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Abstract

A beam with web opening may reduce the cost of steel and the height of multistory steel
buildings. Bower’s analysis based on the theory of elasticity and Vierendeel analysis had evalu
ated the normal stresses around the holes, but these analyses have difficulties for practical uses
because of complexity and the limitation for their application.

In this study, it is shown that the finite element method, using smaller number of isopara-
metric elements by taking only a part of the beam which includes the hole, can diminish defects
of the above two methods and it may represent more satisfactorily the distribution of the local
stress concentration around the hole than the other methods which employed linear elements
such as in the analysis by Samuel or Redwood.

This study presents the effects of moments, shears, and eccentricities of a hole on the distr-
ibution of the normal stresses calculated by using the proposed finite element method. Conseq-
uently, it is found that the variations of shear force and hole depth give significant effects on
the normal stresses around a hole, while the variations of eccentricities of the hole provide a
little effect on them.

The regression coefficients resulted from the multiple linear regression may be used for esti-
mating the normal stresses around any arbitrary hole in the web of a beam, since the normal
stresses guessed by this regression coefficient equation match well the results by the finite ele-

ment method except the case of large eccentricity.

E &

HALE WA GRS BRSNS 288 0% HHT F71 Aok Bowers) HEmE Wi
S} Vierendeel @472 7 MMl BEMANE A4T 4 ot o] A4EL A9 HA43 54
9 @A FAS S vk & PEE SEHERE A4 TUFAY AYERL Ao HRE

* EHR - CHRRE THAR 8, LALER
*»* EWE - CTMARE THAR BhH, LRTHRRE

5% WAM19859F 12 — 75 —



Rikg A 83te 23Ut

HEe WME F HEY EEE B T A KREERE AT
.7_

°]
Samuel, Redwood 59 #@a44 nrh 4o e48 Agdds 7o BRENRFE T 2

q4% & U

B QT e ARERRS gt ZalE, A8 zda 799 fHosel 79 F49 NE
0] oW st M3t E FEsbE ol mkvh WETHF TRl stk T T B vl
A & pEe A g, old ¥t fHLe] deE AHE & ATk

7 g e BRERES sty 4 HHE BEESITE A% MEREE At
EFGEe o3 EERES Hool £ A9E Addat FAFNY ENE L EHEs B

F 9% Aelehe A7

1. # &

2EAF7EL] WEA @B Wi E
9% B (duct) e nd AFeE A »
o e T3 AglezA Aol Azt
AE AA wol € 24T 401

B9 B3E 99 EE A4Yoz HE WK
THYE AAY ASol, T9 F99 BHHED
#rh(local stress concentration) s}  #5#Hf ol
A AWA < BASHY 4, zels AAEY
o] dejutes AAE 28 shoof gt e
FYRIY A Y4 Aued e FHolg
£ 29 BAABEND 493 o8 5 Ao

1966 ' Bower ¥ whg ol Eof] o % 34}
Vierendeel 8] 4 0.2 T 49 HFH F4p9
FAAY AEAR $EE TEF e LA
tstich. Bower o] ER4o] ol 2g 42 €
Y74 1 Zolol W@ FHHAY H7 o
0.5% zdstx %z EwWE—AGE s+ L/
2.4 & 233A &g 9 48] sgdiet ol
L& mzolel wbo]r}. Vierendeel 342 77
Z39l9] B-& Vierendeel 2}o}ul o & 714351 Al
Abele iy o 24 BN %Al I o
HA g A AbgEE ARl zE v o
Age B4 4 ge] AAYe] FAS Hx
9.

