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> Abstract<

Let(X,7) be a probabilistic metric space with a t-norm. Common fixed point
theorems and convergence theorems generalizing the results of Cirié, Fisher, Sehgal,
Istriitescu-S¥cuiu and others are proved for three mappings P,S,T on X satisfying
Fpu,py(9¥)2 min {Fg, p,(5), Fp, 5,(%), Fp, 1, () Fp, p,(2%),
F Py, Su(2%)} for every »,veX, all x>>0 and some ¢€(0,1). One of the main results

is extended to uniform spaces.
Mathematics Subject Classification (1980): 54H25.
Key Words: Probabilistic metric space, Menger space, generalized contraction,
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1. Introduction.

V.M. Sehgal [13] initiated the study of contraction mappings on probabilistic metric
spaces (PM-spaces) ( cf. also [14] and [15]). Ciri¢ [3] introduced the notion of ‘gener-
alized contraction’ on a PM-space (see Remark 1 below). On the other hand Jungek [9]
generalized the well known Banach Contraction Principle by introducing a contraction
condition for a pair of self-mappings on a metric space (see algo [16]). Fisher [4] studied
a contraction condition for a triplet of self-mappings on a metric space and obtained the
essential part of Jungck’'s result (9] as a corollary. Recently HadZié [5] has extended
Fisher's result [4] to PM-spaces. In the present note we combine the ideas of Cirié¢ [3]
and Fisher [4] (cf. also Singh [171), and introduce the notion of ‘generalized contraction’
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2 S.L. Singh and B.D. Pant

type condition for a triplet of self-mappings on a PM-space (cf. Definition 1). Then we
prove two common fixed point theorems (cf, Theorems .1 and 2) for the generalized
contraction triplet which include HadZi¢'s contraction condition [5]lfora triple; of mappings
ona PM-space. We give application and prove two convergence theorems for three sequences
of mappings and the sequence of their common fixed points. Finally we present an extension
of the main result to uniform spaces, which includes several fixed point theorems on

metric, PM- and uniform spaces.

2. Preliminaries.

A PM space is an ordered paxr (X ?) where X is a nonempty set of elements and F
is a mapping from XxX to 53 the collectxon of all dxsmbutxon functmns The value of F

at (#,v)s=X ><X is represented by F . The functions F » are assumed to satlsfy the

following conditions
(a) F

” v(x):l for all x>0 iff u=v;

() F, (0)=0;
() Fu,v: F‘v,u;

(d) if F”’v(x)zrl and Fv’w(y):l then Fu’w(x+y):1.

A mapping ; [0,1] x [0,11-[0,1] is called a t-norm (or T-norm, see [12]) if it
satisfies:

(e) t(a,1)=a, t(0,0)=0;

(£) t(c,d)=t(a,b) for c>a, d{‘zﬁ;

(g) (a,b)=1t(b,a);

(h) Hi(a,b),¢)=1t(a,t(b,c));
for all a, b, ¢, d in [0,1]. o . : ,

A Menger space is a triplet (X,%,f), where (X F) IS a PM space and t-norm t lsj

such that the inequality

@) F, S a+9)=tF, (0, F, ()}

holds for all »,v,we&X and all x>0, y=20.
Note that among a number of possible choices for ¢, t(a,#)=min {a,5b} or simply “t=
min” is the strongest possible universal ¢ (cf. [12, page 3181). Moreover, if ¢ satisfies
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Common Fixed Potnt Theorems 3
#(x,x)2>x for every x€=[0,1] then (f) and (d’) imply
d") F, px+y)zmin {(F, (2, F, ()}
for all #, v, w&X and all x>0, y=>0.
Due to the simplicity and universality of “f=min”,. (d*) will be used frequently.

For the details of the topological preliminaries refer to Schweizer and *Sklar [12] and

Istritescu (6].

DEFINITION 1. Three mappings P, §, T on a PM-space (X,7) will be' called a
generalized contraction triplet (P; S, T') iff there exists a constant g€=(0, 1) such that for
every u, ve=X,

(1) FPu,Pv(q"'c):’::min {FSu,Tv(x)’ FPu, Su(x)’ FPv,Tv(x)’ ‘FPz-t,T:VJ(ZJ;)’
FPv, Su(2%)} ‘
for all x>-0. ‘ T
DEFINITION 2. If there exists a point #, in X and a sequence {1} in X such that
(2) Sttznrs =Pttge, Tthznis=Pihyniy, #=0, 1, 2y s

then the space X will be called (P; S,T)-orbitally complete with respect to #, or simply
(P(uy); S,T)-orbitally complete iff the Cauchy sequence {Pw,} converges in X.

