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Abstract

When an economy has institutional price constraints the ralationship between market
prices and shadow prices is not yet fully investigated. A pure consumption economy is
considered where market prices guide the consumption behavior and shadow prices measure
the social value of resources, In this case we show that if the utility function is additively
separable there exists a complementarity relation between the difference of the market price

and the shadow price and the difference of the market price and the regulated upper(or lower)

bound,

1. Introduction

Since 1950’s optimization models have been widely used for economic planning which is a
problem of a single-decision maker. Recently, it has become apparent that an optimization
model is not well suited to situations where many agents independently maximize their profits
or their own utility functions. In this case, an equilibrium model is required to describe the
economy.

If there are perfect competitions in both factors and commodity market, then the supply
responses will be the same whether we treat the production side of the economy as an
optimization problem or as a decentralized market. In this case, the market equilibrium prices
are identical tv the shadow prices, 7.e., primal-dual equivalence holds. This implies that the
market price of a resource should be equal to zero if there is an excess supply of that resource.
Using the primal-dual equivalence, the equilibrium solution can be solved through a sequence
of linear programmings [Manne, Chao and Wilson (1980), Kim (1981) and Chao, Kim and
Manne (1982)71.

One of the recently recognized major distortions in modern economies is that governments
pursue public policies related to price regulations. Examples are minimum wage rates, ceiling
prices for particular commodities, and linked price system between various commodities. A

* Dept. of Management Science, KAIST

S . RS —



serious difficulty arises when one attempts to implement such institutional price constraints into
the model since the primal-dual equivalence breaks down.

The presence of such institutional price constraints implies that the market price and the
shadow price of a commodity will not necessarily coincide. It allows us to explain the
simultaneous existence of excess supply of a commodity and yet a positive market price. Since
such institutional price constraints will typically distort the economy away from an optimal
allocation of resources, it is an interesting subject to find the next best solution satisfying the
institutional price constraints. Our aim in this paper is to present a mathematical economic
model which can provide answers for these questions.

The presence of price regulations will in general cause market imbalance, To make the
disequilibrium situation rather permanent, it is necessary to employ a mechnism to stabilize
the market. Mathiesen (1980) considered this problem and formulated it as a complementarity
model by imposing a counteracting mechanism which is a compensating program. It has a
public sector which collects taxes and distributes them as a compensating program for
unemployed resources. Imam and Whalley (1979) introduced a different counteracting mechanism
which is the government intervention enforcing particular agents to purchase commodities
through a goverament marketing agency.

Hansen and Manne (1977) considered the minimum and maximum price regulations. They
assumed that there exists a set of shadow prices and that there are complementarity relations
between the difference of the market price and the shadow price and the difference of the
market price and the regulated upper (or lower) price bound. They did not discuss the validity
of this assumption.

Kim (1981) considered a decentralized economy where market prices guide the decentralized
behavior of each activity and the shadow prices measure the social values of resources. To
measure the social values, he introduced a social objective criterion. Hence, his approach
could be regarded as a ceatral economic price control with institutional price constraints for
an economy with decentralized producers. Each producer behaves as a price taker maximizing
his profit and the planner maximizes the social objective criterion while observiug each
producer’s behavior. He considered only the production side of the economy.

In our paper, we consider an economy with a single consumer group behaving as a price
taker. Market prices guide the consumption behavior of the consumer group and the shadow
prices measure the social values of resources. A social objective criterion is introduced into
this economy to measure the social values of resources. Hence, there are two decision makers,
the planner and the aggregated consumer group. The planner wants to choose a market price
system satisfying the institutional price constraints to maximize the social objective criterion
while observing the behavior of the consumer group and resource constraints. Hence this model
could be regarded as a central economic price control with institutional price constraints for a
pure consumption economy.

One of the most interesting results of our analysis is that we can prove that with the
assumption of “want independence” [Frisch (1959)] which implie$ the additive separability of
utility function the assumption made in Hansen and Manne (1977)---the existence of comple-

mentarity realtion between the difference of the market price and the shadow price and the
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difference of the market price and the regulated upper (or lower) bound---does actually hold
in our model.

