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SUBELLIPTICITY AND THE COMMUTATORS

RAK JunG Kim AND CHOON Ho LEE

0. Introduction

Throughout this paper let @ be a bounded opsn subset of R* For any real
number s, we define

lull2=S12(&)2(1+1&19)°dé for ueCy™(Q)
and we denote by H,(Q) the completion of C¢*(Q) in this norm. We will

consider the algebra OPS™(Q) of pseudodifferential operators of order m. To
define pseudodifferential operaters we use the formula
P(x, Dyu(z)=fe=*plz, Ha(©)dsE  (x€Q)

Let P(x, D) be a properly supported pseudodifferential operator of order m.
Then its associated kernel K{z, y) €D (QX Q) has the following property.

Given any function g€C¢*(Q), both g(z)K(x, y) and K{z, »)g(y) have
compact supports (contained in QX ).

If PeOPS(Q), and K is a compact subset of @, we have the estimate

1Pull<Cllallins,  2EC™(K)

for all real numbers s.

Moreover, if K is a compact subset, for all real s, P(x, D) induces a compact
linear map H,(K)—H, ,(K).

Hérmander proved the inequality in theorem 5. In this paper we simplify the
theorem in [1] by using the commutator.

1. Subellipticity

DEFINITION. A pseudodifferential operator p of order m will be called subelliptic
if, for every real p, every compact set K in Q, and every s', there is a constant
C such that

[l mtp-1/2<C(1Pull,+ lulls), uECo™(K).
When f and g are C” functions on @, the Poisson bracket {f, g} is defined by

_w of 9g _ og _of
U 8 =28 5 58, ey a8

Then -}—~ {pmz, &), Pm(x, &)} is the principal symbol of a commutator C=[p¥*,

p where p,(x, &) is the principal symbol of a pseudodifferential operator p, and
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C=p*p—pp*SOPS*™ ! can be proved.

THEOREM 1. Suppose PEOPS™(K) and czﬂ,_1:+{pm(1, 8}, Pulz, OI>0 on

a compact subset K of Q whenever bz, £)=0. Then, for every real m, there
exists a positive constant C, dependent on m, such that
el ne1/2 <C Pl 2+ ||} 2y ueCy”(K)

Proof. Let C=p*p—pp*. Observe that Pz, &) ~pul(z, &) for & large enough.

From the hypothesis Cam—1=DPrincipal symbol of C>>0 whenever
Prn(z; E) :0

and from the fact that /&[] p, (z, £) I*+com120 for & large enough if p,(xr,
£)#0, and 7>0 large erlgugh, A7 p*p-+[p*, p] is strongly elliptic where A is
the operator defined by Au(&) = (14 1&15)125(8).
Since

(p*pu, u)=(pp*u, u)+(Cu, u)
> (Cu, w),
we have that
2pull®=llpul @+ (p*pu, u)
2lipullg?+ (Cu, ),

Recall that, for three real numbers s, s', 8" such that s'</s'<ls, there is a
constant ¢, >0 such that

HuH:'ge”””s’%'cslujls”: uEHS(K)

to every number ¢>(.
For some £>0

HP“Hz—l/zS%|JPUHOZ+kHIJuH—12

1 ,
STHPU|1OZ+IC (lee]2 ey

Thus pull® =l pull’=y, 2— & ||u]|?- (¥ >0).
Taking A=CHyp*A~1p
we have

2lpull = (Au, w)—k'|lull.2  (B'>0)
2 kyllul P12 — Rollu|Pm-yr for some positive

constants £; and &, by the Garding’s Inequality.

Substituting A°x for « we obtain (22}l m4pm1/2 c(llpull,+ et 1), We deduce
from theorem 1 the following consequences.

THEOREM 2. Suppose that PcOPS™(K) and suppose that CQ,'.,>1:—]:“{P,", Pu}
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>0 whenever pn(x,6)=0. If ucD (K) and pu€H,(K), then u€ Hpip1/5(K)
Sor every real p. In addition, the set {ulucD' (K)NKer P} isa Jinite dimensional
subspace of C*(K).

Proof. The first assertion can be shown from the fact that & ) =UHs D).
Suppose now that €@ (K) and PucH,(K). Since K is compact, u’EH,'(K)
for some real s If ¥ >m-+p~1, then #E€ Hyy 1 (K) and PuceH,(K) imply that
uEHyp /2. If s'<m-+p—1, by Korn’s lemma, “EH,:, /5. That ueC”(K)
follows immediately from the fact that C*(K)> NH,(XK). Letting N={u|uc
D' (K) Pu=0}, we obtain from theorem 1 that

Netllm-1/2< ellael et
Recall that the natural embedding i : H,(K)GH, 5(K) is compact for all real s
and 9>>0 where K is compact. Thus, setting s=m—1/2 and 5:%, the set 7 {z|
Pu=0, [ullp-1/2<1} becomes a compact subset of H, NKerP. But this is
possible if and only if N is finite dimensional.

THEOREM 3. Let all hypotheses be satisfied as those of above theorem. If fe
H (K) satisfies
(f, w=0 for all ucC”(K) and weKer P.
Then there exists vEH,y, 1,5(K) such that P*v=f.

