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COMPLETE LIFT OF F-STRUCTURE MANIFOLD
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1. Introduction

Let F be a non zero tensor field of type (1,1) and of class C° on an #-di-

mensional manifold ¥V, such that [1]

(1.1) FU4 (=) Y F=0 and F" +(=)"1'F#0 for 1<W<K
where K is a fixed positive integer greater than 2. Such a structure on V is
called an F-strcuture of rank ‘r and degree K. If the rank of F is a constant
and r=7(F), then V  is called an F-structure manifold of degree K(=3). The

case when K is odd has been considered in this paper.

Let the operators on V, be defined as follows [1]

(1.2) l=(---)KFK_1 and m=1-+( )KJFIFK_1

where I denotes the identity operator on V .
From the operators defined by (1.2) we have [1]
(1.3) I+m=1I and I°=/, and m =m.
For F-satisfying (1.1), there exist complementary distributions L and M cor-

responding to the projection operators / and m respectively.
If rank (F)=constant on V, then dim L=7, and dim M=(xz-7r). We have

following results [1]
(1.4 (a) Fl=IF=F and Fm=mF=0

(B) pE~Y=—7 and F¥ 'm=0

2. Complete lift of F-structure in tangent bundle

Let |48 be an z#-dimensional differentiable manifold of class C™ and Tp(V,,)

the tangent space at a point P of V_and T (V”)=PUVTP(V”) is the tangent
= n

bundle over the manifold V .

Let us denote by 7 :(Vn), the set of all tensor fields of class C° and of
type (r,s) in V, and T(V,) be the tangent bundle over V . The complete lifts

0

FC of an element of 9 i(Vn) with local components F:.’ has components of the
form [2]
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F: 0
(2.1) FC:y .
oF, F,
Now we obtain the following results on the complete lift of F' satisfying (1.1).

THEOREM 2.1. For FE9I i(Vn), the complete lift F© of Fis an F structure
if it is for F also. Then F is of rank r, iff F ¢ is of rank 2r.

PROOF. Let F, G €97 ;(V,). Then we have (2]

(2.2) (FG) =F“G®
Replacing G by F in (2.2) we obtain

(FFR)¢=FCF°

(2.3) or, (FH°=(F")*

Now putting G=F" " in (2.2) since G is (1,1) tensor field therefore Frl

is also (1,1) so we obtain
(F FK—I)C:FC(FK—I)C
K
(2.4) (FH=FHE
Taking complete lift on both sides of equation (1.1) we get
K K+1,.C
(FO+ (=) =0
which is in consequence of equation (2.4) gives
(2.5) (FO + (= =0
Thus equation (1.1) and (2.5) are equivalent. The second part of the theorem

follows in view of equation (2.1). Let F satisfying (1.1) be an F-structure of

rank 7 in V,. Then the complete lifts / “ of 7 and mC of m are complementary

which in view of (2.3) becomes

projection tensors in T(V ). Thus there exist in T(V,) two complementary dis-

tributions % and M ¢ determined by /¢ and mc respectively.
3. Integrability conditions of F-structure in tangent bundle

Let FEﬁ"“i(Vﬂ), then the Nijenhuis tensor N, of F satisfying (1.1) is a
tensor field of the type (1.2) given by (2]

(3.1) a) No(X,Y)=[FX,FY)-FIFX,Y]-F[X,FY]+F"[X,Y].

Let NC be the Nijenhuis tensor of FC in T(Vﬂ) of ¥ in V , then we have
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b) N°(x¢, vO=1F°x° Fv% -F°1Fx° v
-Fx° FY9+@FHCx©, va.
For any X, Y& 5 é(Vn) and F&9 i(Vﬂ) we have [2]

3.2) a) (X YO=(x, 71° and (X+7)°=xC1+y°
b FCx“=Fx)°.
From (1.4)a and (3.2)b we have

(3.3) Fom® = (Fm)=o.

THEOREM 3.1. The following identities hold

3.4 @ Nm xC, mvO=FmxC mfye,

3.5 G  «aN&C rO=a°1Frx° FYY,
(3.6) (D) mC N xC, 1vH=m 1F*x° FY°,
6.7 (iv) (=Y mNOFH X%, FHF Y=

=mC1°xC, 1Y,
PROOF. The proofs of (3.4) to (3.7) follow by virtue of equations (1.4),
(3.1)b and (3.3).

THEOREM 3.2. For any X, YET é(Vu), the following conditions are equiva-

lent.
(i) mCNC(xC, v =0
(ii) mENCUCx©, 17 =0,
, (iii), (—)KmCNC((FK—Z)CXC, (FK—-E)CYC)zo.
PROOF. In consequence of equation (3.1)b and equation (1.4), it can be eas-
ily proved that N°(°X°, I“v©=0 iff (=)"N(F* 5", FEHY%H=0
for all X, YEIT (V).

