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Abstract

A general procedure for finding the immittances of a general, uniformly coupled, n-line
structure in an inhomogeneous medium is presented. The expressions derived in terms of
the normal modes of the system are in a convenient matrix form and can be used to compute
or to derive the explicit expressions for the elements of the 2n-port immittance matrix. As
an example, the closed form expressions for the elements of the admittance matrix of a sym-
metrical four-line eight-port structure are given.

1. Introduction

A coupled transmission line system is a set
of transmission lines in which the voltages and
currents of each line can influence the voltages
and currents of all the others. The systems to
be considered are lossless and uniform n-line
structures in an inhomogeneous medium. The
n-line 2n-port structure can be characterized in
terms of an immittance matrix, a chain matrix,
or scattering parameters. The immittance
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matrix is suitable for studying two-port circuits,
while the scattering parameters are more
suitable for studying multiport circuits, includ-
ing couplers, since the immittance matrix of a
coupler does not conveniently describe the
coupler performance. The general forms of the
immittance and chain matrices of an n-line
structure were derived by Changl(1], Marx (2],
and Paul (3,4]. The explicit closed expressions
for non - symmetrical two line and symmetrical
three-line structures were derived by Tripathi
(5,6 in terms of the normal modes of the
coupled system,

The expressions derived in terms of the
normal mode parameters‘of an n-line coupled
system are in a convenient matrix form and can
be used to compute or to derive the explicit
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expressions for the elements of the 2n-port d?[v]

immittance matrix. These normal mode param- ;> T {Z] Y] [Vl =0 3)
eters are the phase constants and the charac- dx

teristic impedance of the individual lines for a2

all the modes of the system and can be readily 02 + [YI[Z][1] =0 )

computed for various cases of multiple coupled
lines(7).
where, for the n-line 2n-port case

II. Immittance Functions T
[Y] (2= {iz] (Y]}

The transmission line equations for the n-

The general solutions for the port voltages on
line system shown in Fig. 1 are given by: N p &

n-line 2n-port structures are given by

dV] -z m SN A 70 oy P ]
dx v, v A4 Aj
M - y) (v] )
dx
L v | Ajn.
where [V] and [I] are the n-dimensional Vn A2 1
column vectors representing the voltages and n+y 2
currents on the lines, and [Z] and [Y] aren x 0 0
. . . . -j@ . .
n impedance and admittance matrices as given . My T[e™il 4355 [My] G i1 4iag]
by .
Van] | J[A2n ]
Zyy Zy ... n
2y 2y ... Z2n
[Z1=1 . . The corresponding currents for n-line 2n-
. . port are determined by substituting the ex-
Zy Zm R Znn pressions t.'or voltages (5) into (1). These cur-
rents are given by
and
Y“ Y12 c . Yln —Il i A,y
Y21 Y22 e an I [MI] - [MI] A2
[Y] = A . .
Ym Yn2 Ynn A
| I 2n-1
; . I+ Az
where Z;; and Y, (i= 1,2, ..., n) are the equiva- n
lent self-impedance and admittance per unit 0 i0
length of the ith line, and Z; and Y;; (i#]) are . M1 [e™7i] 400 [MyIIe7i] 400
the mutual impedance and admittance per unit : :
length between the ith line and the jth line. len J L _ ;Azn _
The voltages and currents for the case of
uniformly coupled lines considered here are
then the solutions of the following character- where,i=1,2,...,n.
istic equations: In the above equation, the eigenvalues,
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Fig. 1. Schematic of the coupled line 2n-port. where [ ]diag indicates a diagonal matrix.
The second matrix can be inverted as follows:

Bi ’s, representing the solutions of det{[Z] [Y]

-ig.
+42 [U]} = 0, are the propagation constants for (U] + [_‘LLL_ _ [______1 1
the normal modes of the system. 2j sin 6, diag 2j sin 6, diag
Aj (= 1,2, ..., 2n) is an arbitrary amplitude "
coefficient and 61 = ﬁiQ is the electric length of IR 1
lines for the n normal modes. 2j sin Gi diag 2j sin Bi diag
[MV] is the voltage eigenvector matrix (n
by n) corresponding to eigenvalues: [MV] -1 [o]
IR S S B a
a B, ce $2 [o] [MV]
Myl =| . . Hence
| % Bn - $p] [M{11 01| |4lcot 8] 4i0p Ilesc 6] im0
[Yl=
[M;] is the current elgenv]gctor matrix (n by n) [OTIMI| | [ese 831 4356 il cOt 03] 4500
defmed as [M] 4 [Y] * [MV] with the -
element M Y M -
Ii Vij .
N [My1™ [ 0]
(Y, Ya o ooooY ] A
n [ 0] [My]™
;Y12 82Y2, ... §2Yn2 L
[M] =
Manipulating the above matrices leads to
oY 1B Yo o fnYnnj [Mp][coth 7] 40 My, 17!
[Y] = -
where, Y'k is the characteristic admittance of [MI] [csch 'Y-Sl]diag [MV]'1
line k for mode j.
Eliminating A,, A,, ... , and A2n leads to -1
2n equations for the 2n-port currents where '[MI] [esch 7iQ]diag [MV]
coefficients represent the immittance param- (8)

