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HARMONIC PSEUDOMETRIC AND THE PRODUCT 

PROPERY OF PSEUDOMETRIC 

By Sang Moon Kim 

Introduct ion 

Let S be a complex manifold. and let p be non negative real valued function 

on S x S. lf ρ satisfies ρ(x. y)= .o(y. x) • .0('<. y) +ρ(Y. z)는.o(τ• z) and p(x. x) = 0. 

then ρ is calIecl as a pseudom etric on S. \Ve call any system which assigns a 

pseudomctric to each complex manifoId a Schwarz-Pick system if it satisfies the 

fo lIaw"ing conditon 

(1) the pseudometric assigned t o thc unit open disk is the Poincaré metric, 
(2) if .01 and Pz are the pseudometrics assigned to m nif JldS S1 and S2 respec

tively. then P2 (1I(X) . h(y))드씨(x. y) fo r all holomorph ic mapping h: SI• S2 and 

for any pair of points x and y in S1' that is the pseudometric has the distance 

dccreasing proper ty respect to the holomorphic map. 

Now let Pi and ρ be thc pseudometrics assigned to Di and Dl x D2 respectively, 

thcn it satisfies (3) max{Pl (xl• Yl )' .0/딩. y2)} s;:ρ((Xl’ y ,) . (x2• Y2)) for all xl’ 
:t"2 in Dl and Yl' Y2 in D20 

The Kobayashi and the Caratheodory pseuuometric5 are the two extrcmal pseu 

dometrics given by Scwarz-Pick system. The Caratheodory pseudometric is the 

smallest and thc Kobayashi pseu domelr ÎC Ís the Iargest ono \vhich can be assig 

ned to complcx manifolds 

Let P bc the Poincaré meLric defined On the unÎl open disk D in the complex 

planc and lct S be a complex manifold t hen \ve consicle r Lhe rcal valued function 

C:S x S• R such lhat. C(x. y ) = sup(P(g (x). g(y ))!gEG} where G i5 the 5et of 

all holomorphic f unclions g : S• D. The lunction C is called the Caratheodory 

PseudometηC on S. 

\Ve define t he Kobayashi pseuclometric K on a complex manifold as follmvs. 

Given t WQ points x and y in S. 、'，TC cho05e points X= XO• x1’ ‘ , xk_ l. Xι =y of S. 

points al • ••.• a. . bl • ... • bk of D. and 1. holomorphic mapping5 11' ... .1. of D into 

S 5uch that/;(a) = x; _ 1 and/,.(b;) = x; for ; = 1. 2 •...• ι. For each choice of points 
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and mappi ng5 lh l1 s madc, we con5ider l hc numbers P (a l' Ú1) + , ... -I- P (ak, b) . 

Let K (x, y) bo lhe in lïmum o[ the n umbers obtaincd in t his manner [or a ll 

possiblc choices. The function K is caIled the KobayasJu. Pse“dometric fOï S 

One αllls a pseudametric Iws Ihe praduc/ praperly if the equali ty holds in thc 

cquaLion (3) . [t is kno‘vn that lhe Kobayashi pseudometric has the producl 

proporty, 5ee [4J. 

10 lhc follo\ving 、ve construct same pscudometics and sho .. \, t hat in some scnse. 

i1 lmo3t all of lhc p3::::udometrìc does not havc the product property. [n t hc follo 

wing pscudometric means always the pseudometric assigned by a Scwarz-Pick 

”’s tem. [t is casy to see that the Kobayashi a nd lhe Caratheo::lory pseudomcLrics 

:lssigned by thc Sehw"arz-,Pick systems. 

Conslruction of pseudometrics and it’ s produ ct property : 

Lcl a and β bc given pscudomctrics On S, lhen 、vc define a ramily o[ new 

fl3e:.tdometrics η by η(x， y)=la(x, y) + (1 - I) β(x， y) , X , YεD a nd 0드t드1. 

Then it is cJcar that the r, is a pseuclometric fo1' each f ixecl t. 

We 、vanl ‘o dc(j ne a nα\T pseudometric H using harmonic funclions on complex 

manifolds S. \.Vc cal1 a real valued function u is harmonic if it is 10ca l1y t he rcaI 

pa rt of a h')lomorphic functio n. That is for each zES, there is 3n holomorphic 

function f dcfi n eιI on an opcn ncighborhood V of z with real ( f (z))= u(z) . 

Lcl D be the open ll J1 it disk in tbe complex plane and let G be the fami ly of a 11 

harmoni c [uncLions Iz on D which satis l' ics Iz (O) = Oand -1 <"(z) < 1 for all zED 

For O< r < l , \\'e de l' ine lIl (r) = sup(h(r) : hEG} . '1'0 define t be H , we nced LO 

know the value of ’n(r). T he 、 alue of m(r ) must be known but we have nO 

convenicnl refcrences, in lhc fo I1ow ing \ve ca1culale 111(1') by lhc mcthod 
l 

suggestαI by Donald Sarason. SUPP03C L' and L- bc t he 5ct of a ll inlcgrablc 

and a1l bounded measu rablc funCL ions On aD ( = boundary of D) . We k now that 

cvery boundcd ha rmon ic function Qn D can be represented as a Poisson inlcgral of 

a function in L∞. \Vi th this sell ing we \Vant 10 evoluate 11l ( r ) by the duali ty of 

L' with t.∞ Since the bounded harmonic fu nclions can be representcd by elcm 
。。

cnts in L-. in the fo l!ow ing whcn h은L 、ve a lso cOIlsider h as the ha rmonic 

functiOIl on D with thc boundary value ι. Let M= {hEL∞ : 11(0) = O}, herc " (0) 
,. :0 

denotes 1/2 π」 μ(O)dfJ， that is tbe 、 a lu e of harmonic fun ction at 0 wîth 
J -;r 
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bouodary value Iz. Let C denote all constant fu nctions on òD, then ν can be 
considered as t he space of continuous linear functionals on t he quotient space 

