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SOME REMARKS ON 6-RIGIDITY

By James E. Joseph

Let X be a topological space and let ACX. We will denote by cl(4) and
3/(A) the closure of A and the family of open subsets of X which contain A,
respectively. Velicko [V] has defined the 0-closure of A (cly(A)) to be {(xEX :
each V& (x) satisfies ANcl(V)#p}; A is O-closed if clg(A)=A. If Q is a
filterbase on X, the G-adherence of Q2 (adyf?) is Q clg(#). It is known [J] that

clg(A)zzf?Agl(V) and, consequently, that adgQ=adl ¥'(F) for any {ilterbase £
Q2

on X. Ais O-rigid in X [DP,] if each filterbase 2 on X satisiying F(cl(V)##
¢ for all FER and VEI(A4) also satisfies AN ady2 #¢. Dickman and Porter
[DP,] have found ¢-rigid subsets to be useful in the study of the extension

function problem for #-continuous functions between Hausdorff spaces. A 1is
quast H-closed [QHC]| relative to X if each filterbase 2 on A satisfies A{lady@

#Z9 [H]. If X is QHC relative to X we say that X is an H(7) space [PT]. A
Hausdorff H(7) space is an H-closed space and a QHC relative to X subset 1S
called an H-set if X is Hausdorff [V]. The author has shown []J} that cls(A4)

is QHC relative to X if X is an H(z) space. It is known that a -rigid subset
of any space is QHC relative to the space and that a ¢-rigid subset of a
Hausdorff space is 6-closed [DP.,].

In this paper we establish that a 6-closed subset of an H(?Z) space is @-rigid
and, consequently, that the family of &-rigid subsets of an H-closed space
coincides with the family of @-closed subsets. As a consequence of this reali-
zation, we are able to improve a number of known results on subsets of H-
closed spaces, to offer a characterization, in terms of #-rigid subsets of various
spaces, of those Hausdorff spaces in which the Fomin H-closed extension
operator commutes with the projective cover (absolute) operator, and to offer
some new characterizations of locally H-closed spaces. We also present a product
theorem for O-rigid subsets.

In our first result we give some characterizations of 0-rigid subsets which
will be used in the sequel. We recall that a filterbase £ on a space X
O-convero~- 'n x€X (2—yx) if for each V&Ed(x) there is an F&Q2 satisfying
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FCcl(V)[V].

PROPOSITION 1. The following statements are equivalent for a space X and
ACX:

(a) A is O-rigid in X.

(b) Each open filterbase 2 on X sczfz'sfyz'ng VW #@ for ell VEQR and WE
2(A) also satisfies ANad27#¢p.

(c) Each filterbase 2 on X satisfying VOW #o for all VELQJE(F) and W&
2(A) also satisfies ANad Q2#p.

(d) Each base, 72/, for an ultrafilter on X satisfying FN\cI(W)#@ for all
FeZ and We&X(A) O-converges to some point in A.

PROOF. It is obvious that (a) implies (b); that (b) implies (c) follows easily
from the remarks in paragraph 1. Under the hypothesis of (d), we see that all
VE%IZ’(F) and W&¥(A) satisfy VNcl(W)#¢ and, consequently, VW #qo.

Hence, assuming (c), ANadyZ'7#¢. Since Z is a base for an ultrafilter on X,
it follows that Z’— g« for each x&E4NadyZ and (c) implies (d). Now assume

(d), and let £ be a filterbase on X such that all FE&Q and W&I(A) satisfy

FNel(W)##¢. Let Z be an ultrafilter on X containing .Q:U{CI(W) s wWel(A4)].
Then all B&EZ and W&X(A) satisfy BNcl(W)#¢. Hence % — 4% for some xEA.

Since x&AMNad,2 we conclude that A is 0-rigid and that (d) implies (a). The

proof 1s complete.

Our next result is a product theorem for @-rigid subsets. If {X o a&d}) is a

family of sets we denote the product of these sets by EIX . and, for a€Ed, we

denote the projection of ];[X ., onto X by 7.

THEOREM 2. Let {X  :a&d} be a family of spaces and, for each a&d, let
A, be a nonempty subset of X o~ A necessary and sufficient condition for [1A o L0
be O-rigid in 11X, is that A, be O-rigid in X, for each aEA.

4

PROOF. The necessity of the condition follows from the readily established fact
that an open continuous image of a @-rigid subset is f-rigid. For the proof of

the sufficiency, let Z be a base for an ultrafilter on I}X . satisfying BNcl(W)
#¢ for all B&€%Z and W& (I[A4,). Then, for a&d, #,(Z) is a base for an
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ultrafilter on X ,. If VEZ'(Aa), then ﬂ:a-l(V)EZ'(E[Aa) and, therefore, any

BEZ satisfies BNz~ (cl(V))=BNcl(z, '(V))#p. Hence z,(B) Ncl(V)#p is

satisfied for all BEZ and V&3 (A4,). Consequently, from Proposition 1 (d),

there is an x &A , such that 7, (Z)—pyx,. Let x&][ X, with 7, (x)=x, for all
4

a&d4. Then xEI}Aa and #Z —gx. The proof is complete.

The following theorem improves a number of known results and is used

extensively in the remainder of this paper.

THEOREM 3. A 0O-closed subset of an H(7) space is O-rigid in the space.