If S and T are identity mappings on X then the space X will be called P(u,)-orbitally
complete. X is said to be P-orbitally complete if it is P(#,)-orbitally complete for every
#,EX;[2,8].

DEFINITION 3. S is said to be (P(uy); S,T)-orbitally continuous if the restriction
of $ on the closure of {Pw,) is continuous.

3. Fixed Point Theorems.

We shall need the following result:

LEMMA. Let {y.} be a sequence in a Menger space (X,%,?), where ¢ is continuous

and satisfies #(x,2)>« for every x€[0,1]. If there exists a constant g<(0,1) such that

3 F (gx)>F

Yns Vntl In-1s yn(x)
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for all », then {».} is a Cauchy sequence in X.

PROOF. Let €, be positive reals. Then for m>»n we have by (d’),

(¢6)}

F :y-(s)Zt{ Fym n+l!yl
(¢el}, by (3).

In G OF F,

b
2tF, ,(e-g)™, F,

nt+ly J’-
Taking (€-g€)g™"=a, it follows that

F ne yn(e)zt{ Fy(h yl(a)’ t( F

4 }’»H- yn-)-g(qs_qas)’ Fy”+z, y"(‘fﬁ))}

2t(F, (@), KF, (@), F, (ge)).

By the associativity of ¢ and #(x,x)>x,

(¢e)}.

ntds Yu

Fym yu(E)zt{FyOS yl(a), Fy

Repeated use of these arguments gives

Fyru y-(S)zl(Fym yl(a), Fynmh y.(q"“‘lﬁ)}

>t{ Fyo. yl(“)’ F (g77e))

yo: .‘91
2t F}’n: yx(a)’ Fyo. y‘(a)}

= Fym yl((t:'qr?)q"').

Therefore, if N be so chosen that Fya, yl(6'¢18)4"">1~2, it follows that

Fy,., y_(6)>1-l for all #>N.

Hence {y.} is a Cauchy sequence in X.

THEOREM 1. Let (X,7,t) be a Menger space, where ¢ is continuous and satisfies
tHx,%)=>x% for every x[0,1], and P,S,T: X —- X. Further, let (P; S,T") be a
generalized contraction triplet, PT=TP and PS=SP.I{ there exists a point #, in X such
that X is (P(#); S,T)-orbitally complete and P,S and T are (P(w); 8,7 )-orbitally
continuous, then P,S and T have a unique common fixed point and {Pw.} converges to

the fixed point.

PROOF. By (1),

FP“ZM Puan-l(qx):: FPN;,.-;, Puxn(qx)
. 4 —



Common Fixed Point Theorems 5
=min {FPuz,,_z,Puz,,,l(x)’ FPug,g, Puz,.*,(x)' FPuzn, P%n»z(&’t)}.

This gives

FPuz,,, Puz,,*,(qx)2 FPug,,_,, Puzn-—z(x)’
since

FPuzn, Pu,n_,<2x)2min {FPu,,‘, Puz,,_l(x)’ FPu,,,_l,Pu,.._z(x)}'
Similarly

Fpupss, Pu (92 Fpy,  py, (2.
In general

FPu,,+,,Pu,.(qx)2 FPu,., Pu,._,(x)‘

Therefore, {Pu,} is a Cauchy sequence by the Lemma in X, and converges to some point
z in X. By the continuity conditions on P and S, PSwuy,.,—Pz and SPu,,,,—Sz. So Pz=
Sz, since P and § commute.
Similarly T;=Pz, So, from

FP“z:wh Pz(qx)zmln {Fsuzn-ﬂv Tz(x)’ FP“!"H! S“’n+l(x)’

FPI, Tz(x)’ FP“:..-{-:.TZ(zx)’ FP‘. s“laﬂ(zx)}’
it follows that
Fz,Pz(qx)Zmin{ Fz,Pz(x)’ 1,1, Fz,Pz(zx)' sz’z(zx)} = Fz’Pz(x)v

which yields Pz=z, Thus 2z is the common fixed point of P,S and 7.
In order to prove the uniqueness of z, let »(+#2) be another common fixed point. Then
for all x>0,
Fy,z(qx) = pr’ pz(9%)
=min{ FSy, Tz(x)' FPy,fSy(x)' FPB, Tz(x)’ pr' Tz(z")' sz, Sy(zx)}
=min{ Fy’z(x), 1,1, Fy’z(Zx), Fz'y(Zx)),

proving y=a2.
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It is evident from the above proof that if S and T be identity maps on X, then P may

be noncontinuous. Hence we have

REMARK 1. If S and T be identity mappings in Definition 1, then P satisfying (1)
is a generalized contraction (on a PM-space) introduced by Cirié [3]. So, if S and T be
identity mappings on X then Cirié’s result [3, Theorem 17 is obtained as a corollary to

the above theorem.