eters. These admittance parameters of the 2n-

[M;] [coth 7.L] .. My, 171
port are found to be: I i*!diag A%

(283)
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where 0i=j7iQ.

The above matrix elements for the admit-
tance matrix can be readily evaluated for a
given 2n-port structure as illustrated for the
case of a four-line microstrip structure in the
following example.

Example: For a four-line symmetrical micro-
strip structure, shown in Fig. 2, the quasi-
TEM normal mode parameters can be com-
puted by the technique given by Lee(7).
The capacitance matrix [C]d of the structure
with the dielectric present is given by:

Cn -Ciz -Gz -G

(] = -Cia Cpp -Cyz -Cya
d -Ciz -Cyz Cpp -Cpg
-Cia Cyi3 -Cyp Cpy

I-Wd-S—k—W *S*W ‘9'54- W

N \\\\\\N

'*ground plune

SAnd

! ’ ’ !
v, A vy Ve
(b)

Fig. 2. (a) Cross sectional view of the sym-
metrical four-line microstrip structure.
(b) Schematic of the coupled line eight-
port.

For the relative dielectric constant €= 10 and
the geometry given by w/h =

0.08, these parameters are found to be:

0.11 and s/h =

(284)
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C“: 110.38 pf, C12= 50.61 pf, C13= 9.93 pf,

C14= 5.16 pf, C22= 134.30 pf, C23= 46.52 pf
These parameters, together with the same
parameters with dielectric removed, lead to the
four phase constants, the eigenvector matrix,

and the characteristic admittance matrix of the
structure, as given by:

B1=8.502 x 10™ sec/m, f2=7.849 x 10 sec/m
=7.824 x 107 sec/m, f4=7.823 x 10™ sec/m

where subscript i(=1,2,3,4) indicates a mode.

1. 1. 1. 1.
(M. ]= 1.0105 0.3436 -1.5643 -4.7330
v 1.0105 -0.3436 -1.5643 4.7330
1. -1. 1. 1.
and

1/192.998 1/ 77.272
1/305.077 1/125.673
1/305.077 1/125.673
1/192.998 1/ 77.272

1/39.132 1/25.393
1/61.856 1/41.299
1/61.856 1/41.299
1/39.132 1/25.393

The eight-port admittance matrix elements, at

6,
n
are calculated by using equation (8) and

found to be:

the center frequency as defined by § =

Yy = -.2144x10°mho, Yi; = .3538x 10>mho
Y3 = .1719x10%mho, Yy = .2053x 10°mho
Yis = .1395x 10 mho, Y6 = -.6552x 10Zmho
Yy; = -1350x10%mho, Yis = -.7717 x 10>mho
Y = -.4697 x 10°mho, Yp = .2796 x 10>mho
Yy = .1710x 10 mho, Yz; = -.5995 x 102mho

III. The Symmetrical Four-Line Eight-Port
Structure

The immittance matrix parameters of the
coupled line eight-port shown in Figure 2 are

(mho)
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found in terms of the normal mode character-
istic immittance of the four lines in a straight
forward manner by using the approach de-
scribed in the previous section.

Let the voltage and current eigenvector
matrices for the symmetrical four-line structure
be presented by

1 1 1 1
R R R R

[MV] — a Rb C d (9)
R, Ry Ro Ry
1 -1 1 -1
Ya Yo Yy Yar

o RY2 RpYie Re¥Ye RoYa2

1 RaYa2 -Rme RCYCZ -Rde2 (10)

Ya Yo Yo Yai

where Yy represents the mode admittance
of line i (1,2,3,4) for mode x (a,b,c,d).
The inverse matrix of (9) is then given by:

-R /Ry 1Ry 1/Ry -R /Ry
-R./R, 1/R, -1/R R /R

T R A B0
R/Ri -1/Ry -1/Ry R, /R
Ry /Rz -1/Rz 1/R; -Ry /R,

where

R,
R2 =

2 (R,—R)
2 Ry~ Ry

The orthogonal condition [MI] T[MV]=
[U] leads to the following relations;

