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ON THE CONVERGENCE OF DISCRETE
TIME SUBMARTINGALES

IIi-CHuN EuN

This thesis is concerned with the convergence of discrete time submartingales
which are not L'-bounded.

The following example is our main results in this paper. The martingale X
in the example is L'bounded but it is not uniformly mtegrable. The martingale
Y==T(X) in the example is not L-bounded but it converges a.s. to a finite
rove Y= T (X) but Y*u: TH(X)<{eo avs. and S(Y)< o a.s.

Example 1. Let 2==[0,1], F the o-ficld of the Lebesque measurable subsets
of [0,1] and P the Lebesque measure on F. Define for #>1,
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then X=(X,, F,2#=1) is a martingale.
Let Fo=), v=X; and v,= X,y (n22). Then v=(v,, &, n7>1) is a predictable
process and the Burkholder transform of X by v, Y=T(X) is defined by
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T(X) = X=X
Since
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for n.+2, we obtain that for »>-2,
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Thus we obtain

X - ‘)1[13, 1J,
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for n>3. Since v=(v,, Fn, n=1) is a predictable process in L, Y=T(X)=
(To(X), F, n=1) is also a martingale.

This example also suggests us the following theorems which are some

generalized results in [17, [2], [3], {4] and [5].

THEOREM 1. Let X be an L'-bounded submartingale and v* finite a.s. Then
there does not exist a positive constant M which is independent on X and on the

probability space such that for every ¢_>0,
cP{T*(X) >} <M||X|};.

THEOREM 2. Under the same conditions in Theorem 1, there is no constant Mx
depending on X such that for every ¢,
eP{T*(X) >} <Mx[X|.
THeorREM 3. Let X be an L'-bounded submartingale and v*cL™. Then there
is a constant My depending on X such that for every ¢ >0,
cP{T*(X) e} <Mxl| Xl
THEOREM 4. Let (X,, n&EN) be an L'-bounded submartingale. Then for any
stopping time T, Xr is integrable.
THEOREM 5. Let (X,, nSN) be an L'-bounded nonnegative increasing submar-
tingale. Then the transform (T,(X), n€EN) converges u.s. on {v*< oo},

THEOREM 6. Let (X,, nSN) be an Ll'-bounded submartingale. Then the
transform (T,(X), nEN) converges a.s. on {v*¥*<oo}.

THEOREM 7. Let (X, F., n&N) be an Li~bounded submartingale. Then its
n 1
sqare function S(X) :li:n (kZ x2) Yis finite a.s.
TirorREM 8. If X is an L'-bounded submartingale, then there is a constant

My depending on X such that, for every ¢>0,
eP{S(X) >} <MyIX|L.

THEOREM 9. Let X=(X,, F,, n&=N} be an L-bounded submartingale and
Y=(Y, &, a&EN) a martingale. If S,(Y)<S,(X), n&EN, then Y converges
a.s.

THEOREM 10. Let Y be a process. If there is an L'-bounded submartingale X
such that the transform of X, Y=T(X) by a predictable process v with v¥< oo
a.s., then S(Y) is finite a.s.
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