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A Study on the Bit Error Probability of PCM/FM System
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Abstract

The bit error probability of PCM/FM system was derived and numerically calculated.

Binary NRZ-L baseband signal was premodulation filtered to frequency modulate a

sinusoidal carrier, and a common circuit of limiter-discriminator was employed as a

detector. Considering both RF spectrum limitation and bit error probability reduction,

it was found that h = 3WT would be reasonable, where h is the frequency deviation ratio,

W is the bandwidth of a premodulation filter and T is the time interval of one bit.

I. Introduction

The -bit error probability is commonly used
as a measure of performance of digital commu-
nication systems. When the problem of base-
band signal transmission is treated, the analy-

(1, 2]. In the case

sis becomes relatively easy
of FM system, however, derivation of bit error
probability is not so simple because of the

inherent nonlinearity. Some studies on the
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digital FM systems can be found (3, 4], but
the effect of a premodulation filter which
is recommended to confine the radiated RF
spectrum[5 I has not been included in the
studies.

In this paper, the bit error probability of
PCM/FM telemetry system mounted on a
vehicle to acquire various data during flight
test was obtained, considering some system
parameters frequency deviation ratio h and
bandwidth of a premodulation filter W. The
baseband signal assuming to be an NRZ-L
(non-return-to-zero-level) binary pulse se-
quence was premodulation filtered and then
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frequency mmodulated a sinusoidal carrier.
A common circuit of limiter-discriminator
was used as a detection scheme.

Since the digital link was the main object
to be studied,

discriminator circuit was assumed to be ideal.

performance of limiter-
It was also assumed that the channel noise
be additive white Gaussian, and there was
no error due to the failure of bit synchroniza-

tion,
II. System Modeling

The block diagram of PCM/FM system is
shown in Fig. 1. It will be analysed and used
to make some mathematical expressions.
The output signal m(t) from binary data
source is a serial pulses of NRZ—L data and

can be described as

Binary Data mit Premodulation | Mt M s
Source Fitter, hl Transmitter
(NRZ-L)
Additive
White
Gaussian
Noise, n(1)
Limiter Bandpass
Bit BTl (20} i |7 "
Decision kT = -] Filter
Discriminator

Fig. 1. Block diagram of PCM/FM system.

mt) = 3 b, g [t—(n-DT] o
h=-co
where b, is the transmitted binary data that
changes randomly between +1 and —1, and
1/T is bit rate, +1°s and —1’s are assumed to
be equally likely. Using the unit step function
u(t), g(t) is given by

g(t) = u(t) — u(t-T) (2)

A premodulation filter is recommended
by IRIG Standards!®] to confine the RF

spectrum, If tie impulse response of this
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filter is given by h(t), input signal mf(t) to
the transmitter will be
o]
mg t)=h{(t) *m(t) = bn x[t—(n-1)T] (3)
n=-o0
where x(t)=h(t)*g(t).

Since the frequency of a FM transmitter
output signal is proportional to the input
signal, output signal s(t) of the transmitter
will be

s(t)= ~/2A cos [wt+ 0(1)] 4)
where
gy=2mty [Emp)dn, )

Here, A is RF carrier power, W. is the center
radian frequency of carrier, and fd is the
maximum frequency deviation,

The purpose of the receiver bandpass filter
Assuming

that the bandpass filter has no effect on the

is to remove out-of-band noise,

signal itself, we can express the bandpass

filter output ro(t) as the following equation,
r () =X(t) cos Wet—Y(t)sin Wet  (6)
where

X(t)=+/2A cos g@)+ n ) )
Y(t) =4/ 2A sin 8 (t)+ n, (t) (8)

and nx(t), ny(t) are independent baseband
Gaussian processes with zero means.