PROOF. Let £ be an open filterbase on the H(7) space X, let A be 0-closed
in X and suppose that VNW #¢ is satisfied for all V&EQ and W&3'(A). Then
Q. ={VNW v, Wed(A)} 1s an open filterbase on X. Hence ¢7#ad,C
cl,(A)Nadl=ANadQ2. Therefore, by Proposition 1 (b), 4 1s §-rigid. The proof

1s complete.

COROLLARY 4. A subset of an H-closed space X 1s O-rigid in X if and only
if it is O-closed tn X.

COROLLARY 5. [J]. A B-closed subset of an H(Z) space is QHC relative lo

the space.

COROLLARY 6. [V]. A 0-closed subset of an H-closed space is an H-set.

Before moving to other results in this paper, we need some additional defini-
tions and terminology. An oper filter on a space X is a nonempty collection of
open sets 2 satisfying the following properties: (1) ¢&&Q, (@) If V, WeQ,
then VNW&R, and (3) If V&2 and W is open in X with VCW, then W&Q.
An open ultrafilter is an open filter which is maximal in the collection of open
filters. Let X be a Hausdorff space and let X*=XU{Z :%Z is a free open
ultrafilter on X}. For each open V of X, let 0(V)=VU{ZEX*-X: VEZ].
Thnen {0(V) :V open in X} is an open base for a topology on X*. X* with this
topology i1s an H-closzd extension of X [F] called the Fomin extension of X
and denoted by ¢X ; X* with the topology generated by the open base {V :V
open in XYU{VU{Z'}:VeZ, Z7&X*—-X} is an H-closed extension of X [K}

called the Katetov extension of X and denoted by xX.
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THEOREM 7. Let X be a Hausdorff space. The following statements are
equivalent for ACX:

(a) A is O-rigid in kX.

(b) A is O-rigid in X.

(c) A is O-rigid in cX.

(d) A is O-rigid in some H-closed extension of X.

PROOF. The proof follows easily from Corollary 4 above, (2.2) from [DP,],
and (3.2) from [DP,].

Now, for a Hausdorff space X, let 06X denote {# : 7/ is an open ultrafilter
on X}, For each open V in X, let O(V) denote {(Z E€0X: V&7 };{0(V):V open in
X} is a base for an extremally disconnected, compact Hausdorff topology on
X [IF]. By Theorem 5.2 in [PV] there is a f-continous, perfect irreducible
function 7:0X —cdX defined by z(Z')=% for each free open ultrafilter Z on X

and 7#(#)=x where x is the unique convergent point of the fixed open ultrafilter
7. 1t is established in [DP,] that if X is a Hausdorff space and ACX, then

:rﬁl(A) 1s compact if and only if 4 is O-closed in kX. In view of this result
and Corollary 4 above, the following theorem follows.

THEOREM 8. If X is a Hausdorff space and ACX, then n_l(A) is compact
if and only if A is O-rigid in rX.

For a Hausdorff space X, the subspace {Z&€0X :7/ is fixed} of 6X is
denoted by EX and is called the eabsolute of X. Using Corollary 4 above and
Corollary (3.5) of [DP,] we obtain the following characterization of those

Hausdorff spaces in which the Fomin H-closed extension operator commutes

with the absolute operator.

THEOREM 9. Let X be a Hausdorff space. Then c(EX)=FE(cX) if and only
if the set of nonisolated points of X is O-rvigid in kX.

A Hausdorff space X s locally H-closed if each point in X has an H-closed
neighborhood [0O]. Properties of locally H-closed spaces have been studied in
[P]. A number of characterizations appear in [P], [PV]. In our next theorem

we utilize Corollary 4 above to offer two new characterizations.

THEOREM 10. The following statements are equivalent for a Hausdorff space
X:
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(a) X s lvcally H-closed.
(b) «X-X is O-closed in X.
(c) kX-X is O-rigid in kX.

PROOF. The equwalence of (b) and (c¢) follows dlrectly from Corollary 4.
To sece that (a) implies (b), let x&X and let H be an H-closed neighborhood of
x in X.If 7 is a free open ultrafilter on X there is a W&Z/ satisfyiﬁg'h‘H W
=. Otherwise adZ #¢. Hence cl_,(H)=H and (b) holds. Now assume (b) and
let ¥&X. Then, since £X-X is O-closed in kX, there is a VEX(x) in X such
that cl y(V)N(kX-X)=¢. Hence cl_,(V)=cl(V). Let Q be a family of open
subsets of X such that Q,={F Ncl(V) : FER} is an open {ilterbase on cl(V).
Since cl, (V) is H-closed and 2, is an open filterbase on cl X(V) we have
qﬁ#ﬂclEX(FﬂclﬁX(V)) ﬂcIEX(FﬂV) ﬂcl(FﬂV) ﬂcl(Fﬂcl(V)) Fherefore
cl(V) is an H-closed subset of X X . is locally H—closed (b) 1mp11es (a) and

the proof is complete,
Finally, we note that the classic example of a minimal Hausdorff non-compact
space [B] has an clement x and an open set V satisfying x&cl,(cl(V))-cl(V).

So cl(V) is not O-closed and, consequently, not §-rigid. Hence cly(4) could fail
to be @-rigid for a subset A of an H-closed space.
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