Furthermore, if the utility function is the logarithm of a Cobb-Douglas utility function,
then this model can be converted to an equivalent linear program. The solution of this linear
program can be found in an analytic form. However, if production side of the economy is
introduced into our model, these results may not hold. Combining production side and
consumption side is an interesting future research.

We shall begin by introducing the formulation of our model in section 2. In section 3,
necessary optimality conditions are provided. Here, the concept of shadow prices of our model
is introduced. Especially, the separable utility function case is discussed in section 4. Section
5 discusses the logarithmic utility function case. An example is used to illustrate graphically
our model in section 6. Our results are discussed and future research works are suggested in

the last section.

2. Formulation of the Model
Let us consider a pure consumption economy with # consumable goods. A vector b denotes
the amount of goods available to the economy. We will assume that 0:>>0 for all Z=1,-n.
The consumption behavior of the economy is determined by a global utility function which is
assumed to be differentiable, strictly increasing and concave. Also assume that oU(z)/0z:i—
oo,as zi— 0. This guarantees that 2:>>0 for all 7. Without pr‘ice regulations, the economy
can be modeled as the following optimization problem:
(Problem 1)
Maximize U(z),
subject to  2<b,
z220.

The primal solution, 2, and the shadow price, 2, satisfy the following conditions:

b—2z>0, ¢
p'(b—2) =0. 3)

When there are no institutional price constraints, conditions (1)—(3) constitute a set of

market equilibrium conditions with a market price system, p. Conditions (1) is simply the
material balancing constraint. Condition (2) describes the consumers’ behavior, They consume
a consumable good until their marginal utility with respect to that commdity becomes equal to
the market price. Condition (3) describes the market behavior of prices. If there is an excess
supply of a commodity then its market price should be equal to zero. This is the property
that distinguishes a perfectly competitive market from a regulated market. Since Problem 1
and the system (1)—(3) are equivalent, without any insitutional price constraints the optimal
planning is equivalent to a competitive market.

Let us suppose now that institutional price constraints of the following form are introduced
to the economy:

Dp=0, (4)




where D is an # by » matrix, where m is the number of institutional price constraints. Since
we are dealing with a general equilibrium problem, only the relative prices of gocds are
determined. Hence, all price constraints should be homogeneous like (4).

There are no restrictions on the type of the matrix D. Let commodity »# have beea chosen
as a numeraire good. Then the minimum price regulation of a commodity ¢ can be represented
as pi—fip->0, where f: is a constant. The ceiling price regulation is— pi+fip.=0. If we use
both the minimum and ceiling price regulations, we can represent a fixed price regulation. If
a price is linked to others, then we could introduce the following two price constraints:

p—2 fi pi=0 and ~pi+j§iff pi=>0.

izi

If the system of shadow prices determined from Problem 1 satisfies the institutional price
constraints (1), then this shadow price system is the market price system. Otherwise, we
should find another set of market prices. In this case, the perfectly competitive equilibrium
market condition (3) is distorted by the institutional price constraints and does not hold any
further. The system of remaining conditions (1), (2) and (4) constitutes a feasible set for the
consumption levels and the market prices. It is not clear which one is a solution among all
possible values of (2,p) in this set. To define a solution, we need to impose additional
mechanism into this set.

Unlike the market equilibrium models like Hansen and Manne (1977), Mathiesen (1980) and
Imam and Whalley (1979), our model is a central economic price control model. The planner
now wants to choose a system of market prices which maximizes a social objective criterion
while observing the behavior of consumers. We employ the consumers’ utility function as the
social objective criterion. Then our model can be formulated as follows:

(Problem 2)

Maximize U(z),

subject to 2<b,
VU (z)=p,
Dp=0,
z2>0, p=>0.

The market prices are also primal variables in this model but the objective function depends
only on z.