At the output of limiter-discriminator,
it appears a signal equal to the instantaneous

frequency of ro(t). Denoting it as ¢ (1),

N -1 Y(t)
o) = it [tan X(6) 1 9

—

_ YOX()-YMOX()
X2()+Y2(t)
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where the dot represent differentiation with

respect to time.
IH. Bit Error Probability

Sampling the signal of (9) at t=kT, we can
make bit decisions according to the sampled
value ¢;(kT).
can be made such as:

Thus the rule of bit decision

b, =+1 was sent if ¢ (KT) >0 (10)
bk = —1 was sent if ¢(kT) <0

Since the denominator of (9) is a sum of
squares, the sign of (9) can be determined
by the numerator only. If we denote the

numberator of (9) as z(t),
2(t) = Y(t) X(t) ~ Y(t) X(1), an
the bit error probability Pe can be expressed as

Pe = 15 | Prob [2(kT)<0lb, =11
+Prob[z(kT)>0 b, =-1] |

=% { f:o p(z/b, =1) dz+f0°°p(zlbk= -1 dz]
(12)

where p(z) is the probability density function
of z(kT) that consists of four random vari-
ables; X(kT), Y(kT),—X(kT) and Y(kT).

Using the property that no pair of the four
quantities nx(kT), ny(kT), ilx(kT), hy(kT)
is correlatedl6], and the solution by Bennett
and Davey[”, (12) can be simplified as fol-
lows.

1
Y
Pe=71Jo exp

[ ~ 20”2 Ja 0
(+a2+k )+ [@2+k2—1)2+4k21 % cosd

where (13)

32 +a2
p2e T8 (14)
2 g,
a;a,+taHa o
a=—t24 23 9 (15)
a; +a2 1
a,a, —a;a g
= 2N % 16
ay +a2 1

and aj, a,, a3, a4 are mean of X(kT), Y(kT),
-X(kT), Y(kT) respectively ;

ay = V2A cos g(kT)

a = V2A  sin g (kT)

d
ag ="3r V2A cos 8(t)]]t=kT an

ag = dit [\2A sin 6 (9)]] t=kT.

In (15) and (16), og means the noise power

2

of nx(t) or ny(t), and o]
ilx(t) or ﬁy (t). Therefore

means the power of

(18)

o2 ™ 0 B (19)
where 7 is the one-sided power spectral den-
sity of the noise n(t), and B is the bandwidth
of the receiver bandpass filter.

IV. Results and Discussions

1. Results
Substituting (17) into (14),

p? = A (20)
0

Since A is the carrier power and 002 is the
noise power, p2? means the carrier-to-noise
ratio(CNR). And from (16) and (17), k=0.

In Fig. 2, the numerical values of bit error
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probability are plotted as a function of “‘a’for
the three CNR cases (5dB, 10dB and 15dB).
From (17), (18) and (19),“a”of (15) can be
obtained as follows.
- s V3 s 2d
a= §(kT)75=V3 5~ mg(kT) 1)

Finding mf(kT) from (3) and substituting
it into (21),

a=v3 22 (b XTHE b x[(knt])T]
B k n=-co 1N .
nxk (22)
where x(t) will be given by knowing the

impulse response h(t) of the premodulation
filter. Here, for the easy computations, we

use a 2nd-order Butterworth lowpass filter

as our optimum premodulation filter. Thus,
denoting its frequency characteristic as HGw),
2
27W
H(w) = _(2mW) S 03
(W) 24/2(27W) jw+(2TW)

where W is the frequency at which the gain
becomes —3dB, W is also used to determine
the bandwidth B of the receiver bandpass
filter.

as follows.

By Carson’s rule, B can be determined

=2(W+f d) (24)
In Table 1, the values of x(kT) were shown
for the different WI’s (WT = 0.3, 0.5, 0.7).