1968 Bower 3= 3ol of g BMERITH

e

) WSS TR0, 1971 AS-

CE +x459 ‘§312 d7s¥s d4 =nst
B A FEE At 1970 o1 F, FR8-H

A Z% FEAI 7] kel T ool HMIBE
&4 A7l 27 (reinforced hole)el] wia] <
FEE®o] verl ARt BATHE 2
Witee Z7HAl A whA Fio] gl Heh B A
#% Zoh AAY no)4 18] Eolst Az o
% do] Fol mel Fol F7bol AAT & 9
£ 4SS HARY oHF ALE WLTY
(eccentric hole)e]a} &}, o]o) wfd o F®7}
1974 o] F wol Al A . HTellE £44
AA Felol Hmel M AE o] A EETO
o] el vhgkes, Bower el wpdal olel v}
A A FzAe] TokA gfedA APA e
ot A Tshe FREREE o &8t Ty 599
EHBEEE Q18 =V A&

E v feaasyg s AHEete] e 9
Awiste} shEael vl H el w599 [
NoAiE EWs e FHALY st AT
Z3AAE FotaA ok o] 24 AAAS T
25 AAA AFAdd wae 7o) 20 9
AAAAE Beh A EF s, F3 A4
et §¥e] HES 4Ases o0 2 5H0
Shet

2. E@REM

2.1 MEER| 28t WAHARER

HIL@H I R EhEe Tl 8l 49
1 EgH I Ty AAd 8" Poz ¥A
e #EES FozA dof Ao sE3H
I 2#%gd L i o2 R E A 9.

”'+”’:4E§_%:7 .............................. (2-1)

Kb AR E R



o0y 20T, 0= 2W’ [W( ¢ ) ']-(2—2)

o+ W-@-——f P=gitigy--

o714,
¢, ¢; Muskhelishvili o] 28 g
5 wd e el
Zhz Wb rdrge] FASH I A 0w
go] 2§
T ol F B AGEH
6. W; 2 o} Wo FhEas
Re; A43-2¢& vYebll& ¥35
i; 344 (imaginary unit)
R FerFd g ¢ ¢ = g3 Aol BA
E‘l;}.(?)_
At = YEANES BF e Azl 4,

[Zuvz—{— (v—1iu) zz-—-:’;— ng ------ (2-4)

‘ ...(2_3)

Ty, 085

v
$="81
¢;~[ ;} [f 4 uv+id(CF— V)]

4 (~3v-+iu)2®+i %z] (2-5)
o Jra ek e 2 7hd 4
g);._g_%_ 7R %) EYTTTIRPRIRPYPRPTTTRPISPOPE (2-6)
¢= MI (—4 vztiz?) 2-7)
o 7] 4
Vi e a4 3 cua
M; F93E BdAH ¢ uhE A 7hef] A
9 FudE
I; g3 3% 499 g 25 29
w; WA, w2 BEvgieg Heog ¥E T
]

WEAAA L HlHEA 2

v; e} H#he e THFAAA Ae
28w CrE w9 $20|9 BEMEeH s
70| Fol At

C¥— d\/l+~2—57ff—f» ........................ (2-8)
of 714

d; B3ole] 4

to; 457

by TRHA 9 F

tri EHA L] FA

otk WA 19854 12

T $HA4E uiE A8 EE
Az A8 A5 Ao Helsd. &,
Azg FYe FAE £ BEE r2 395
= Adeleh oA 79 AAN ARE B
He EAZ S=F &7 A8 g g #

BAE AE3te oo uiR A EAYe
Zol Smm (conformal mapping) '6']—7‘“ L3R

z=W(w) *——-——%—Bar-l—Cw +Dab

d-Ew? cieveiininnanns ««(2-9)
o714,

w; A& Bog FH ¥

A,B,C,D,E; Fo|7 78 mofel] wha} ¥

stake AAF

A2g Bae]l 2949 dFols] HAEd o
E FFHE r3 024 Ao s
tu=rexpit9------~------- (2 10)
THAAE ro] 12 A4 %01 At A
(-9€ A @-0% @-5), =& 4 (2-6)3h(-
NE 2¥524H 0y 52 ‘34% ]ﬂ-“tﬂ
of AbgETh olF 09 FTE A&
shEs ne Ao P2 T
9 $H2AE A AT
ol o

&ﬁU}Eﬁ(perturbated stress) & Fwo4] A

L.
o’
=

¥

Az e BEse] Fyonde Adsl gold
£% Rawd. o aRsde ALsE
94 7Y

o 2o W 44894
HEGE 4G4

do=ew ez(uz—{—eg(u"—}— -{—e,,a)
do=Ffotfrw+fr0*+ faw® - +fuw
o 74,
Pohos w B THE w3 g
enfui TEFHY AA2AE BFA o2
A= Fag AF
PHEHGFY AT e 7 2 ) REY
HeHol BHE AAH Fo] HKo] HE
2 2R A4k
NEEHTT o2 ¢ F AC-D} (2-2)9 o
ke, He 09 JEEHEEPAY. 23g
HET oot o F A@-DF (2-2) &g