L1/ C. As an clcment of thc Banach space L I/ C, the poisson kernel Pr((J) 00 D 

has norm I P찌=sllP l/ 2;fn pr(% h(6) d6, 뼈e Jz mo\'cs all 뼈ements 
of t he [ lull space (L l/ C)’ = 111 wilh nOI'm 1. We have the follo‘,vi ng identitics 

m(r) = sapí l(h)l: 11εM . I비 11 = l} = I Pr(O) 11 = inf l :Pr(O) 一 c; 1
α"C 

、vhere IPr(O) 1! dcnotcs lhe nOn11 in L1/C and IIPr(O)-cll is the nOrm in 1.
1
. To 

‘ r 
know the m(r) wc need lo evoluate inf 112π I Pr(O)-c l dO. 

cEC ι -, 
? ? 

Lct C=Pa(t) = (I -r'/ 1-2 rcost + r") , lhcn by some calculation we get 
2 2 

(3) Pr( (J) -c= 112πI ← 1-ι一τ dO-1+←감그------:r-다드쓰) 
J -1 1-2rcosσ +r- 1-27CO성 + r“ 'lf I 

'[‘aking derivat.ivc respect to /, we havc that IPr(8) -c l has thc sma l1est value 
2 .. 2 

at 1 = :τ/2 and hcnce c= (I -r-/l + r") . Evaluating (3) with 1 = π/2 、‘ e have m(r) 

=강 arctanr 

Using this m (r) wc dcfine the harmonic pseudometric H as the following. 

DE" I ~ [T ION . Lct P be the POiocaré mctr ic of the unit opcn disk D in the 

complcx plane. I_ct S be a complex manifold, and set m(x, y) = sup(ι (y) : IzEG}, 
whcrc G denOLes all of Lhc hannoni c fu ncLion μ : S• (-1 , 1) with h((x) =O. Let 

" (X, y) = t30 ~4- ",, (x , y) and considcr the real val ued function H: S x S• R , with 

H (x ,y )= P (O, ll(x, y)) , for any (x, y) ES XS, We call the H as the har끼omc 

þselldome~rιC on S. 

\Ve lisl hcrc the propertìcs of thc pscudomet ric H as a proposition. 

PROPOSITION l. T Jze harmonic þseudometric H is givel1. by a Sc!lUJarz-P ick 

syslem. a.'ld !lte þs!!udomeUc is differeill from tlze Kobayaslu'‘ alld Ihe Caralheodory 

ρseud01Jl elric. 

PROOF. By lhc conslruction iL is clcar that t he pseudometric H sa Lisfies all 

conditions of the Schwarz-Pick system. The ha rmonîc pseudometric H is idenLÎ' 

ca ll y zero 011 any cornpact complex surfacc hence it diffcrs from the Kobayashi 

pseudometric. 'J' hcrc is 3n open sct Q in Lhe complex planc \vhich do not admits 

bounded non constanL analytic functio n but it carries a non constant bounded 
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harmonic function, see [1] , on such a surface we know that H is bigger lhan 

the Caratheodory pseudometric. Hence we can say that the harmonic pseuclometric 

is different from Caratheodory and the Kobayashi pseudometric. Thus we fin ished 

the proof of the proposition. 

Now 、.ve \vant to show that many pseudometric5 does not have the product 

proper ty. Let α<β<r be three pseudometric t hen we shall show that has no 

product proper ty if it is given by a linear combination of α and r . 

PROPOSITION 2. Let α and β be two þseudomelrics gi ven by Sclzwarz-Pick 

s)'stems. Thell the þseudometric r = t1a + fzß ; 0<t1• t2 <1. t1 +t2= 1. Itas 1Z0 producl 

(;roþerty. 

PROOF. Lct S be a domain with 61' 62E S. α(61' 62) = M , ß(61' 62) = N and 

fl/. > N . Let S be the 이JeO unit disk in the complex plane choose lwo poinls a1 

and 안 in S with ,,(<<1' α) =K， and M> K > N . Then \Ve calculate t he r distance 

of ((a l' 6,) , (a2, 6)) in D x S. 

r ( (a
" 

6,) , (a2, 62)) =1 ,,,((a l' 6,) , (a2, 62)) +lzß((a
" 

6,), (a2, Ò2)) 

르y[ax {t，K， t, M} +t2 Max{t2K , tzN} = t，K내 t2N. 

ßut max{r(a,aZ)' (61' 62)}=max{K, t,M +t2N ) 

Hence wc know that maxr ((a l' 6,) , (a2, 62))> max{r(al' a2) , r(61' 62)} 

hence we see tha t r does not have product proper ty, and we provcd t he state

mcnt 

NOTE. lt is known that the Kohayashi pscudometric is strictly bigger th31' 

lhc Caratheodory pseudometric on any non-simply connected surfaces. sce 

Kobayashi [3]. or 5ce [2]. Bu t I have 110 example of a man ifold 0 11 which a ll 

이 the Kobayashi , thc Cara theodory and the hannonic pscudometric5 a re differenl 

l t is knowD t ha t lhe Kobayashi pscudometric has the product property , see [4J. 

It was impossible to lell whether t he harmonic metric has the property 0 1" not. 

SInCC 、，YC have no way to know tha t it is a proper Iinear combination of lhe 

oLhel μvo j.Jseudometrics. 

Seoul National Uni vcrsi ty 
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