Now, knowing, from Table I, that it would
be sufficient to take into account the inter-

symbol interference from the five preceding

Table 1. Values of x (kT) versus time-
bandwidth products.
"Eini;fk'r’)ﬂ_w TWT-=03 W05 L Twr-or
,’ T i 0.6815517545 0.9793946147 ’ 1.0431699753 3

2T } 0.3484093249 0.0350744799 -0.0450296253

T ) - 0.0040887268 -0.0161276925 0.0019396069
4T ' -0.0247396808 0.0017063046 : -0.0000833554 |
5T -0.0027911309 -0.0000344792 | 0.0000035734 !
6T 0.0013736332 -0.0000155396 -0.0000001528 ‘
T 0.0003648813 0.0000024471 0.0000000065
8T -0.0000501742 S -0.0000001387 - 0.0000000003
T -0.0000316144 - 0.0000000106 0.0000000000
10T - 0.0000004406 ; 0.0000000030 ‘

- 0.0000000000 |
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pulses, and using (24), (22) can be shown as
follows.

h k-1
a=4/3 OWT {bk X(T)+nF:k_5 bnx[(k-(n+1))T]
25

where h=2f dT is the frequency deviation
Since x(kT) is a function of WT, “a”

is expressed as a function of h, WT and five

ratio.

values of bn. Five binary symbols will form
32 bit patterns, and so “a” will have 32 dif-
ferent values. For each of them, the bit error
probability Pe/i can be calculated from (13).
Pe/i is the bit error probability when the bit
pattern i has been transmitted. Averaging
these 32 Pefi’s will give the resultant bit error

probability Pe ;

32 32
Pe =15 | 2 Pefi Pi/bk +_21Pe/i Pi/bk=_1}
i=1 =] 1=
(26)
where Pi is the probability that the bit pattern

i can occur, and was assumed to be 1/32.

pzlo ‘ ! 1
! ! ‘an'sais
|
l
o ENRE 10 08
\
\
0
\
B
|
. ! CNR= 15 dB
° L
1 2 3 ) 5 8

——a

Fig. 2. Bit error probability versus“a’

The numerical values of the resultant bit
error probability calculated from (13), (25) and
(26) are shown in Fig, 3. And in the appendix,
the numerical values of error probabilities with
32 bit patterns for the case of CNR=10d4dB
( p2= 10) and h=3WT are tabulated as Table 2.
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2. Discussions

ez
Pe

Fig. 2 and Fig. 3 show that the bit error * 4o
probability decreases for the constant WT and 107050
h(or“a”)when CNR increases. In data trans- o0
mission systems, error probabilities of 10 o
are typical. Therefore, in order to maintain " N WPe0
Pe below the order of 10'5, it can be seen W —
from Fig. 2 that CNR of 10dB is required 10740 \
at least. And from Fig. 3, for the constant [Ciand
CNR and WT, Pe decreases when the frequency o149 >\wr=b.7
deviation ratio h increases. .mb]
Note, however, that Pe hardly decreases if h ©wr=0s i va_:g:
exceeds some value. Larger values of h make O oo 20 a0 s tes a0 1o oo icoa ::h”“’
Pe decreasing anyway, and yet also let B of (a) CNR 5 DB
(24) becoming larger. Since we have used 0 0%
the premodulation filter to confine the RF iem_m
spectrum and B means the RF signal band- G390
width, h being too large is against our intention, e ;>>
Here, we should make compromise for both the ° T WTEOS
restriction of RF spectrum and the decrease e
of the bit error probability. Accordingly, e
from Fig. 2, it reminds us of the fact that the w0
bit error probability Pe decreases rapidly for a Y )
less than 1, but hardly decreases for “a” omesol L
greater than 1. Thus we might well select o wr=?7
the value of h so that “a” will be approximately 0 —\;{T‘f)‘j
1. If we let “a”’=1 for example, the frequency O o im e em wes aw 1iee woo oo ieea mo0
deviation ratic h = 2 ( = 3WT) is obtained (b) CNR 10 DB —h
from (21) and (25) when WT=0.7 because Pe o°
mg(kT) = 1 in that case. Namely, for WT= } e
0.7 and h greater than 2, it can be said that the 9t e Wios
bit error probability hardly decreases while the &® ‘ 1
required RF spectrum is getting larger. o