3. Necessary Optimality Conditions

Since the second constraint of Problem 2 may not provide a convex feasible set, Problem 2
is not, in general, a convex program. Hence it is difficult to find a set of necessary and

sufficient conditions for the global optimal solution. But we can find a set of necessary
conditions through the Kuhn-Tucker theorem.

Theorem 1. Let (2,p) be an optimal solution of Problem 2 and satisfy the Kuhn-Tucker
constraint qualification, then there exist nonnegative vectors » and w2 such that
¥’ (b-2)=0, %)
p—y=~—-VU(z)D'w, (6)
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w' Dp=0. Q)

Proof. From the Kuhn-Tucker theorem, there exist vectors v, v, and w such that

V U@)—y—U(2)v=0, (8)
v-i-D'w=0, 9
¥ (0-2)=0, ao
w'(Dp) =0, 11)
v>0, w>0,
Where the fact that z:>>0 and p:=0U (2)/02:>>0 has been used to guarantee the equality in (8)
and (9). By eliminating v from (8) and (9), we can derive the equation (6). QED

Since : is the dual variable associated with the material balancing constraint (1), we may
call it the shadow price of the commodity Z. Condition (5) says that the shadow price of a
resource should be equal to zero if there is an excess supply of that resource. (Notice that
there is no zero market price condition for a resource with excess supply.) Condition (6) shows
the price wedge between the mar ket price and the shadow price. The wedge is proportional to
the second derivative of the utility function.

4. Separable Utility Function Case

Let us suppose that the utility of consumers has the property of “want independence” [Frisch
(1959)7 which implies that the utility function is additively separable in its arguments.

U(z):% ui(z:). (12)
Then (6) reduces to
yiz=pi— (piei/z1i) ;‘1 wid ji, (13)

where di; is the (4,7)-th element of the matrix D and ei=—d log(du:(z:)/dzi)/d log zi the
elasticity of the marginal utility with respect to the consumption level of commodity Z. This
is not, in general, a constant. Especially, if U(z) is the addi-log utility function [Houthakker
(19607,

Ui(zi)=a:z:%, with i<, ¢i#0, aici>0,
then ei=1—c: which is a constant. If U(2) is the logarithmic utility function which is the
logarithm of a Cobb-Douglas utility function, then e:=1 for all 7.

Now let us consider a special case where there is one minimum or ceiling price constraint
for each commodity with respect to a numeraire good. Let the commodity # be the numeraire
good. Without loss of generality, we assume that the first £ commodities have minimum price
constraints and the rest (except the numeraire good) have ceiling price constraints. This can
be expressed as follows:

pi>fi pny, for i=1,--, k, (14)
Di<<fi pn, for i=k+1,, n—1, (15)

where fi are constants. then we can show that the following theorem holds.
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Theorem 2. If the utility function is additively separable and the price constraints are given
by (14) and (15), thea the market prices and shadow prices satisfy the following relations:

yl(b_z):O7 (:‘)
pi—y:i=>0 for i=1,--, &, (16)
pi—yi <0 for i=k+1,, n—1, an
(pi—) (pi—fi p»)y=0 for i=1,---, n—1, and (18)
;1 ij)i/eizgl biyi/ei. (19)
Proof. With the price constraints (14) and (15), equation (13) reduces to
wi= (pi—y) zi/ (pi e), for i=1,, k, : (20)
wi= (yi—pzi/(p: €), for i=k+1,-+, n—1, and 21
3 o1
Ya=Pn— (Pnen/zn) —§1 wi fi+'=Z+lwi fit. (22)

And condition (7) can be expressed as follows:
wi(pi—fi pn) =0, for i=1,+, n—1. -+ (23)

Conditions (16) and (17) follow from conditions (20) and (21) and the nonnegativity
property of w. Condition (18) follows from (20), (21) and (23). By substituting w: in (20)
and (21) into (22) and using (5) and (23), we can derive the condition (19). QED

This theorem says that if the market price of a commodity has a lower bound then the
market price should be greater than or equal to the shadow price and there is a complement-
arity relation between the difference of the market price and shadow price and the difference
of the market price and the lower bound. Similar relation holds also for the ceiling price case,
These relations seem to be intuitively clear but these hold only for the consumers’ market
price not for the producers’” market price. Kim (1984) derived a set of relations between
shadow prices and producers’ market prices.