THEOREM 2. Let (x,%,¢) be a complete Menger space where ¢ is continuous and
satisfies {(x,x) >« for every x&[0,1], and P,8,T: X—X. Further let (P(u); S,T) be
a generalized contraction triplet, PT=TP, PS=8P and P(X)CTS(X)(\T(X). If P,S
and T be continuous then P,S and T have a unique common fixed point.

We remark that Theorems 1—2 generalize the corresponding results in [4] and [9].

4. An Application

Now we shall apply Theorem 2 to establish the following result.

THEOREM 3. Let (X,7,t) be a complete Menger space, where { is continuous and
satisfies £(x,x)>x for every »[0,1], and P,S and T three mappings from the product

space X XX to X such that

P(X X (p})TSX x (oD NTX x (2});
P(S(u,v),v)=8S(P(u,v),v)

and P(T'(u,v),0) =T (P(u,),v)
for all #,v in X. Suppose that

Fpeu,0), P, 0y

(3.1) >min{ FS(u,v),T(u’,v')(x)’ chu,v)'s(u’v)'(x),
Fpar,on, 1w o™ Fpo,o), T o)
FP(M',D’),S(M,U)(Zx)’ FZ) v/(x)}

for all u‘ ', v,v’ in X and for all x>0 and gome constant q\_.(O 1). If P,S and T be

continuous then there exists exactly one point b in ¥ such that

P(b,b)y=S8(b,b)=T(b,b)=b.
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PROOF. Let v=0¢’ in (3.1). Then

Fpu,0),P@ut,v) @ 2mid Fgiy 0y T, 0y s
Fpu,»),Sw,v)®»
Fpa, o), T ,0) % FPu, ), T, v) (2%
FP(u'.v),S(u. 0) (290}

Therefore for a fixed v in X, Theorem 2 yields that there exists a unigue #(2) in X such

that
(3.2)  PQu(),v)=Su(v),v)=T(u(v),v)=u(v),

Therefore for any »,#’ in X we have by (3.1),

Fu),uy 9 = Fpu), ), Py, vy
=il Ey @), w0 O Fut), ue) >

Fz;(v’),u(v’)<x)’Fu(v), u(vl)(2x)’
Fu(v’),u(v) (22, Fv,v’(x)}

= v")l(x)'

Since this is true for all x>0, »(-) 'is a. contraction mapping on the complete Menger

space X. So there exists a unique & in X such that #{) =54, Hence by (3.2),

P(b,6)=S(6,5)=T(8,6)=b _

5. Convergence Theorems.

Let P and P,(%=1,2,---) be mappings on a PM-space. If P,—P uniformly then
Istritescu [6, page 342] (cf. also [3, Cor. 2.1]) and Ciri¢ [3, Theorem 2] have inves-
tigated the conditions under which the sequence of the commeon fixed points of P, converges
to the fixed point of P. Similar investigations have been made by Istritescu and S#cuiu
[77 in the' case of two sequences of mappings on a  PM-space. “Istritescu [6, page 342]
has also proved a convergence theorem if‘ P,—P pointwise. In this section we consider

three sequences of mappings, and first prove ‘the following result.
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THEOREM 4. Let (X,¥,?) be a Menger space, where { is continuous and satisfies

Let P, S, and T, be mappings from X to itself with a
Let (P; S,T) be a generalized contraction

If the sequences {P,}, {S.} and {7T'.}

iz, x)>x for every x&(0,1].
common fixed point 2, for each #=1,2,---.
triplet on X with 2z as their common fixed point.

converge uniformly to P, S and T respectively on {z,, #=1,2 '} then z,—z.

