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Introduction.

Internal heat generation is one of the insidious conditions affecting the quality of an
industrial product after it is cast, coated, molded, forged or laminated. Frequently,
the product is pressed into service before the exothermic chemical reactions in the gen-
eric material has been completed. The heat liberated from this continuing chemical
reaction or the residual deformation from the rheological activities in the material must be
adequately removed or prevented, or the product may be discolored, warped, weakened
or even “ignited”* spontaneously. Numerous instances of premature structural failures,
product-recalls, and/or system—malfunctions have been recorded in recent history. The
Coulee Dam was poured with pre-chilled concrete just to negate this freakish encore. It
is well-known that concrete (a non-isotropic conducting medium), for instance, takes
28 days to develop its full strength. During this period of curing it is conceivable that
the processes of internal heat generation, heat conduction and heat dissipation take place
simultaneously inside the medium.

Assuming that the rate of internal heat generation is

g=quz" (T—T,),
where gy, m(assumed to be an integer in this paper) are given constants, x is the
spatial coordinate and T~ T is the temperature differential of the medium. The gover-
ning equation for the temperature distribution in the concrete during the transient
phase of heat transfer is
2

ColT < k2T 4 gam(T—Ty) W
where ¢ is the time, 7 is the temperature, C is the specific heat, o is the density,
K is the thermal conductivity, and T, is the ambient temperature; All material pro-
perties and the ambient temperature are assumed to be constant in this investigation.

The partial differential equation (1) is non-dimensionalized by introducing several
dimensionless variables

T—Ty ._x ¢ L2m
I==g 5 S ok FE%
where L is the thickness of the medium, thus

0 0 | compir ‘
= +5C70 (, 7) =0. (2)

Assume that
& D) =T X

*The term “ignition” here may mean non-existence of stable steady-state temperature distribution.
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where T() and X(J) are functions of ¢ and I, respectively.
Separation of variables in equation (2) yields
? X" I@Zrm_m —_ ,‘> (3)

where 7y is a separation constant. VVe now have two ordinary differential equation

from equation (3), namely,

T 0
,;I.:: —7= (4)
and
T e >
")T n n"»_,m -7 (5}
The solution of equation (4) is of the form
T(z)= Ty 7

which is not an issue of this study.

We shall now solve the second order ordinary differential equation (5). Of course,
we can use the method of Frobenius directly. But, we prefer another way to obtain its
solution.

From equation (5), we have
AT (77 5 X =0

Let X::% Y(J), we abtain
d’y 1 dY Do 2 2, e .
7177 c dg {525"‘ :’7’“—’—Co ] Y () =0. (6)

The equation (6) is so called the Super Bessel Wave Equation on account of the pre-
sence of m, which may assume any interal value, including 2. If m=2, then the
equation (6) becomes the Bessel wave equation.

d%Y 1 dY  [ipen . s (i) N ~
arz r vid "'[ O Y{O=0. (D
The differential equation (7) has been soived for a more weneral order pin "15. In
this paper, we shall treat the simple case of m being an integer, but not necessarily
9

-
o

Method of solution.

Equation (6) is tansposed

1
YOy @ B Y@ gy o).

Now let &=3Z, then

]
d*’Y 1 dY 4 o o &P )
71?’1 T (1- ez Y(§) ¥~p’27:,? Y(9). (&)
The first and second members of the (()mplementarv solution of equation (8) arc

- /2 cos&
2=

T Vv E




Solution of the super bessel wave equation with integral parameter m
The Wronskian of Y1(§) and Y3(§) is
- 1 2
W(E) \’ ’ TCE

Then an application of the method of variation of parameters yields the
particular solution of equation (8).

/3 sing” ’ ﬁz " .
— ’ Y(g') — .
cos y z VE Tymiz ) o, 2 siné
Yp(f):““/z Sf g d&' + %ﬁ
T zE

2 C()gs ( 152 .‘*’m.)
T Tomtl s
L yEhds

Y T\ T Tt
f__i___,__

__2__

~2
o) 1 omi o s "
—;imjz——zﬁzjog”" Z(cosEsing —sin'cos &) Y(E)d¥
S

Multiplying both sides of equation (9) by + &, we obtain
5 s:‘/ A& = = Vet ’
VEY, () =— ‘,?,H fo‘g msin (§— &) VE YE)dE .