.o (2-11)
-(2-12)

X

o

o

._.-77_,



e wd 24L& vedd, 2822 WF
o2 2EE /184S 2REE L Had &
F 59 AA S (total stress)-& +¥ + U

2.2 Vierendeel 54}

g4 ol & HAlel hd s A o2 Vieren
deel #j4o] AL8d 4 vt o] HFHL [¥Pr
o EEA A AAAY Fy FH9 @A 5
+ Aoz ALY o AF 2oz glch. #
#E, 5, &Hol FolH= Aol T3 FAA
of A%t sp e Rl FFA ). 2
22, 79 Ek T Sl 29 49 3dE
T G4 Hd g FE BXMY ¥&
& FitAge. ol F F4H L PYEANER
g -84 Fotoiof qir.

23 2-12 Vierendeel 49 7| EEAE
Bls goh W Rel] 93 Azds P
Er Wi AgE 4 Judleg H3P & o] E).
B FAF AAT Ty A Ay Ve

g g
V=0, 5R ceeecercaiimiiiniioreainnncieniiie. (2-13)
2R
EveTyy
D E

7 u 1"’
R R

.
1
o '
! ¥y . . :
Yopp -
- - l
‘V=0.5R * = .

b On + Gv = o 1
u
R

Ow ; Bending stress due to moment

gy i Bending stress due to shear
t ; Shear stress in T-section

18] 2-1. Schematic view of beam and stresses
in Vierendeel analysis

Ve 9% $HEL T Asld Uy T-
Sdg Hol el Wby At Asbg. w)
B4 Wy VE T8 g 245023

__78._._

A# 3 AN AEEY 1o S HEH ou &
4o,

vV
z-”::le_‘—.(yz-—y‘z) ........................ (2..14)
Op1= ny‘ creenerineennencietnineenenss (2-15)
t
o714,

L; THwde) Bode) 48 2424
53 THede] 2838 759 AA 7
A9 Az
v THeds] 24 Bl 43E 9] 2 she 4
A<} A
zi FHe FHozdH
A el 2<a
4 @1904 yoe TS s 7
gateldl e (H)eleh 4 (2-15)904 Bk
& P99 FAold4 ol ot AR etw T
qe) W E e A4 49 F35} w0kl
. 28 21904, 2iE M& g3t 2

s A7A

M:R(u_’_x) ................................. <2_16)
Mo &% 3¢9 oo et 2o
522:—4’2}’“ .................................... (2-17)
o714,
L; o] gl& He =43 3 24 =
AE
s 7ol gl WY 242 HEH 0. F
2 E AR FA
FEANEE ol wit #&3te WAHH

of Sl Aol Arkx AR Y wehd 2
4 2114 DAL $8L et e

s =——J%”——-~A§h ~+(2-18)
& Ede] 2882 ogst 2o & 4 et
Ge=-F ‘;‘tly .._I%{_h_‘ ..................... (2-19)

2.3 HERERRITE oIt 2o HEe B

Fretasgdl o3 1Y xme JEiEAEN 2
ol4, 27}x] Wy o2 3 w$H (plane stress)
€ ol 43Ad = Uk ANA e 249
2-244 £ 4 gd%e] m Folel 24 Aol

PN EF NS fopE



Hote] RFde] nAd A B2 o] 4A
Atk @ ol 43t A7l mo] A4, B F
Zhgole] BB v B FHE FHlom
WA AREL z g FHHgA. @il CD
of #ste oj4gd IFE AEAIA Ho

2 dTdAE SRBERYE FEE o
& AHgste] mokeh FuA g e EYE 9
LB oz ¥y, ZWAE bar 848 R o] A
3 wgolt}. &, Samuel™.& BB & 708 A
o Ay, Ae EAAE 949 bar &
42 28 ForA AFRA H48ge

[l E c by
A F
£ 8
£ &
d '
o0 . ey @
ad e

T8) 2-2. Idealization of beam with web opening

o} Frlx a4 82 g AAA£ Bower
o Ay e Bl & AAe] A3 F
s aeg 9 F3AE.