PROOF. We have for any #,

>min {FPZ Pz(

@0 zmin (Fp , Pz,.(%%)’ F szPz(Eé;qE)} :

By (1),

1+4.y ... 1+4
Fp,, p("578)= Fpe,,pa{175; €

1+a
>min {FSz Tz( 5 6). FPz,,Sz( gy,

1+
FPz Tz(“ o), Fp,, Tz( o), FPz,Sz,,(“'}}“qe))

=min {Fsz”z(‘“‘é’q“ge)’ 3 Sz ( 5)}1

gince Pz=Tz=1z,

>min (Fg, g.05%) F, (5%,

1+g 1+g
szmpnzﬂ(-zé"ﬁ), FPuZm SZ..(*ZE e)}.

(4.2) zmin (Fg, s,07%), F, ,

Fp,, P,z.(”l‘i'qe)} '

since Pnz,= Sp2,= Zu.
Since {P.) and {S.} converge uniformly to P and S, there exist €,4>>0 such that
Fp . po30)>1-1and Fg, g, (17%)>1-2

for all n>N=N(g,2). So from (4.1) and (4.2) we have for all >N,
ey 8 o
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1 4—261
,8)>1—4, since F, (e)<F, z( Lt 2dpy,

Thus z,—z.

THEOREM 5. Let (X,$,¢) be a Menger space, where ¢ is continuous and satisfies
tx,x)>2>x for every x&=[0,1]. Let a triplet (P,; S.,7.) of self-mappings on X be a
generalized contraction with (the same) generalized contraction constant ¢ and z, as their
common fixed point for each #=1, 2,---. If {P,}, {(S.} and {T.} converge tespectively
pointwise to selfmappings P,S and T of X with 2z as their common fixed point, then

2,2,
PROOF. For any #,
Pt ®=F 1’,.2,,.1’%(%:%Jr qua)
Zmin (Fp, p(159%), Fp, p(1=%)
(5.1) >min {Fp, p (3%, Fp, p,(5%).
Since (P.; 8., T,) is a generalized contraction triplet, we have
1+, 1+¢
Fpa, P 5 O=Fp s, pala550)
> min {Fsz“ T”z(*"wﬁ); sz S.z. (124 '),
1+¢ 1+¢
FP,,z, Tnz(ﬁs)’ Fpaz“ T“z(’T £),

FP,.Z, S..Z,.( ey G)}

=min (F,, 7,059, Fp, p (e,
since Pozn=Sutn=2,

> min (F, (F2e), Fr, p (706,
FP 2, Pz( e), FT: T z(l+q€)}
(5.2) 2 min (F, ,(5He), Fp, p,(7%),

Fp,, P,c‘-;-if’an.

— 9 —
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Since P and T are pointwise limits of {P,} and {T.}, corresponding to a point z there
exists €, 2>>0 such that

Fpa, p 000> 1-2 and P, 1,(5%)>1-2

for all x>N=N(g, ).
So from (5.1) and (5.2) we have for all #>>N,

F,,&)>1-1, since F, (e)<F, (1%,

Hence z,—z.

6. Extension to Uniform Spaces

In all that follows we shall assume that X is set and D=={d.} is a nonempty collection
of pseudo-metrics on X. It is Well known that the uniformity generated by D is obtained
by taking as a subbase all sets of the form U, .= {(x, )X XX d.(x, v)<8), where d.&=D
and €>0. In fact, the topology determined by this uniformity has all d,-spheres as a
subbase. For details refer to Kelley [10]. Cain and Kasriel [1] have shown that a collection
of pseudometrics {d.} can be defined which generates the usual structure for Menger spaces.

Hence the following result is a direct consequence of Theorem 2.

THEOREM 6. Suppase X is sequentially complete Hausdorff space and P,8,7: XX
having the property that for every d.s=D, there is a constant g.=(0,1) such that

du(Pu,Pv)<q. max {d.(Su,Tv), dPu,8u),
du(Po, Tv), %d,(Pu,Tv),,

1
5 «(Pv, Su)}

for all #,v in X. If P, S and T are continuous, P commuting with each of § and T, and
P(X)CTS(X)NT(X), then P,S and T have a unique common fixed point.
In an anologous blend Theorems 1 and 4—5 may be extended to uniform spaces.
Theorem 6. includes a number‘of fixed po‘int“ fheoren;s in metric, Menger and uniform
spaces, which may be obtained choosing P, S and T suitably. For example, if S=T then
it presents a nice generaliza:tionv of Jungck’s result [9]. Theorem 6 also includes a recent

result of Khan and Fisher [11]. It may be mentioned that if § =7 and T(X) a closed
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subspace of X then the mappings, in Theorem 6 (and hence in Theorems 1—3 also),

need not be continuous (see Singh [1871).
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