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REDUCTION FORMULAE FOR HYPERGEOMETRIC 

FUNCTIONS OF TWO V ARIABLES 

formulae for hypergeometric functions 

varia bles i. e. 

By R. K. Sharma and B. 1. Sharma 
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In this paper we give fifteen reduction 

of two variables at the point x = y. 

Several reduction formulae for hypcrgeometric functions of two 

simpler functions 

found in [1 ], 

following notation due to Burchnall and Chaundy 

hypergeometric series of higher order and 

C十웅 
웅+a十b一 c-n; t:I= - 'n.2a. 2b ; 2c, 3F 2 
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3. In this section we prove the reduction formulae. 

THEOREM 1. If Re(c)> -꽃 akd |xl <L tkex 

c+웅 ; a, b ; c-a, c-b ; x, x | a+b-c 
F| - I 1 |=(1-x) 2FI 

c; c+τ ; c+τ ; 
[2a, 2b:2c;x]. (10) 
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PROOF. To prove (10) , we start with the left side of (10). 
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This completes the proof of the Theorem 1 under the conditions stated therein. 

If we take x=웅 and using Baileys’ theorem (6, (III.7)] 
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provided Re(c)>-놓. 

If we take x=웅 and using Gausss’ second theorem [때11.6)] 
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PROOF. (15) can be proved in the same way as (10) by using (4) instead of 

1 (3). In case we take x=τr and using (11) and (15), it yie1ds the summation 
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THEOREM 3. lf c Re(c)>융 and I x I <1, then 

r 1 

c ; a, b: c 一a+τ늑-， 
F I 1 " 

c 一τ;c;c;

c一 b-융 ; X, X +b-c- 속 
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PROOF. (18) can be proved in the same way as (10) by using (5) instead of 

(3). 

1 In particular if wc take x=τε and using (11) and (18), it gives the summation 

formula 
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1 T 1 provided that Rc(c)> 걷-. In case x=걷- and using (13) and (18) , it gives 
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THEOREM 4. lf Re(c)>-울， Re 2c-a-b+웅 >0， Re a+b+웅) > 0 and 

x I < 1, theη 

1 2c-a-b+ ::. ; a, b; ::. +c-a, ::. +c 一 b ; x, x 
F| 1 2 , ’ 2 , 

c+호 ; a+b+호 : 2c-a-b+? • 

=(1 -x)… v ÷ F |2a, 2b, c ; 2c, a+b+울 ; x 
“_ .. _. - ‘ 
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PROOF. (21) can be proved in the same way as (10) by using (6) instead of 
(3). 

THEOREM 5. If Re쩌e씨(μc감+÷)》>0α， Rke(a+b%+f웅;-)>0μan때1띠dl씨x씨|κ<신1 ， 찌 
r . 1 ,. 1 
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+b-c-÷ 「 1 
=(1-x) ‘ 3F212a, 2b, c:2c, a+b+좋 : x (22) 

PROOF. (22) can be proved in the same way as (10) by using (7) instead of 

(3). 

THEOREM 6. 11 Re(c) > 0, Re(2c-a-b+울 )>0， 
Ixl<1, then 

Re( a+b+웅) >0 and 

2c-a-b+ ~ : a, b: c-a, c-b, c-b: x, x 
FI ,.<. , 

c:a+b+호 : 2c-a-b+호 : 

=(1-x)a十b-c3F2[2a， 2b, c+웅 : 2c, a+b+융 : x (23) 

PROOF. (23) can be proved in the same way as (10) by using (8) instead of 

(3). 

THEOREM 7. 11 Re(c)>O, Re(d)> 0, Re(a+b)>O, Re(c+d一 0>0 and 

Ix(1 -x)1 <송， then 

Fra+b:a, b:a, b:x, x 
c+d-1:c:d: 

=4F3la, b, 웅c+웅d， 웅c十웅b-울 : a+b, c, d: 4x(1-x) I (24) 

PROOF. (24) can be proved in the same way as (10) by using (8) instead of 

(3). 