Let PEOPS™(Q) be a properly supported pseudodifferential operator. Let
0€& and let ® be a C function in a neighborhood of 0 with a Taylor expansion
of the form

w(x) =<z, & +wy(x)+w3(a)
=Lz, &t (x)
where R,2¢+#0, @, is a homogeneous second degree polynomial with Im @,
positive definite and w3(z) =0(|z|?), 2—0. Let € be a neighborhood of 0 where

Im wy—jawg|>c|x|?

where ¢ is a positive constant, and assume that Q' is relatively compact in Q.
We denote the symbol of P by 3¢"pp-;(z, &).

al
Not that p@,_;(z, 18)=0(z"7"2) and D*(ge"") =0(¢ 2 ) for ¢€Cy™(R)
where Q' is a neighborhood of 0. The following Lemma is due to Hormander
[1]
LEMMA 4. For every ¢=Cy™(Q") we have
P(¢eirw> ,.Veir<x, G>Za,jp(a)m—jDa (¢ei”‘11) /a!’ T—00

where the series is asymptotic in the sense that

P(¢e™) — FliaienBjcstm-i (x, ©€) D* (geio1) [al =0 (™7 -7 %)

!
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THEOREM 5. Let_ PEOPS™(Q) and 0-+¢€ T,*, the cotangent bundle over z,
and assume that the condition.

(%) Cypmr(x, f):%—[‘bma P} <O whenever pn(z,&)=0.
Then there is no estimate of the form
Nl <C(l|Paull+ull) »€Cy(Q)

where Q' is a neighborhood of x, and t<(s.

Proof, It is sufficient to show that the estimate
lall,<Clpullo+lull)  2€Ce™(Q")
cannot hold for any p>0, [1]. = may be assumed to be the origin Observe that
llullo<Cllull, — w&Co™(Q)
for sufficiently small neighborhood @' of 0. We shall prove that
lallo<llell,<2CI|Pully  2€Co™(Q)
is false. Take a function of the form
u =" gt $,€C(Q)
with functions @, &1, -+, $,-1EC7(Q") to be determined. From the condition
(#%) p,9(0,8) #0 for some j 3
Thus it is possible to choose a symmetric matrix Ta-ad—g)g— having positive defi-
;024

nite imaginary part, such that

Zj 3?5%);25 e Pn (0 O+ bm w0, §)=0
where p,= gig:' s Pmp =22, [2]

Following the proof of Lemma b. 1.3 [2], for any given in teger o, we can choose
a polynomial w;=ws+w; and w=<{z, £ +w;(x) where w, is homogeneous of
second order, Im w; is positive definite, |ws(z)|=0(|z|3), 20, and
Z?ai<20pm(a) (x! E) (grad wl>a/a!:0<lx120), x.——)o-
Note that o={z, & +w;+w;=<{x, &+,
grad w=§+grad o,
Pz, grad @) =X.acapn'® (2, §) (grad w)%/al+ D pze,
Thus we have
il =5 e 5, e 4
= _12' fo ) o1 -, |2
< 31" 5 (e
~ | o (0) |2z Be Hmand
By Lemma 4, since pn—.(x, &) =0(z"),
pu, =¢eir<n 5>2 lal<2021<02»xapm—j( )(.23 TS)Da(qﬁuei_wl) T_b/a!\LO(Tm_a)
Put A=3) 41<20m®@ (7, ) (grad @) */al=0(|2]%)
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Aj=2 a1 <2010 (2,8) (grad w)?/a!
Then from the condition (sx) A;(0) #0 for some j. Letting
eit<x' $>2 ia) <202j<az v<ap(a)m-j (x, TE) Da (\¢ueim‘l)f‘v/a! - Tmeirwz 0404/17;‘”’
since P(")m—j (z, &) :O(Tm—~j-—a)’ De (¢Veiml) =0 (T_’;L)
we have ay=Ad,,

a1=A¢1 21" ADigy+ Bg, for some C* function B
The general form of the coefficients, if 1o,
a,=Ad,+ 2, 1"A; D+ B, 1+ L,
where L, is a linear combination of functions #, with v<{x—1 and their deriva-
tives. In view of the proof of Theorem 6.1.1 [2] we can choose ¢, ¢y, -,
$g-1 so that ¢y(0) 0 and a,=0(|z|?®), 250 since A;(0)#0, for some j.
Shrinking @' if necessary we can make it valid in Q. Taylor expansion of
wl(x) =<z, &+ o, (2)
=z, &+ wz(2) +ws(x)

1s given by

w1 (2) = T Dwiabay+wy(z)

where the matrix «;; is symmetric and the matrix Ima; is positive definite.
Therefore

Im w,(x) — |wy(2) | 2—%2 izt m ey,

>alx|? (a>0, @)
By the Leibniz’ formula,
D*(a,e*) =linear combination of terms of the form Déa,D*Fei*e Moreover,
since Dfa,=0(]z|-m=181)
=0(]x|2ometED) 2
and De-Pefre=giror a1 =181 1 tarms with lower degree in 7. We have
le""“Dﬁa#l — Ieir(<.r,$>+a)2 (z)+w3(x)D,‘1a#‘
=g~ TImagtra, JDﬁa‘u I
<e~ra!zl20(]_1.1'2(0—#—1,81))’
<e—ralzlZ(Tlxl2)17»/1-!/71,:——01~ﬂ+|/)i
< Cr—a-ﬂr)- 131
Note that ¢772'2'* ig 4 rapidl decreasing function with respect to ¢|xz}?
prdly p
D« (a#e{rw) — O(T-*zH-‘qu lal )

Thus fmeiz'(ua#z.-ﬂ =0 (vag) .

and

This implies that
S pu. \2dz = Cr2im—o
If ¢ is chosen large enough.

lim — ez Jo oo,

Pzl
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which completes the Theorem.

THEOREM 6. Assume that the condition (%) is valid for PEOPS"(Q) and for
£+£0. Then for any neighborhood @' of x, there cxists fF&C™(Q') so that there
is no ucsD'(Q) with Pu=f in .
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