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HARMONIC PSEUDOMETRIC AND THE PRODUCT
PROPERY OF PSEUDOMETRIC

By Sang Moon Kim

Introduction

Let S be a complex manifold, and let p be non negative real valued function

on SXS. If g satisfies o(w, y)=po(y, ), o(x, ¥)+po(y, 2)=0(x, 2) and e(x, x)=0,
then p is called as a psexdometric on S. We call any system which assigns a
pscudometric to each complex manifold a Schwarz-Pick system if it satisfies the
following conditon:
(1) the pseudometric assigned to the unit open disk is the Poincaré metric,
(@) if o, and p, are the pseudometrics assigned to m nifslds S, and S, respec-
tively, then g,(k(x), R(y))=<p;(x, y) for all holomorphic mapping & : §;—S, and
for any pair of points # and y in §;, that is the pseudometric has the distance
decreasing property respect to the holomorphic map.

Now let g, and o be the pseudometrics assigned to D.and D XD, respectively,
then it satisfies (3) max{g, (¥}, 31, 0,(x5 ¥ )31 =p((a, ¥), (x5 y)) for all =,
¥, in Dy and y,, y, in D,

The Kobayashi and the Caratheodory pseudometrics are the two extremal pseu-
dometrics given by Scwarz-Pick system. The Caratheodory pseudometric is the
smallest and the Kobayashi pseudometric is the largest one which can bs assig-
ned to complex manifolds.

Let P be the Poincaré metric defined on the unit open disk D in the complex
plane and let S be a complex manifold then we consider the real valued [unction
C:8%5—=R such that, Clx, y)=sup{P(g(x), g(¥))|gEG} where G is the sct of
all holomorphic functions g : S—D. The function C is called the Caratheodory
Psendometric on S,

We define the Kobayashi pseudometric £ on a complex manifold as follows.
Given two points x and y in S, we choose points T=2Rg, Xy 5 K1, =Y of S,
points @y, =, @y, by, b, of D, and f, holomorphic mappings S+ £, of Dinto
S such that f;(e¢)=x; | and f,(8,) =%, for i=1, 2, -, k. For each choice of points
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and mappings thus made, we consider the numbers P(a, o)+, +, +P(a, b,).
Let K(x, ¥) be the infimum of the numbers obtained in this manner for all
possible choices. The function X is called the Kobayashi Pseudomelric for S.
One calls a psewdomeiric has the product properly if the equality holds in the
cguation (3). [t is known that the Kobayashi pseudometric has the product
property, see [4].

In the following we construct some pseudometics and show that in some sense,
almost all of the pseudometric does not have the product property. In the follo-
wing pseudometric means always the pseudometric assigned by a Scwarz-Pick
system. [t is easy to see that the Kobayashi and the Caratheodory pseudometrics
assigned by the Schwarz-Pick systems.

Construction of pseudometrics and it’s product property:

Let @ and 5 be given pseudometrics on S, then we define a family of new
pseudometrics ¥, by 7,(x, M =ta(x, )+ =D A(x, y), x, yED and 0<¢<1.

Then it is clear that the y, is a pseudometric for each fixed ¢4

We want to define a new pseudometric H using harmonic functions on complex
manifolds S. We call a real valued function # is harmonic if it is locally the real
part of a hslomorphic function. That is for each z&S, there is an holomorphic
function f defined cn an open neighborhood ¥V of z with real ( f(2))=wu(2).

Let D be the open unit disk in the complex plane and let &G be the family of all
harmonic functions £ on I} which satisfies 2(0)=0and —1<k(z) <1 for all z&D.
For 0<# <1, we define m(r)=sup{k(#) : R=G}. To define the H, we need to
know the wvalue of m(#). The value of m(r) must be known but we have no
convenient references, in the following we calculate m(7) by the method
sugzested by Donald Sarason. Suppose L' and £ be the set of all integrable
and all bounded measurable functions on 2 (=boundary of D). We know that
every bounded harmonic function on D can be represented as a Poisson integral of
a function in L=°. With this setting we want to evoluate m(r) by the duality of
L' with L. Since the bounded harmonic functions can be represented by elem-

» [e] - . oQ - .
ents in L, in the following when ASL we also consider £ as the harmonic

function on D with the boundary value h. Let M={h&L" : h(0)=0}, here h(0)