 Now r.h.s. of equations (3.5) and (3.6) are equal which in view of the above
equation shows that conditions (i), (ii) & (iii) are equivalent to each other.

THEOREM 3.3 The complete lift M Cof the distribution M in T(V,;) is inle-
grable iff M is integrable in V. .
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PROOF. It is known that:the distribution M is integrable in V. iff [3].

(3.8) [lmX, mY]=0 {or any X, YEfé(Vn)
Taking complete lift of both sides of (3.8) we get
(3.9) 1“mt X, m“r“1=0

C

where lcz(I—m)C-—-I——m , 18 the projection tensor complementary to m. Thus

the conditions (3.8) and (8.9) are equivalent.

THEOREM 3.4. For any X, YEST é(Vn), let the distribution M be integrable
in V., iff NimX, mY)=0. Then the distribution M “ s integrable in T(V ) iff
ZCN C(mc}f C, mCYc)———O or equivalently, |
N X, m“v"=o.
PROOF. By virtue of condition (3.4) we have
N xC. mCYS=(FO)2 m€xC, mCyC.
Multiplying throughout by /¢ we get
ZCNC(mCXC, mCYC) __ (EC)QZC [mCXC, mCYC]
which in view of equation (3.9) becomes
(3.10) ZCNC(mCX C, mCYc)ZO. Also in view of (38.3) we have
3.1 mENC@Cxt, mfr©)=o.
Adding (3.10) and (38.11), we obtain ([C+mc)NC(chc,

Since ZC—I—mczfch we have Nc(chc, mCYc):'O.

mCYC) =0,

THEOREM 3.5 For any X, YETI (IJ(VH) let the distribution L be integrable
in V. that is mN (X, Y)=0 then the distribution ¢ in integrable in T(V ) iff

anyone of the conditions of theorem (3.2) is salisfied.

PROOF. The distribution L is integrable in V il ml/X, [Y]=0.

Thus distribution LC is integrable in T(V ) iff mc[ZCXC, ZCYC] =Q.
so the theorem [ollow by making use of equation (3.7). We now define

following
(i) distribution L is integrable

(11) an arbitrary vector ficld Z tangent to an integral manifold of L.
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o+

(1i1) the operator £, such that 1:5‘ Z=FZ.

In view of equation (1.4), the induced structure F of F is an almost complex

structure on each integral manifold of . and ¥ makes tangent spaces invariant

of every integral manifold of L.

DEFINITION. We say that F-structure is partially integrable if the distribu-
tion L is integrable and the almost complex structure /' induced from F on each
integral manifold of L is also integrable.

b
Let us denote the vector valued 2-form N({Z,W), the Nijenhuis tensor cor-

responding to the Nijenhuis tensor of the almost complex structure inuced from

F-structure on each integral manifold of L and for any two Z, W&o é(Vﬂ)

tangent to an integral manifold of L, then we have

k x k. k% x * %9
(3.12) NZW)=FZW|-FFZW)-F|[Z, FW])+F [Z, W]
which in view of (3.1)b and (8.12) yields

(3.13) NCuCxC, 1YS=N°ucx¢, i°v)
THEOREM 3.6. For any X, Y&EI é(V”) let the F-structure be partially inte-
grable in V i.e., NUX, IY)=0. Then the necessary and sufficient conditon for

F-structure to be partially integrable in T(V ) is that NG X, v =0 or
equivalently
NOFEHXC, (FE5r% =0
PROOF. In view of equation (1.4) and equation (3.1)b, we can prove easily
that
NCEExC, 199 =0 iff NOFEH%C, (FE3Y =0
for any X, YGﬁ"{;(V’l).

Now by making use of (3.13) and theorem (3.5) the result follows immedi-
ately.

When both distributions Z and M are integrable we can choose a local co-
ordinate system such that all L and M are represented by putting (z—7) local
coordinate constant and 7-coordinate constant respectively. We call such a
coordinate system an adapted coordinate system. It can be supposed that in an

adapted coordinate system the projection operators / and s have the component
of the form
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I, 0 0 0
[ = , =
0. 0 S\ I,

respectively where I, denotes the unit matrix of order ‘" and I,__ is of order

(n—17r).

Since F satisfies equation (1.4)a, the tensor F has components of the form

i; —

is an adapted coordinate system where #, denotes 7 X7 square matrix.

DEFINITION We say that an F-structure 1s izntegrable if
(i) The structure F is partially integrable,
(ii) The distribution M is integrable i.e. NmX, mY)=0
(11i) The components of the F-structure are independent of the coordinates
which are constant along the integral manifold of L in an adapted system.

THEOREM 3.7 For any X, YET (l) (V) let F structure to be integrable in'V
iff N(X, Y)=0. Then the F-siructure is integrable in TV ) iff
N°x€ v9=o.
PROOF. In view of equations (3.1)a and (3.1)b we get
- Nex© vOH=wx, ),

since F-structure is integrable in V' thus we obtain the result.
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