28 2-49 2-5% ¥ 2-19 Beam-1-§ =3
2-39 (a) A-Fol W3 nel Y¥-Exhg o4z
AA FATe4E 8 HAHFG AAAE
Samuel o fatg a8 o] AspA|e}t ulwete] &
HEE HET Aolth. +99 F4 Ao HHA
Samuel 9] A }A o} FAFo 4] AR A
Aol e, BE AA2ANE HEHA &
Bower o] sl4o] £ AF A Aelv} e d
b k. Fye EFge B4, 37bA W
W A Aelst fle FHELE Ve 9
o & gk zerg, & 47444 A8t
oF &52] ol A3}, zEx FAF LIt
(138 /)9 84F AL&3ldA E Samuel &
Ao} AYA F FREGHE AE LG F I

e mlo r]o

KR
G

X
T
2]

<

RN
T u

28 2-6 % 2-7-2 Beam-2 & ¥ 2-39 (b)

EoH BAY 19854 12 )]

I 2-1. Properties of test beams

L d tw by 17} 2a 2h

Beam| ooy | (iny | Gim) | Gin) | Gn) | (in) | (in)
1 | 447.915.88] 0.313 7.09¢ 0.425  9.32/7.32

2 |522. 14/16.97] 0. 276] 7.21 |0, 432 11.71 5.3

3 |946.70{16. 33| 0. 395 w 241 0, 665 10.0] 8.0

4 (1323.0/18. 21| 0. 425 1‘1.04{‘0. 680 8,12, 16 8.0

5 11309.4(20.99| 0. 400, 8. 24 0.615 9.0 7.0
Ao A, FeaHHg HolEog 4
3 Aol . ©® o] % 1YL FAHZY Aubig
4 vbehgl Aol 4714 §F a4 Redw-

ood o A7 gat & QT4 AgHE F
A48 S FolH, n & 4% R
Zo)4 FoF9e £8 & Vierendeel 344l o

g zrolth. =¥ 2-6 3 2-TolH B F 3%l
2k el g bR 3 a4we] Ade
T F el A oFte Aol & Jehlz E %

g A9 dAg g1 @, B, @ @dA=
BAFasd §rF 749 d%E vk o AR
EAG F ASE ¢ F U@ 7 B4
9 99 @, O FEFAAY FeiAFE
SHEEANI B o] EY AFAe dAHo
ey, e F9 e $Hd 238k Vierendeel
A4 Ae 2 A%t ol YL ¥

o —m ok

_.‘VLo

b

4 e
R R
) i
B ¢
a
B | )
wzl/d
R T 1R
R
{
e )
=
0.5 v - d 0.5
R
t
- e | o
U
oex ) .58
bt
HAN
d4 Ty
2] 2-3. Beam geometries



Bower's elasticity
- ion

(in )t Jr

N ‘
6T 06 -05 -04 3 -0z -oi 0
8] 2-4. Bending stresses at centerline of cutout,

SECTION

pin

—mwmy Beam theory

[Ji dower's experimental | | d
data 1
Bower 's elasticity i'
§71ux|cn Isoparamesric F.E.M f
“*B i
(in) =TT o 3
-07 -D6 -05 -04 -03. -~02 -0 0

18] 2-5. Bending stresses at edge of cutout, o«
8I/100M

© @

a 3} Redwood's F.EM

b 3 Tsoparamotric F.F.M

3% 2-6.

3. WiEfi % #HiHEM

3.1 NRBERMIR 3 WRAY

749 SRSt #F4H Aol mEE T3
Z99 BEHE Folusl A 347 AvE B
Jeted gpesyoz #4544 £ 312
1% 7 A$E YT U

A% 18 %) wel F40 Agsn T4
DEEER CEUE DUTESCEEE LR
Yyede ASAAE QoF nh 29 31L&
A% 14 wel Ay 2 el A ¥

_80__.

Bending stresses, o:I/Vd?