Condition (19) implies that the weighted sum of the market values of consumed commodities
should be equal to the weighted sum of the shadow values of initial resources. Especially, if
the utility function is homogeneous with constant e:; for example, the logarithmic utility
function or the addi-log utility function with identical c¢i; then e: is identical for all
commodities and can be deleted from the equation(19). In this cass, the market value of all
consumed commodities should be equal to the shadow value of initial resources.

5. Logarithmic Utility Function Case

Suppose that the utility function is.given by
U(z):gj1 ai log zi, where a:i>>0, and Zl ai==1. (24)

Then we can show that the set of coanditions, (1), (2), (6) and (14)---(19) is equivalent to

the following linear progrm (See Appendix for proof):
k
Maximize ?_,:'lfi Zit2n (25)



subject to  (fi/ai)zi— (1/aa)2.<0, i=1,+, k, (26)
(1/an)2n< fi bifas, 1=k-+1,-, n—1 (27)
0<2i<bi, i=1,---, k and », (28)

The amount of consumption, zi, for i=1, k and # are given by the solution of the above
linear program and z: for i=k--1, n—1 are given by z:=&: (See Appendix for proof).

Notice that since pi=ai/z: for i=1,+, n and zi=b: for i=k~+1,--, n—1, the constraints (26)
and (27) are nothing but the price constraints. Hence the linear program maximizes the
objective function (23) subject to the material balancing constrainis and the price constraints
which are expressed in terms of the consumption levels.

We can find the solution of the linear program in a closed form as follows:

2n=Min {bn, an fi bi/a; for i=k+1, n—1},
2i=Min {b:, @iza/(fian)}, for i=1,---, k.
The market price p: can be found from the relation p:=ai/z:.

Since z: for i=k-+1, n—1 are given by &;, each ceiling price constraint provides an upper
bound, @ fi bi/ai, on the level of consumption of the numeraire good. Hence z. is determined
by the minimum of these bounds and the initial endowment &.. Then the price of the
numeraire good is @./z. and the minimum price constraint for ¢ provides an upper, a@iz./(fig»),
on the consumption level of that commodity. The minimum of this and the initial endowment
is the solution.

The shadow price system y satisfies the following linear program:

n -1
Minimize 3 (fibi/ai—bn/an)biy: (29)
i=1
I . i
Subject to f_.’l biyi=1, (30)
0-Cbiyi<Za:, for i=1,--, k, 3D
bivizai, for i=k-+1,--, n—1, (32)

n
The shaduw price for the numeraire good, ¥., is given from the relation 3 bivi=1 which is

i=1
derived from (19). An optimal solution of this linear program is as follows:
(Case 1) When ba<laxfibi/a: for all i=k+1,---, n—1.
0, if 1<C7 <<k and ai/bi < fi(an/bn),
yi {ai/bi, otherwise.
(Case ) When b.>>an fi bi/a: for some 7 between k+1,--, #—1.
Let i* be the index which minimizes anfibi/a: for 7 between k+1 and n#—1.
JO, if 1204 <k and a:i/b:<< fian/b),
yiss

ai/bi, otherwise, except 7¥,
3\

k
[[af*+an; 3 (ai—biyi)1/biy, ifi =¥,
FERS

6. A Graphic Example

To illustrate our results, let us consider the following example:
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n=2, U(z)= .5 logz;+.5 logz,, and &'=(1,1).

Figure 1 is the commodity space showing the feasible region, OABC, and indifference curves.
The optimal solution without any institutional price constraints is the point B. In this case,
the market price is equal to the shadow price and p,=p.= .5.