"
denotes 1/2—::] h(0)d0, that is the value of harmonic function at 0 with
—R
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boundary value k. Let C denote all constant functions on éD, then M can be
considered as the space of continuous linear functionals on the quotient space

L'/C. As an element of the Banach space L1/C, the poisson kernel Pr(6) on D
has norm [ Pr(@)||=sup 1,12::[ - Pr(#) () d#, where h moves all the elements

=K

of the dual space (LI/C)*:M with norm 1. We have the following identities
m()=sup{l(B)| : kEM, 4l = 1}:'lPr(0)H:infCﬁPr(0) —cl
=

where |Pr(#)| denotes the norm in LI/C and [|Pr(@)—c| is the norm in Ll. To

T
know the m(#) we need to evoluate inf 1/2?:[ | Pr(8) —c|db.
c=C —1

7

Let C=Pa(t) =01 —r"!/l —2 ycost +72), then by some calculation we get

e 1—7" [ z—2t )
3 Pr(ﬁ)-671/3‘7{—r1*2?'C059+r") o= 1—-23"c051’~1-r2 \ = i

Taking derivative respect to {, we have that |Pr(f)—e¢| has the smallest value

at f=z/2 and hence c:(1—72/1 ‘Tre). Evaluating (3) with {=z/2 we have m(7)

=_*_ arctapr.
4

Using this m(r) we define the harmonic pseudometric H as the following.

DEFINITION., Let P be the Poincaré metric of the unit open disk D in the
complex plane. Let S be a complex manifold, and set m(x, v)=sup{h(y) : hEG},
where G denotes all of the harmonic function %% S—(—1, 1) with 2((x)=0. Let
n(x, v)=tan ~Z— m(x, v) and consider the real valued function H : SxS5—R, with
H(x, y)=P, n(x, ), for any (x, y) ESxS. We call the H as the hkarmonic

pseudomelric on S.
We list here the properties of the pseudometric H as a proposition.

PROPOSITION 1. The hermonic pseudomelric H is given by a Schwarz-Pick
system, and the pseudometic is differenl from the Kobayashi and the Caratheodory

pseudometric.

PROOF. By the construction it is clear that the pseudomelric H satisfies all
conditions of the Schwarz-Pick system. The harmonic pseudometric H is identi-
cally zero on any compact complex surface hence it differs from the Kobayashi
pseudometric. There is an open sel @ in the complex plane which do not admits
hounded non constant analytic function but it carries a non constant bounded
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harmonic function, see [1], on such a surface we know that H is bigger than
the Caratheodory pseudometric. Hence we can say that the harmonic pseudometric
is different from Caratheodory and the Kobayashi pseudometric. Thus we finished
the proof of the proposition.

Now we want to show that many pseudometrics does not have the product
property. Let <5<y be three pseudometric then we shall show that has no
product property il it is given by a linear combination of & and 7.

PROPOSITION 2. Lef o and 5 be two pseudometrics given by Schwarz-Pick
systems. Then the pseudometric y=Ha +1,8; 0<t;, L, 4, +t,=1, has no product
Lroperty.

PROOF. Let S be a domain with &, 5,&S, (b, b,)=M, 5(b;, b)=N and
M>N. Let S be the open unit disk in the complex plane choose two points @;
and a, in § with a(e,, @,))=K, and M> K> N. Then we calculate the y distance
of ((ay, b, (@, b,)) in DXS.

r((a;, b)), (ay 8,)))=t@((a,, b)), (@, b)))+t,8((a;, b)), (a5 b))

=Max{t,K, t; M} +1, Max{{,K, (N} =4, K +£,N.
But max{r(ea,), (&, b,)}=max{K, L M+t,N}.

Hence we know that max¥'((a;, 8)). (@ 8,))>max{r(e, a,), r(b,, b,)}
hence we see that y does not have product property, and we proved the state-

ment.

NOTE. It is known that the Kobayashi pseudometric is strictly bigger than
the Caratheodory pseudometric on any non-simply connected surfaces, sce
Kobayashi [3], or see [2]. But | have no example of a manifold on which all
of the Kobayashi, the Caratheodory and the harmonic pseudometrics are different.
It is known that the Kobayashi pseudometric has the product property, see [4].
It was impossible to tell whether the harmonic metric has the property or not,
since we have no way to know that it is a proper linear combination of the
other two pseudometrics.

Seoul National University
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