Ya

Y

Y Z
—_Qa_ "a2_ " =-R R
a2 YC2 Zal

Yo _Ya =£b2=£dz=_R R
Yo, Ya Zy, Zg P d

According to equation (8), the admittance

(285)

matrix for the symmetrical eight-port structures
are given by

[Y1lia (Yl
[Y] = (12)
Y],  [Y)y
where
Yy Y Y Y14
Yo Y2 Yo Yoq
(Y] =
Yz Y2 Yaz Y
| Yia. Yao  Yas  Yaq
Yal Ybl Yc1 de
RaYaz Rbe2 RcYcz Rdez
Rz RpYp ReYe RgYg,
B Ya1 'Ybl Yq 'Yd1
coth 7aQ 0 0 0
0 Coth 1,2 0 0
0 0 Coth 7C§Z 0
0 0 0 Coth 7,42
‘RC/RI 1/R; 1/R, -RC/R1
RgR;  1/R;  -1/R, RyR,
R,/R, -1/Ry /R, R R,
Ry /R, -1/R; 1R, Ry/R,
and
[Yis  Yie Y7 Yis
Yas  Yas Y., Yas
Yl =

Yas Yae Y37  Yas
Yas Yass  Yar Yas

Yal be Ym Ydl
_ RaYaz R'onz RcYcz Rdez
RaYaz 'Rbez RcYcz 'Rdez

Ya 'Ybl Yc1 'Ydl
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[csch 'YaQ 0 0 0
0 csch 7bQ 0 0
0 0 csch ’YCQ 0
L 0 0 0 csch 'YdQ
'Rc/Ra /Ry /Ry -Rc/Rx
-R4/Rq I/Ry  -1/R, R4/R2
Ra/Rl -I/Ry  -1/R, Ry/R2
Ry/R2 -1/R;  1/R;  -Ri /R,
L

The expressions for the admiitance param-
eters are obtained as follows by manipulating
the partitioned matrix above.

Yiu= Yu= Y%s Yss =-(A+B)
Yis= Yo = Ysg = Yg =-(A-B)

Yio = Ya1 = Yas = Ya3 = Y56 = Yos = Yos
= Ygg =C+D

H

Yoo = Y57 = Yy5

]
&

= Y86 = -D
Yis = Y51 = Yag = Ysa = E+F
Yig = Ys1 = Yas = Y4 = E-F

Yie = Yoo = Yos = Ys2 = Yag = Yg3 = Yar
= Yy =-(G+H)

Yio = Y = Y = Yau = Ya5 = Ys3 = Yag

Y = Yaz3 = Yoo = Yoy = 1+]
Y3 = Yo = Yg7 = Yoo =1-1J
Yos = Yoo = Ya7 = Y =—(K+1L)
Y27 = Y = Y36 = Ye3 =—(K-L)

= 1
A= _ (R)Y, coth ’)’aQ—RaYcl coth YC,Q)

R clal

1
= 1

B = R (RyYy, coth 'YbQ -RyYy, coth 7 ;&)
- 1

C = X (Y, coth ’YaQ-Ymcoth 'YCQ)
S |

D = ﬁ; (Ybl coth ’YbQ-Ydlcoth ‘YdQ)

csch 7aQ - RaYcl csch ‘YCQ)

= |
E = _I_{T (RcYal

89

= _1 .
F E— (RdYb1 csch7b2 RbYdl csch ’YdQ)

-— 1 -
G ﬁ (Yal csch 739 YCl csch YCQ)

H = ii— (Yp, csch Y @-Yy csch 74 0)

= _1 .
I . (R,Y,, coth 7,& -R_ Y, coth ¥ £)
] = ‘1% (R, Yy, coth 7,Q-R Y coth 740

K = ﬁ (R Y, csc ¥ R-R Y _csc ¥ Q)

L = ﬁi_ (RyYp,csch ¥ £-RyYy, csch 7 48).

The validity and correctness of the above
expressions has been tested and the results have
been compared with the values computed from
general matrix expressions given in the previous
section,

IV. Conclusions

The procedure for finding the immittance of
a general n-line coupled structure in an inhomo-
geneous medium has been presented in terms
of the normal mode parameters of the n-line
coupled system. The expressions are in a con-
venient form for both computational purposes
and for deriving the explicit closed form
expressions for the elements of the 2n-port
immittance matrix. As an example, the closed
form expressions for the elements of the
admittance matrix of a symmetrical eight-
port structure are given.

The scattering parameters of a general
coupled line four-port with arbitrary termi-
nations are derived directly from the normal
mode parameters of two-line structure by
using the definition of the scattering para-
meters.
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