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Multivariate Modified Discrete Distributions
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ABSTRACT

In this paper, multivariate discrete distribution is dealt with, where a set of r distinct
counts are misreported as another set of 7 counts. First, the variance for the one var-
iable marginal case is expressed in the form of an inverted parabola. Next, for the
multivariate negative binomial case, elements of the covariance matrix are evaluated
with reference to asymptotic distributions. Finally, for the same case of multivariate
negative binomial, Bayesian estimates of the parameters and of the modification rates

are provided.
1. Introduction

Modified discrete distributions have been extensively studied recently. For example,
Cohen(1960, a, b, ¢) dealt with the modification in terms of a single misreported count
in the models based on binomial and Poisson distributions. Parikh and Shah(1969)
considered the same problem with reference to power series distribution. Lingappaiah
(1978, 1979) generalized modification to more than one misreported counts and includes
many kinds of generalizations involving many sets of misreported counts. Varahamurthy
(1967) also dealt with modification based on the Poisson model. Williford and Bingham
(1979) treated the same problem from the Bayesian point of view. Most of the above
works are related to the univariate case. What is being done in this paper is to gener-
alize this modification to the multivariate discrete distributions where a set of 7 counts
is misreported as another set of 7 counts. Variance for the marginal case of one variable

is put in the form of an inverted parabola when all the modification rates are the same
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and the ratio of modified variance to that of simple(non-modified) case is evaluated
for a special case. Also for the asymptotic distributions, elements of (r+k) <X (r+k)
covariance matrix (%2 parameters and 7 modification rates) are evaluated for the multi-
variate negative binomial distribution. Finally, for the same case of multivariate nega-
tive binomial, Bayesian estimates of parameters and of modification rates are put in

the closed forms.
2. Modified model and variance
Suppose # counts (i, s ...,4x) i=1,2...,7 in a A-dimensional discrete distribution are

misreported as another set of 7 distinct counts (i), ..., 14"), i=1,2...,7, then the general

model can be expressed as

PO +4P3G) if 2=y, .0, Xa=1,
Ply,.,x)=1-2PG") if x,=0/, .., 00=1y (D
i=1,2,...,7
P if x,=0,...,x0=0s

where in, in’, {n=0,1,2,..., m=1,2, ..,k i=1,2 ....,7, and i.#i. %[, [that is, 7 counts
(71, ooy 10)i=1,2,...,7 are distinct from 7 counts (i), ..., ix)i=1,2, ..., 7 and the counts
(1, ...Ix) represent all the remaining distinct counts other than the above 2r counts].
In (D),

PO =P, ., ia) =Px1=1}, ..., X2=14),

PU)=P@'y, ... 1t ) =P(x,=1/, ..., x,=1;") and 2

Py =P, . le)=Px,=1ly, ..., xx=11).

From (1), we can write

P@)+4P3E") if x,=1,
Px)=Q10-2)P3E") if x=i/’ 3
Py if 2=/,

=12, ...,r i+ and i, 1/, [,=0,1,2, ....
Again on the x, axis, points #;(i=1,...,7) are distinct from the points 7, (i=1, ..., 7).

From (3), we have
/41:m1+i2r=1: AaiP(iy") 4)

where @;={,—1i,’, p; is the mean of the modified distribution and s, is that of simple
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(non-modified) case respectively. Again from (3), we get

ﬂ;:mﬁg ab P Gy) (5)
with b,=1,+44,” and u,’, m,” are the second raw moments for the modified and simple
cases respectively. From (4) and (5) with A=4,=...=4,, we have,

ty=my+2AB—12C*—2im,C (6)

with C=Ya:P(), B=3a:b:P() and u, m,=c,* are the variances for the modified
and the simple distribution respectively.

Equation (6) represents an inverted parabola in A and can be put as

L (B-2m0)?*__C[,_ B—2mCT
[y 1 4g2C? ] o? p 2CF ] ™
with y=p,/0,% Now consider the multivariate negative binomial distribution given by
o . _I(st+x+...+%x2) . % As
S, 0) =f X1y eees X1 5 Oy vy O4) JHOY ALANER 0,71...0,+ A (8
where A=1—0,—...—0,, 0<6:<1,i=1,..,k, 0,+...+0:,<1,5>0, x,>0.

Let #=3, s=2 and the counts be

i (1) =iy, fa 13) @) =3, 1/, 13")

1 0, 0, 0) 2,2,2) (8a)

2 1, 1, D (3,33
From (8a), we have a¢,—=a,=—2,b,=2, b,=4.
If 9,=.1, 6,=.2, 0;=.3, then we have from (8), m,=s6,/A=.5, o.*=s0,(A+0,)/A®
=.625, P(1,")=.00361, P(2,)=.00058, C=—.00838, B=-—.01908 and with these
(7) reduces to

(y—1.6521)2= — (. 00011) (1-+76. 1843)* (9
If 2m,C<B<2C(m,+C), we have the vertex of the parabola in the region 0<{A<(1
and we get a substantial part of parabola in (7). Otherwise, we get only a part of

right or the left arm of the parabola.
3. Asymptotic properties

Consider again (8) and sample size #. Then the likelihood function can be written as