From the results mentioned above, it can mﬂo
be concluded that h = 3WT would be a good N WT=07 | .
criterion for system design for both RF signal L
bandwidth and bit error probability reduction w6 WTOS
when W is large enough not to distort the e =0. W1=07
baseband binary signal significantly. '8 t
Giving an example, a PCM/FM telemetry 20 §
system that is used in a flight test of an un- 000 200 400 €00 800 (000 (200 1400 1600 1800 2000
manned vehicle has the bit rate 1/T=140KHz, (c) CNR 15 DB —nh
maximum frequency deviation f d=150KHz Fig. 3. Bit error probability versus h,

and premodulation filter bandwidth W=
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100KHz.

the relation mentioned above very well since
the deviation ratio h=2f;T = 2 and WT=0.7.

Table 2.

Appendix

to 32 bit patterns when
CNR =10dB and h = 3WT.

We can see that this system satisfies

Bit error probabilities(Pe/i) according

oopo Bt Patterns ] wros | wreos WT=07
| il%ks Bes bus Pz b [ o - :
1 =1 -1 -1 =1 a1 | 5.0x107 | 24x10% 94x10%
20 <1 =1 -1 -1 4 |+ s4x102 | 13x10% 16 x10°5
30 =1 -1 -1 o+ -1 | w1 sax10? | 3ax10% | 936100
4 C1 =1 1 41 41| 4 L1x10% | Lex10? ‘ 16 x 107
S| -1 -1+l -1 o+l |4l 78x102 | 23x10% | 94x108
6] -1 -1 41«1 +1 | 41 15x10% | 13x10° 1.6 x 108
L T U S T B 84x107 | 33x107 ' 9.3 x10%
8. -1 1 +1 +1 +1 | 41 16x10° | 16x10% | 16x107
of -1 41 -1 -1 a1 w1 san10? | 2ax105 | 9ax10%
10 -1+ -1 -1 -1 4 s3x10?  24x10° | s.ax10%
1l -1 w1 s 1w s7x102 ! 34x10% 7 93x10®
120 -1 #1 -1 41 41 |4 12x10% | 1ex10% | 1ex10”
13 -1 41 41 -1 -1 |41 82x107 | 23x10% | 94x10%
4] -1 +1 41 —1 +1 |+ Lsx10® 1 ax10® L orexiod
[T T S RS B I 87x102 | 33x10% | 93x10%
16 =1 +1 41 41 41 |+l 16x10%  1.6x10% 16107
12 T TS (R S I Y 49x10%  24x10° | 94x10%
LY S [ T R RS I Lix10% | 1axie? 1.6 x 1078
190 41 o1 o1+ -1 | 4 s3x102 | 34x10% 93x10%
0041 -1 1 4 s |41 Lix10d | 16x10% 16 x10°
PT I T T 76x102 | 23x10° | 9.4x10%
21 41 -1 +1 -1 41 [ +1  ;  14x10° 13x 1.6x 107
2341 -1 o+ 4 -1 [+l b 1ax10d ) o13xa0? 1.6x10°
41 41 -1 41 41 41 |+l 15x10° ¢ 16x107 1.6 x 108
P4l 41 -1 -1 —U | a1 | s2x107 | 24x10% | 94x10®
w04 41 1 -1 o+ |+ Lix1et | asxi0? 16 x 107
27041 41 - 41 1 |41 L sex10? i 3ax100 9.3x10°
28 41 41 -1 +1 o+ |41 @ Lix10® | 1ex 07 16x 107
290 +1 +1 +1 -1 1 | +#1 . s0x10? | 23x10% 9.4x10%
300 41 41+ 1 4L [ 41 1 15x10° 13x10° 16 x10°°
3L+ 41 #1411 |+ ¢ sex10? 0 33x107 93x10°
320 41 41 +1 41 41 |+l lex10®  Lex107 16107
average of Peji (Pe) 34x107 | 21x107 ) 13x 10‘57

(1]

(2]

3]

[4]

[5]

[6]

(71
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