
’ 

Kyungpook Math. J. 
Volume 20. Number 2 
December. 1980. 

A NOTE ON LEVITZKI RADICAL OF NEAR-RING 

By M. C. Bhandari and P. K. Sexana 

Levitzki [5] has studied 10calIy nilpotcnt nngs to àefine the radical of a 

general ring. In this note we extend it to the casc of near-rings. This provides 

a natural example of an F-radical to support the work of Scott [7] and Saxena 

and Bhandari [6]. It is shown that unlike rings. the 10calIy nilpotent radical 

of a near-ring need not contain evcry 10calIy nilpotent one side ideal. An example 

is given to show that the rcsult of Herstein; “ thc set of a lI nilpotent elements 
x 

of a ring R form an ideal if (xy-yx)"=O for alI x. y in R and for some fixed 

positive integer n" does not hold for near-rings. A result of Amitsur [3] for 

rings is extended for a cIass of distributively generated near-rings. 

An algebraic system N = (N. +. '. 0) is calIed a near-η~'ng if (j) (N, +, 0) is a 

group, (ji) (N,.) isascmi-group, (jii) a.(b+c)=a.b+a.c for a lI a, b, c inN 

and (jv) O'a=O for all a in N. A subset 1 of N is said to be an ideal of N 

if (j) (1, +) is a normal subgroup of (N, +) (ii) (a+x)b-ab belongs to 1 for 

all a. b in N and x in 1 and (jii) axε1 for all aεN and xε1. If (j) and (ji) 

arc satisfied then 1 is called a rz'ght z'deat of N. For other clementary properties 

of near-rings we refer to [7]. 

A near-ring N is said to bc 1 ocall y 썽lpotent if every finitc subset of N is 

nilpotent. A distributively generated (d. g.) near-ring N is locally nilpotent if 

and only if subnear-ring gcnerated by every finite subset of N is nilpotent. 

For, let S be a generating set of N , whose every finite subset is nilpotent 

and let F={a l' a2, …, an} be a finite subset of N. Then the sct P={ :t sls is 

in S and appears in the the representation of some aiεF} is a finite subset 

of S. and hence P ’"=(0) for some natural number m. Wc observe that [FJ, 
。。

the subring gencrated by F is .U^ S; where So=FU-F, Sn={x:x is in N and 
;=0 

is a finite sum of finite products of elements from Sn_1}' n=l, 2, 3, …. It is 

easy to see that S~=O for all z'=l , 2, …. and hcnce [F] m=O. The converse is 

obvious. However the two staten:tcllts need not be equivalent for arbitrary near-
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rings. Analogous to rings [3J it is easy to see that a near-ring N is 10calIy 

nilpotent. if and only if I and N / I are locaIly nilpotent for some ideal I of 

N. Thus the sum of two locaIly nilpotent ideals is locaIly nilpotent. Therefore 

L(N). the sum of a Il locaIly nilpotent idcal containing every other locally 

nilpotcnt ideal with L(N / L(N)) = (0). Hencc wc have 

THEOREM 1. The class of all loca!ly ηil þotent near-riηgs is a heredz'tary 

radz.cal class. 

L(N) is caIled the Levzïzki radical of N. For any universal c1ass C. local 

nilpotence gives rise to a C-formation radical [6J. In fact. the c1ass {(A. N) I A 

is locaIly nilpotent ideal of N. NεC} is a C-formation radical c1ass. The proof 

o이f the fo이Ilowing cha없ra따C야tcriza따tion 0아f L(N) in tcrms 0아f prime ideals i섭s s히ihInmrnmlj피ila따 r 

to that for rings [3]. 

THEOREM 2. If N is a near-ring. then L(N) = n íPIP is a þrime ideal wi갱 

L(N/P)=(O)}. 

As an immcdiate corollary. we have the following: 

THEAREM 3. Eve1’y near-γiηg N with L(N) = (0) z.s isomoψhic to a subdirect 

sum of þrz"1ne llear-rings witlz Levitzki Radical (0). 

The relationship of locally nilpotcnt radical with various othcr radicals is 

givcn by thc chain. 

