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A ROLE OF K-GROUPS IN THE CLASSIFICATION
OF AF ALGEBRAS

SUNG JE CHO

1. Introduction

In recent years various functors on C*-algebras have been introduced to the
realm of C*-algebras. Among them are the following. With techniques usually
used in algebraic topology Brown-Douglas-Fillmore [1] created the extension
group Ext (4) and they used it to solve various problems originated from
operator theory. Then Pimsner-Popa-Voiculescu generalized these and they
obtained more complete picture of Ext (Y;A4). In addition there is the variant
of K-theory for Banach algebras [71.

The Ky-group of an AF algebras has been studied more extensively. These
groups have the structure of the ordered “dimension group”. This dimension
group classifies AF algebras completely [4]1.

In this note we use the Ky-group of the rather special class of AF algebras,
the so-called UHF algebras to the classification problem. Our result says that
for two UHF algebras A, and B, K,(A) and Ky(B) are isomorphic if and only if
there exist natural numbers # and m such that M,(A) and M,,(B) are *—isomorphic.
Our result is stronger than Elliot’s earlier result (see [3], [4]). And we mention

that our technique is more explicit and we do not use the order structure of Ky~
group. (i.e., dimension group)

2. Generalities

Let A be a C*-algebra with unit. If there exists a sequence of finite~
dimensional C*-subalgebras A, of A with the same unit such that

(1) A, is a C*-subalgebra of A,.; with the same unit
(2) A=74,

then we call A approximately finite-dimensional (AF) algebra. In particular,
if all A,’s are simple finite-dimensional C*-algebras (i. ., one *~isomorphic to a
full matrix algebra), then such an AF algebra is called uniformly hyper finite
(UHF). Let A be a UHF algebra with A=A, Let A; be x-isomorphic to

ngXny matrix algebras over the complex numbers C (we will denote it by

M, (C).
Let 6, be the unital inclusion map from M, (C) into My (C) via the
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inclusion of A, into Assi. Let 1, ..., ps be mutually equivalent orthogonal
projections in M,,(C) such that py+...+p,=1. Then 02(P), .. O(py) are
mutually equivalent projections, in M,,,(C). Let m denote the integral
dimension of the projection #;(#1) in M,,,,(C). Then ngXm=mn4.. Hence
divides sy for all k. Thus A can be viewed as A=U,M,(C), where m
divides n;4 for all &.

We briefly describe the construction of Ky-group of a general C*-algebra A.
Details can be found in [7]. Let M,(A) denote the set of nXn matrices of
entries from A. Then it is easy to see that M,(A) is actually a C*-algebra
with the usual matrix addition, matrix multiplication and with the natural C*-
norm. Let Proj,(4) be the set of all projections in M,(A). Then we have
natural injections

Proj,(A) — Proja+1(A)
defined by e —» e @ 0. We define an equivalence relation on Proj,(A) by letting
e=~f if there is a unitary # in M,(A) such that «*ex=f. Then it is easy to see
that the inclusions respect this equivalence relation on M,(A). We denote
D,(A) the set of equivalence classes. Then we have a system of sets

Dn(A)_') n+l(A)

for any e, f in D,(A) we define

e+f=(e@0)+(0DS)
in D,(4).

Then it is routine to check that the inductive limit D(A) of D,(A) with the
addition defined as above gives us a semi-group D(A). Finally the Grothendieck
group for D(A) is called the Ky-group Ky (A). It is easy to see that K,(M,
(C)) =Z, the integer group, and that the inclusion 7 : M, (C) — M,,(C) induces
iy Ko(M,(C)) — Ky(M,,(C)) and i4x(1) =p. It is not hard to see that K, is a
covariant functor from the category of C*-algebras to the category of abelian
groups. We close this section with the following lemma.

LEMMA 1. Suppose that A is a C*-algebra and that Ay, A,, ... is an increasing
sequence of C*-subalgebras with A= An. Then we have Ko(A) =lim Ky (A,)

Proof. See [6] for example.

3. Classifications

Throughout this section K will denote the compact ideal of the algebra of
all bounded linear operators on a separable infinite-dimensional Hilbert space H.
For a unital C*-algebra A, K® A will denote the C*-algebra of tensor product
of K and A.

THeOREM. Let A and B be UHF algebras with A=M,(C) and B=
UM, (C). Then the following are equivalent:
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(i) KRA=KRXB

(ii) Ko(A)=Ky(B)

(iii) There exist two natural numbers n' and n' such that

M, (A)=M,. (B).

Proof. (i) — (i1). If e and f are projections in K ® A, we write e~f if there
is a partial isometry # in K® A such that #*z=e and wx*=f. Then the relation
“~” is an equivalence relation on Proj(K® A) and we denote by [e] the
equivalence class. Then

S={[e]]lecPro(K & A)}
is an abelian semigroup with the addition [e]+[f]=[e¢'+f'], where e~¢,
f~f', and ¢f =0 (it is always possible to find such ¢ and f’ in Proj{(K @ 4A)).
Then it is well-known that the Grothendieck group of this semi~group S is the
same as Ky(A4) (see [2], [3]). Now since K Q A=K & B, respective semi-groups
are isomorphic, so are their Kj-groups. Note that this arguement applies to any
unital C*-algebra.

(i) — (iii) Let ap=n411/n; and bp=mpq/m;. Let m{ap) (n) =apXn for all n&N.
By Lemma 1 and paragraphs preceding it, we see that Ky(A4) = Ii.x:n (Z;,

m(ag)) and Ko(B)~lim (Z;, m(by)), where Z,=Z for all k. Let 6 be the given
isomorphism: lim (Z;, m(ay)) — lim (Z;, m(bz)). Then there exists a smallest

integer £; such that 6((1,0,...))=1(0, ...,d,,0,...), where d; is nonzero integer
in the £;-position. Then there is a smallest integer p; such that 67! ((0, ..., 0,
1,0, ...)) is of the form (0, ..., 0, 1,0, ...) where e; is in the p;-th position. Contin-

uing this process we get a direct system of abelian groups
ZPo - Zh - Zm - Zkz ..

where the map Z,,_, — Z;, is the multiplication by d; and the map Z;, — Z,, is
the multiplication by ¢; and py=1. Then we have

arXagX e X @y y=dy X by, X X by, Xe, for n>1,
and

ar X apX o Kagy Xdy=d; X by, X+ X by, for n>1.
Let C be the UHF algebra corresponding to the sequence {&y, bu ...r O}
Then by Glimm’s theorem [5], A=~M, (C) and B=~M,;(C), where
di=byX...Xby-1. Let d=n" and dy=n"". Then M, (A) =M, (B).
(ii)—>(@1). Since K=M, (K) and K=M, (K), (iii) implies (i).

ReMARK. It would be of some intercst to prove that (iii) implies (i) directly.
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