The general solution of equation (8) is

Y =C1Y1(5)~CoYa () + Y, (5,

SO

(2= )()___an«BcosE,
Y, (&)= —_—

Hence, we have

VEY(E) —(Asiné- BCOSE):—7ﬂ‘u,j;E"”si11(E~—E') VE Y(£)dE .

nt.

At this point, if we let m=0, we have
S L [2Z (s, e s _ .
VEY(®—(Asiné + Beos§) = n_;%josm (E—5) VT Y(E)dE.
We now take Laplace tranforms of both sides of equation (11), resulting in

e o2 o .
LivEyey =48 o _Loriveve).

1787 72 1+5°
Transposing,
( eyeen (1001 _A+BS
Ll‘\/\Y(SJ}(I 7_3 1’*Sg>— 1;,S2
Therefore,
Asin /1 (!3_) .)g B cos /1 2 25
Y(®= T — 7
VE V' E
For m+0, Laplace transformation of equation kl]) glveq
—rre A+BS 2 m = vy(e
LVEY@) — =L, L (0 G LV EY ).

Let ¥(8)=L{+/ Y (£}, then

B (=Dmamy(S) _A-BS
?,m+2 1 AL,SZ dSm y<S) e 11‘"52

or
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-mi2

‘8‘_

dmy(§) - .

(—1)"(A--BS). (12)
If m=1 equation (12) becomes

dv ) 3
Z’; ~Co(1+ 8% y==C,{A+BS), where (0= ”/ST’

i

Let
y=at gr g g (13
Substituting and equating the coefficients of like terms in the result, Twe obtain
—0, a;= — A ay—— — (Bo4) Lo (24
ay=0, a;=B, a;=, ay=~B, a,= <Co ‘Aj, as= (C[) j
4B 4B  6A 104 |, 9B 28B , 124 |
—_I 1 S S i Bl — 0 1ol Voo
aG CO ‘ Cr)' C!\ B 8 C’(n‘3 ! C” ’l (.Ig <C02 ' C\) B/”
Thus,
B 24 4B
wsy~B. A B ¢ N Pogl g4
J St 82 kg St 55 i St e
and, by the definition of ¥(5),
B 24 4B '
V/?Y(l‘\,—;L—l(’ﬁ‘_‘;_‘iﬁm_@‘_co A4 ,_B G G A ‘ )
IS .S ~,Svl 7 S‘) S’S S“" : ASS SS ......... /.
Finally, we have
=L g 28 & # P8 g
YO=7edCargrgr ) Bl S e )
where &=7
If m=2, a similar procedure vields
2B, 6A . 18B 264
y(S) :f}_,*,__B_,__‘i,x‘ Cu Co _ Cy . Cy
St 8§ &g S? S8 S7 S8
B_44B_601i_
‘ C C?
-t ~“S‘3“~—{ e
where
-
Cl: 3"82 -
Inversion gives
6 26
R e 1—&r
R L (G SN L col S
VE 3! 5! 7!
2 18 44 | 60
e R T Cor A g - .
, g2 C. [y C, ' Cs. ]
CB{l e e g ‘8*)} (1)
If m=3, we have
. 6B 24 54 144
®=-BA B A 5 A Pred AghB Bred
YW =R/T T g7 g TG S5 6 T &7 K 59 ‘

where
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5

CZ::: 22 .
Inversion gives for this case
_ SRS S _5_ 144¢° | >
Y= {A(: e L

B(1-5 &t 68 §6 5467 | & ...
B(1—5 r+ awres e e e )}

One of the solutions of equatlon (8) for m=2 has been given by Moon and Spencer
(1) and is called the solution of the Bessel wave equation

/% | (i>ﬁ(é) 143 )fz]_<§> -85 +5) 5 /32]+ ...... H(15)
FIE Rt T 3L R ETEATEA R

If we take A=

Y(§)=

———— in equation (14), the first series in (14) and the series
a5 O

ver(y)

given by (15) become identical. In view of this agreement we may assume that our

method for search for the solution of the Super Bessel Equation is valid 'for any

integral m.
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