S(N)CI(N)ζL(N)CU(N)cJo(N)ζD(N)ζJ 1 (N)CJ 2(N) whcrc S(N) is thc 

sum of all nilpotcnt ideals of N , I(N) is thc interscction 01‘ all primc ideals 

of N , caIIcd lower nil rαdical. U(N) is thc sum of all nil idcals of N. called 

μpþer nz"l radical, and D(N) , J o(N) , J 1 (N) , J /N) arc as defincd in [lJ. If I 

is a nil idcal of a near-ring N satisfying bα=0 whcncver ab=O for all a, b in 

I , thcn ab=O impliesaxb=O for a I1 a, b in I , x in N and hcncc aX 1 αx2---ax”-Iα 
=0 for x l' x2 • ...• Xn_ 1 in N whcncvcr a" =0, a in I. Thus if F= {α l' a?" ".，와} 

is a finite subset of N , thcn F
m느0， whcrc 11Zo= (ηz • 1)n + 1, m = max {u

1
, η2l ---, 

nn}' ni being the indcx of nilpotcncy of ai • W c have thus provcd: 

PROPOSTION 4. If N is a near-riχg sati’sfyùzg ab=O iηlþhes ba = Ofor all a, (, 

z'n N ,. then L(N) =U(N). 

It is .observed that for a d. g.. near-ring the condition given in Proposition 1 

can be sharpcned bysl s2=Oimplies s2s1 =0 for a11 s l' s~ in S. Another su f[ icicnt 
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condition for the equality of L(N) and U(N) is as follows: 

PROPOSITION 5. 1f N is a near-ring with identzïy satisfying d. c. c. on finitely 

geneγated nU right N-sμbgr0%P tke% L(N)=U(N)? 

PROOF. Let 1 be a nil right N-subgroup of N-subgroup of N and let J be 

any finite subset of 1. For n=l , 2, 3, …, let J n denote the right N -subgroup 

of N generated by Jn = {a1 a2" ,a
ll

' ajεf}. We observe that Il그I2그I3그… is a 

descending chain of finitely generated nil right N-subgroups and hence, J",= 

Im Fr·-=I2lIl for some m. If r=f,u#(0), and 효2 is tI1c right N-subgrollP 
.... ,. 

_ 
... ,..2_ r1tl "Tl1t .r'2nz '1 '1 ...... / TT_ 7 ..,.. 

generated by K~， then K그K2그K‘그j"'，j"'=F"'， and hence O~K그K2그J2111 = J 1/I 
= 

K giving K2~(0) ， K=K2' By Zorn’ s Lemma, there exists a non zero minimal 

N-sllbgrollp M generated by finite nllmber of elements of 1, and M ， K~(O). 

Thus m.K~(O) for some m in M. If (m.K).K=(O) , then K.K드 Ker θ， 

where {}: N • N is a homomorphism defined by {}(x)=mx for all x in N , 

and hence K=효。c Ker {}, cOIitradicting m.K~(O). Thus (m.K).K낯 (0) ， and 

therefore m.K=M by minimality of M. Since kεKζ1， ηz=mk=mk2=---=o. 

This contradiction proves that K=! lIl
=(O) , and hence JIII=(O). Thus every 

finite subset of 1 is nilpotent, and hence 1 is locally nilpotent. 

It is seen that for a near ring N satisfying d. c. c. on nil N-subgroups, S(N) 

=1(N) =U(N) =L(N). In this case J is replaced by 1 in the proof of Proposition 

2. Unlike rings, Levitzki radical L(N) of a near-ring N need not contain 

every locally nilpotent one sided ideal. 

EXAMPLE 1. Consider G= (S9' +), the symmetric grollp over 9 symbols. Let 

T be the near-ring generated by all inner automorphisms of G. Then (T, +, 0) 

is a finte simp1e d. g. near ring with identity. For each x in T define ￠ : T • T 

by 6x(y)=xy for a1l y in T. Then 6x is an endomorphism- Let N be the d. g. 

near-ring generated by the set {{} x' x is in T}. Then N is a finite d. g. near-ring 

with identity and L(N)=(O) [4J. But the intersection of all maximal right ideals 

of N is a nonzero locally nilpotent right ideal, which is not a two sided ideal [4J. 

Locally nilpotence of rings has a further interesting feature (given by Amitsur): 
n 

If there exists a fixed positive integer n such that x" =0 for all x in the ring, 

then 'the ring is locally nilpotent. The corresponding result holds for d. g. 

near-rings with n=2, and for a class of d. g. near-rings with lz=3 .. , 
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2 
THEOREM 6. I! N z"s a d. g. ηea7-rz·ηg with xw=O !or all x z'η N , then N is 

locally nz"lpotent. 

