal ideaJ , the 

,doma in A is normal iff A M i8 normal for every maximal ideal λ1 of A [8, P. ll5J. 
- 1 

Thus if xεA"， then AM=AM [xJ and if x-'EAM then AM [xJ = (A ,'1\ where y= 

", - 1 and (AM)y a Jocalization. Since A - • B is flat (an epimorphism, an 

incomparabJe morphism) iff AM- • BM is fl at(an epimorphism , an incomparable 

morphism) for each maximal ideal A:l of A respec Lively, the inclusion map 

AζA [x] is a fla t epimorphism 

PROPOSITION 3.8. Lel f: A - ‘ B alld g: A~→A' be ttι o morphisms. 11 A' - • 

B @AA' is an incomparable morþhism(a uniνersal/y incomparable ，/;ηorþhism) and 

g is /aithfutly fla! , then f z's an ùzcotnþarable morPhist，μ (a universally αcom­

parable morPhism) respecμ νely. 

PROO f'. (INC) . There exists P' ESpec(A') for each PESpec(A) by the faithfu J 

f Jatness 01 g. Since A'•• B @AA' is an incomparable, dim(A'@AB) @A,K(P' ) = O. 

Moreover K(P)εiAB~(A'@ AB)@A,K(P') is fa ithfully flat. Thus c1 im K(P) 

@AB =O, which implies f is incomparable. 

(UNIV. I~C). Let A - • D be a morphism. Since A'- • B ?Y AA' is a universally 

incomparable morphism, A' \8:IAD ’ (A'@.4D) @A‘ (B@AA’) is an incom parable 

morphism. On the other hand D~D@AA’ is faithfull y flat by the faithfu l 

flatn ess of g. τherefore D - • D@AB is an incomparable morphism by the above 

s tatement on (INC). 
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