2¢ vz gich g @, @A F9Y ¥
olg} ¥ o9l u] 2h/d 7} 0.49 o T FHE
Zu AALH L T3] adtd FL& FYH
et Gehz 2Rl BEb] vlshed AL wE
7} gleb. oldl wlEte], e @HHAAA T
o] Eolet B Fol9 ¥l 2h/dr} 0.31¢ =¥
2-6 ol 9] FEY2 Aol Frags. oA
T Foloh B Fole wst FrhFelutet 7
HRAe FATEA] AR HENHF 2
glmg 2h/d5} % 0.5 o) AU E FHY ¥
Hell e AA BAAL 24 2HEA] golx ¥
b wmgt Py A Be Fodd AT F

K AR R



a;

3 Beam theory

Redwood's F.E.M

b ; Isoparametric F.E.M
113] 2-7. Shear stresses, oI/ Vd?

E 2

5 5, ZHES} FAEFE, 759 LPE4
FE58H -2 Fhetn Q13 & At U

29 3-2& 799 4244 $HHsE v
Bz Yot FHe 24 433 & &
HRAFo] defvtz gl AFaF FEHELR
FGAY 3o e T dete, FY
oA FEHo] dFEY, T34 ¢F
€8 & veha et old, T AAA B
Zole] Fofel id wbd ] siohd, 58
o QA e] Wz AA¥c} =g 33 F
AA o BRol H&d did }3Y¥E el
Z et 28 2-62 FHd4 2 o] Es WA

$3o] Zhade whd, 2§ 3-3- 44l F7t
sz gich olAL THERAHS FHFHAYF
o g JFEelct aHBE AN EL E
MERY ZAHGHA L& RAEGWY 44
9} B89 A& A9 $H ¢ nzy $Heov
2h/d Qu)7} EdE ¥ mulES HEXAH S
Hx s of gt

28 34 Af 2 F, 7YY F4e] n9
Mgl d8 Aoz FOIE AL FH F
F@stelch. Ty 44 AAd ¥H & H4A
o] linol4 2inz HEe < @4 @44
= A§Ho] 32.6% F/HE Bolx g @A

H 3-1. Beam tests with web opening

BEAM

GEO- %a 2h u 1 e v
Case | Test (T“z‘j‘f) METRY| (in) | Gn) | Gm) | Gn) | Gn) | (kips) | ¥ 2
1 3 b 10 8 5 | 200 0 05| o paesw
1 2 3 b 10 8 3 | 200 o] o5 |
3 3 b 10 8 | 65| 200 0| o5 | HEAT
7 5 c 9 735 | 200 20| 05 ggig wa
2 8 5 9 7 | 345 | 20 | 15| 05
9 5 c 9 7 | 345 | 20| 1o | o5 | ERF
4 3 10 8 35 | 200 0| 00| gia wae
3 5 3 10 8 35 | 200 0] 03
6 3 10 8 3 | 200 o | 06| BF
WEE AW 19854 12 1 -~ 81 —



= 7.8%9 F7HE 2olxz vk =¥ 7HY A
F88 & A4 = FoE w4 P ucg
A4 AAE ¢ F U5 Y9 BAHAAE
AA9 Fote] = SH o 23t gEg Y
grz e H4d s Ay o ge] &
PRIy dtFxA o JFuct e ¢
T o}

2% 355 AF 38 &, Adge] vAE o
Foll &4 et e gleh. AdEo] o ,iuﬂ—t-
78 "ot glo] ¢4F&HE vz glent
Aol Ao opef A4 WaE epdch
28 3-6-8 Test 3o Al A8 V=0.5R
o FEAAdE, RAaEgt A4 =W, zem
B ES Aol FAd ALE e P&y
HEHE Vet glish olddE mtabslxlz A
o] ofgo] A | AujAe AL U F
glel, 28 3-72 test 14] W& EAEEHS
WpFo 2 vrehy gl

3.2 EERS % datey

6 7] 9] mﬂ:ﬁ&'Xme'":Xe%’ﬂaiﬁ}m] zt
Ed s d8E Fo] fileaor AL
Bt FHALAE 37 9 4 FHHSE