THEOREM 8. If Re(c)>0, Re(b+d)>O mzd lx2| <4l1-xl , thex 

F rd +b : a, b: a, d : x, x 
C~ C~ c; 

f. , .1 , .1 1 , .1 , .1 -x = (1-x) -a F | a, b d, c-a - --b+--d 4' 31 ’ 2 v , 2 -;:, b+ -;:, d+ -;:, .c: 2 V

' 2~' 2 ’ 4(1 -x) (25) 

PROOF. (25) can be proved in the same way as (10) by using (9) instead 

of (3). 

THEOREM 9. 11 Re(c)>O, Re(c’ )>0, Re(a+a')>O, Re(a+b')>O, Re(c+c’ -1) 

> 0 and 14z I < 11- z 1 키 then 

a+a', a+b': a’ , b’ : x, Xl /. , J -c F 1"", 1 ~， ..... , 1 '"'_ 7 ..... , V , ’ 1=(1-x)I-C 
c' , c+c'-l:c:c': J 
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r , 1 , 1 , 1. , 1 -' 1 Fol a, C一 b --c+--c --c十--c --- ; a+i, b+b’, c: -----=~ 
| ’ 2 " , 2 ’ 2'" 2" 2 ’ (l-x)~ (26) 

PROOF. (26) can be proved in the same way as (10) by using (9) instead of 
(3). 

THEOREM 10. If Re (c +웅)>0 and Ixl <1, then 

c : 2a, 2b: c - a - b :.r, x 
F I , 1 _ ~ . 1= 2F 1 I a, 

c+걷〔 ; 2c ; - ; 
b:c+웅 : x 

PROOF. (27) can be proved as (10) by using (3). 

THEOREM 11. If Re(c 十 I)>OaχdlxJ <1, then 

c+ ~ : 2a, 2b: ~ +c一a-b : x, x 1 
F ’ “ 

c+l:2c: - • 
’ 

f _ ., 1 
=2F1 [a , b; c ; xl 2F 11 c-a+τ， c-b+τ ; c+l; x 

I c-a, c-b : c+속 : x 2~. 11 ι 

(27) 

(28) 

PROOF. (28) can be proved in the same way as (10) by using (4) instead of 

(3). 

THEOREM 12. If Re(2c- I) >0 aηd Ix <1, then 

c-÷ ; 2a 一 l， 2b ; ÷十c-a-b; x, x 
FI “ 

c; 2c-l: - --
=2Fl [a, b; c; xl 2F 11 c-a+웅， c-b-웅 ; c ; x (29) 

PROOF. (29) can be proved in the same way as (10) by using (5) instead of 
(3). 

THEOREM 13. If Re(a+b 十웅 >0， Re 2c-a-b+공 l>Oand Ixl<l. then 

c+ ~ ; 2a, 2b, c; ~ +c-a一 b ; x, x 
FI ‘ 1 4 1 

2c-a-b+호 ; 2c, a 十b+향 ; 一 ; 
l_fl , 1 , ,_ ,,] 

=2Fll a, b; a+b+τ ; x I 2F11τ+c-a， 호+c-b : 2c-a-b+호 ; x I (30) 

PROOF. (30) can be proved in the same way as (10) by using (6) il1stead of (3ì. 
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THEOREM 14. If Re (c+웅 >0， Re a+b+웅 )>0 and Ixl <1, theη 

a+b+속 :2a, 2b, c: ~ +c-a-b:x, x 
F I 1 ‘ 1 4 

c+향 : 2c, a+b+좋 ; -

=ZF1lb, c-b: c+융 : x 2Fl a+웅， 1 _ , 1 
c-a+ ;; : c+ ;; : 2 ' v , 2 (31) 

PROOF. (31) can be proved in the same way as (10) by using (7) instead of 
(3). 

THEOREM 15. If Re (a+b十웅 )>0， Re(2c-a-b+웅 )>0， Re(c)>O and 

Ixl <1, then 

c : 2a, 2b, c+속 :c-a-b:x‘ x 
F I 1 L; 

2c-a-b+웅 : 2c, a十b+융 ; 一 ; 

= "F, I a, b: a + b +속 : x I"F, I c-a, c一 b: 2c-a-b+웅 ; x 1. 2~ 11 ι 12' 11 (32) 

PROOF. (32) can be proved in the same way as (10) by using (8) instead of 
(3). 
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