Now suppose that the planner faces an institutional price constraints as follows:

D2=2p1. -+ (33)

Since the consumption behavior is guided by the market prices, the tangent line to the

indifference curve represents the relative market prices of the two commodities. Oniy the

\ WG v D

g |, wedge K

0 A commodity 1

Figure 1. Commodity Space

segment FE has a tangent whose slope satisfies the constraint (33), where F is a point whose
slope is such that p,=2p,. By tanslating the segment FE until it touches the feasible region,
we obtain the optimal solution H. The market price supporting this solution is the slope of the
tangent line to the point H. on the indifference curve GHI. On the other hand, the shadow
price system is represented by the slope of the segment AB. Hence, the solution is (zy, 2591,

Do u,u)=1,.5,.5,1,1,0). Actually, this can be directly found from the results in section 5.

7. Conclusions

Our model is in a primitive stage to apply to a practical problem since it contains only the
consumption side of the economy. Kim (1984) already developed a model which contains only
production side of the economy with linear technologies. It would be an interesting work to
develop a model with both consumption and production by combining these two models.



Appendix

If the utility function is given by (5.1), then pi=0U(2)/0zi=ai/zi. By eliminating p: we
can derive the following set of conditions for z and y:

bi—2i>0, =1, -, n, (54)
yilbi—z) =0, i=1,, n, 45)
—(fi/a)zi+ (1/an)2.220, i=1, -k, (35)
(fi/ai) zi— (1/an) 2,220, i=k-+1,-, 2—1, (37)
ai—biyi=>0, i=1,+k, (38)
—ai+biyi>0, {=k+1,-, n—1, (39;
(ai—biy:) [(fi/a)zi— (1/an)za] =0, i=1,-n—1, (40
;1 bivi=1, (41)
_%‘20, i=1,-n, '(42)

Conditions (36) and (37) follow from (14) and (13), respectively. Conditions (16) and (17)
conbined with (35) provide (3%) and (39), respectively. Conditions (40) and (41) follow from
(18) and (19), respectively.

Define si= (fi/ai) (bi—z:) for i=1, #—1 and s.=(1/a») (b=—zx). Also define ti=mai—biyi for
i=1,, k and ti=—ai+biy: for i=k+1,---, n—1. Since (39) implies that y:>0 for i=k—+1,
n—1, (35) implies that s;=0 for i=k=+1,+, n—1. Therefore zi=bi for i=k+1, n—1. Define
gi= (bn/an—fibi/a;) for i=1,--, k and gi={(—bn/an+fibi/a:) for i=k+1,-, n—1. Then the
system (34)—(42) reduces to a linear complementarity problemn (g, M) with variable x defined
in the follows:

xI:(Sly'”’ Skisﬂvth"'y t"-l)?

q’'= (ai, *++, ar, an, g1y ©gn_1)y

A7
M ‘fo A J,
~ - 0
A= [—Ik ex ]’
O —€n_k_y

where T is the identity matrix and e is the column vector of unit elements. The subscripts
denote the dimension of these matrix and vectors.

Because of the special form of the matrix A, this linear complementarity problem is
equivalent to the following linear program:
(Prcblem A.1)

i3
Maximize — 2, @iSi—anSn,
i=1

subject to  Si—S$a=—gi, =1+, k,
Snz—giy t=k+1,., n—1,

si>>0, for i=1,--, k and 2z,
The dual problem is



(Problem A.2)

n_t
Minimize > gty

i=1

subject to ti<a:, i=1,--, k,
n-1 k
Z tl_Z tigan,
i=k+1 i=1

t:i >0, i=1,-, n—1.
Substituting si= (fi/a:) (bi—z:) into Problem A.1, we can derive the linear program (25)—
(28). Substituting #i=a:—b:y: for i=1,---, k and t:i=—ai-+biy; for i=k+1,---, n—1, we can
derive the linear program (29)—(32).
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