PROOF. Let S be a multiplicative semigroup generating N. For s1' s2 in S, 

σ ? ? 

0=(S1 +s2)~=sÍ +s251 +s1s2+ s2=s2s1 +s152' 

Thus 

(1) s2s1 = -s1s2 for all s1' s2 in S. 

It can be easily shown that (1) ho ’ ds for all s1' s2 in SU S. If F= {x1' 

T, 
x2' …, x",} is a finite subset of N , then xi = ~’ t ; t in SU-S for all t, j. Hence 

1 j=1 tj t/ 

in view of (1), F mo =(0) wherc mo=η +r2+… +7m+1. Thus N is loca1ly nilpo

tent. 

THEOREM 5. Let N be a d. g. near-ring with geηeratz"ng set 

all x z.n N aηd /=0 !or a!l s z.η S, then N z"s locally nz"lpotent. 

s. If x3=o fo7 

PROOF. For s1' s2 in S, 
2 

0=(S1 +s 2Y =(si: +s~1 +sh+sz) (s1 =s2) =sh51 +s~1s2' 

Thcrefore 

(2) s1s2s1 = -s2s1s2for all s1' s2in S. 

It is easy to varify that thc relation (2) holds for all s1' 52 in SU S. We now 

make an obscrvation that any product of the form y =…s("s(" , where s1 

SU S and • represents some element of SU S, is zerO. For, by (2) , 

y= …S1(SηSra ·--srl)Sr·-

= 一 [---(sfISri---sη)sl(Sr‘sr，…Sη)…] 

=- […sr,sr, (sr.sη…s‘sfl)Sra·--] 
= ---s7l(Sr.Sη…S1sr)sr， (sr .... s1sr‘} 

.. 

=- […Sη(sr‘…SηS1sr，sr)sr. (Sη…Srg)…] 

Hence, repeating this process j + 1 times leaving first sr, fixed, We get 

y= :t […Sηsr，…] =0. 

IS m 

Now. let P= [x1' x2' …, xm] be a finite subset of R. Each xj is of the form xj = 

n, n 

죠?l SiI Sil in SU-S for all t, j. Then P =O with x=η+r2"'+rm +l. Hence R 

is locally nilpotent. 
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In a similar way, it can be proved that a d. g. 

for all x in N , n fixed positive integer, and (2), 

has proved the fo lIowing result. 

땅
 y 

m 

페
 

짧
 

1m 
n 

s --
N satisfying xn=O 

nilpotent. Herstein 

THEOREM ([3]). 11 there exists a lixed posüive integer n such that (xy 一 yx)n 

=0 for all x, y in N , theπ the set 01 all nUpotent eleηzents 01 N is all ideal. 

PROPOSITION 7. 11 R Z-s a locally ηUpotent simple d. g. near-ring, then 

R3=(0). 

PROOF. Let R3￥ (0). Then there exists x in R such thatRXR￥ (0). Consider 

(RXR)={2:/ -mi+aixsi+mi); ai, mi are in R , Si in SU-U}, where S generates 

R. Then (O) 'i= (RXR) is a two sided ideal of R generated by RXR. Hence 
k 

〈쩌RX재R)=래R. So x깐=설 (←-”mz%션i 

Cons허i펴der F={a딴i， S안i I where a띤t”， S한i appear in the representation of X}. Certa떠iIn피lly 

” F is a finite subset of R and so F" = (0) for some positive integer n. 
Now, 

k 
x= .I:::;’ 

i=l 
(-mi+aiXSi+ηz) 

k k 
=설(-mi+at (필 (-mt+aiXSi+mi))s，·커-mj) 

~/' . __ (1) , _ (1) ___ (1) , __ • (1) ,\_ _ __ 1...___ _ (1) 
=설(-mi +ai XSi +mt ); where a 

=찮(←-m싹싹원i2?(“n)μ+a샤i2(”)나x상찍씩싫s직싱암，/?”(“써n서)+m싹싹원ijf(“n)이)기;w빼he쨌re 띤강깐(“…n서) 
=0. 

Hence R=(0). Thus R3=(0). 

? F ·m e f 
i 

a 
U / ‘ 

、--e 
u 

(n) ___ !_ vn 
si are 1n r 
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COROLLARY 8. If R is a simple d. g. near-ring which is locaIIy nilpotent. 

then R2 can not be an ideal of R. (For simple near-rings we assume R2~CO). 
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