SECTION @ @

X,=1/1000(in.¥), Xe=a/h, X;=2h/d, X,=e/
X, X;=1000M/I(kips-ft/in.*), Xe=V(kips)
o2 A 9 M Ve 474 7+
T4 ZHES AgHo|

EEEE s AASAY 439 BAY ¥
9 &3E AHsd Y, Y, V., Y. 2 @fs
o}

B AFAAE 4 Al A AFeo] BEHo
g fgdy stgeta F3A 24 & 5t &
3-29] 7 A fol A& AEA A G
& 5YPuSE tx, fgaaddoen 9
Juil A ele] B Y, Y, Y, Y. & o[ &3l &
AAEAE A4 B AT A4
o HaxAsFAA BE A7) S84 SSP
(Scientific Subroutine Package)¢] 3z
284 o35k ¥ 3-32 olF dHAER
FH AL fAAFE] S

dejo] #EFHF AAE He oy T4 X,
Xo o, X 508 SRS 443 g9
H)g A G-Dell fAAstE, o FH9 4124
2l &3 Y, Y, Y, Y. T s 9
T 9t

//// Ty
N /
[ 4
B . |
AL 2 s I B /Y B e R pov e
) !
a3 Tegt )
b; Test 2
c; Test 3
N W EED R/ kips 0 2-3-456
] h h
F -
‘ i in
L Ikin

[LLH

a3 3-1.

ey
—

(24}

Bending stresses c.d/Vd® for vabrious hole located along the beam axies(e=0) (Case 1)

KELRRE R



& 1vd

< b a
/

G 1/vat

A
L

Se undary of hole

a3 Test 1
by Test 1
ey Tash 3

2%l 3-2. Bending stresses o.I/Vd® at top of
cutout (Case 1)

ST 3 2 o

i-¢
34
2

%] 3-3. Bending stresses o.l/Vd?® intersection
between web and flange(Case 1)

skcTion @)
I
Hole depth
s
Test 7 -1
Test 8
Test 9 , \
% 2 -2 oA A S
f —_

2% 3-4. Bending stresses o,1/Vd? for various eccentric holes located transversely (Case 2)

g ET/100M -
z

"

8

] d; Test 4 !
-0 ¢; Test 5 ¢ i
- f; Test 6 i
Ry

28 3-5. Bending stresses 0.81/100M for various
shear forces at top of cutout(Case 3)

F5% H4M - 19854F 12 — 83 —

6 :: loads
2109234587

218! 3-6. Bending stresses o.I/Vd® for various

loads(Case 1 2] test 3)



——; Compressioh

b gl ‘\'169}' e —=--- 4 Tension
W\‘ « v . .‘; o ’
_Zk o Y . i —— 2 -
—12] 3+7. Maximum principal stresses contour for test 1, oy(lb/in?)
£ T T I 3\ [ By bin bys | (1 j
! ] M ' %
| h-T P a s Y4 bqo bq! b bqﬁ X2 {
s Lo A1 V= X; Lo (3-1)
| hL - ¥ ; % I Y b0 by v bys X,
! s ) | X;
JI i t N Vs Lbso by o b N X,
| — : g . .
. , e olE MRS Aok B 3-40) EAH 47}
u. N
18] 3-8. Position of independent variables 7 FIEE & 3-39 HAA4+E o] L3y 4

I 3-2. Variations of test beams for mulitiple

(3-1)& Bol4 e awel o FHBEME vl
28 272 @k

regression
B 3-5% % 3-49 dgeq f@oayst 3
Case Beam Variation N
(Table 2-1) : : A4 AHE ¥ad seld fl 12 AA4
1 3 (in) 15, 35, 65, 29, 53 & uhss] 98 Ao case 19 = &
S Il - HE P EEES AR TR
0.42 o A 5 g, =z ok QF £~ 0
4 4 2a(in) | 8,12,16,9,13 e 2A7 0.1% oM ER F ReE &5 A
. fl29 3 FHY FAo B FHAEH
& 34, QA4 oo sz FRas), 2gw 9
¥ 3-3. Regression coefficients
Y bio by [ bis biy big bis
Y, -1,971. 13 -707.84 694. 19 3,750. 98 -72.169 —90. 889 3,011.72
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