L(xb ceey Xk 5 617 62; veny ﬁk) :L(?'C, ?) =
=.1:I1 [P@)+APENIPLA-A) PE)I"OTILP (D) I™P (10)

where P(), P(’), P() are asin (2), n()=n(,...,14), n(@)=n/,....,1z’), and
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n(l)=n(,,...,1,) are the number of observations at i, i’ and / respectively. Product IT is

on all counts except 27 counts ; and i/ (i=1, 2,..,7). From (10), we get

Don=[(3/36.) log L]:lirg1 n(i) [ 1P (i;*g(ff; ()in’ }

where Q@) =P (i)+A:P(i") and ¥ is onall tuples except 27 tuples 7 and /. And from

(8), we have

[@/302)f ¢, OT=(2=~5) f(5,6) m=1,2,....h

Similarly, we have for m+gq

| 0/00:20) (togL) [= D, = 52 AEDPOPE 16,0y i iy ) s

(12)

and

Dio.=] @085 ogL) =32 2D [1PG) =) +P@YEL G/ =D} @)

= (P @) i’ PV — 30 m(@in 1022= Shan () /0.5~ 18] (13

Similarly, we have

_ , _n@OPE)  n@)
Du=[(/94) (logLl)]= 410) T (14)

Also from D;,=0, it follows

5 _ (@ PEY—n@)PG)
4 PUYn@ +n@)7 (15)

and from (14) we have, using D, =0,

D2 =[(0%/04")ogL]=—n(") [P (1) + P (") 1/ (1—2)*Q* (4) 16
and also

DPo.1,=[(0°/002044) (logL) 1=1(q) [P (9) P(q") (g’ —qn) 1/6-Q*(q) a7
where g=m, q=1,2,...,v,m=1,2, ..., k.

Example : Consider the case of three variate negative binomial (k=3) in (8), and let

the two counts be as in (8a). Now we have the following;
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6)] (i1, Iy, £3) =count P@
(1) (119 127 13) = (Os 07 0) P(l) :clA: (173)
(2) (21, 227 23) = (19 1a l) P(z) :6201(9203A“‘
i) (i), 1,’,1y’) =count P@)
) 1./,1.,1:)=1(2,2,2) P(1') =c30,20,20* A (17b)
29 (2/,2,,24'y=1(3,3,3) P2)=c0,20,20 A

In (17a), (17b), ¢y, ¢y Cay ¢y are constant functions of s.

QIH=P1)+A4P(1")

A2)=P(2) +2,P(2) (17¢)
Variance-covariance matrix is 5x5 in size corresponding to the parameters 6,, &, 0;
and 1,, 1, We provide a few typical elements of this 5x5 matrix below, by which
others can be easily evaluated. From now on, n(l), #(2),n(1"),n(2") are the number
of observations at counts (1), (@), (1°), (2") respectively.

From (16), we have
D =—n()[P()+P(1)]/(1-24)*Q(1) and (17d)
D%, =0

In (12), let m=1, g=3, then

. _ An(DPQOPA) ;i i
D Blh__—l—_ﬁ@QZ—(l)—_ [(11 11) (13 13)]

(17¢)

L 2P R)P(2) , , ns
+ 0,0,0°(2) [(2—21) (25 _23)]_—1472‘ (171)

In (17), 1,/ —1)=U"—15) =2= (2, —2) = (2’ —25).
If m=3 in (13), then

2 n(1)4_ — ’ ’ r_
Daa~p?§2(1) [{P(D (1) (1~ +P (1) (1) (1I,'—D} {QD)}

— (P +2,(1H)P(1)}]

n(2)

T 9200 [{P(2) (25) (2—1) +P(2) (2") 2’ - D} Q)]

— {2 P(2) +2:(2") P(2)}7]

(20300 20 | [T | [

(17g)
In (17g), (1) =0, (1) =2
Again, let m=3, ¢=2, in(17), then
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D?,3,=n(2) [P(2) P(2") (25" —2,)]/60:Q(2). (17h)
Other elements of the matrix follow from those of (17a) to (17h).

4. Bayesian Estimates

From (10), we have

i

L(’f’ q) :11’;1' [Zi(gi)zin(i)—t‘ (1_2[)n(i/)—j(co) (Ans) . [ IliI 0”'

=1 - m=1

(18)

where Zi:l(gi::, Q;I(n(tl; ),

17 | LSt tiAetde) 00 L(sHi +utdy) T760 I (SH L+ 41y
Co H[f(s)z;! ------ o Il (s H[WT ;

T()iy/ ooyl
product IT is on all tuples except 27 tuples 7 and i/, and

i=1

vngz‘mti+§z'm'[no")+n(z‘)—ti1+zzmn(z) m=1,2, ..., k.
Now take the prior for #’s as Dirichlet’s prior
k
8D =808 =(I1 077) AWYB( s S5 Frn) (19)

where

: L) T WL (finf)
B(fl’ ooy flc » f&+1)* P(f1+‘~-+fk+f]z+1) .

Similarly take prior for A,’s as

gD =gy s 2) =11 | 28711 2)Y/B(d, e |, (20)
From (18), (19) and (20), we get the Bavesian estimates of 6,'s as

. ﬁl 2i(Q)BWhi, ) B(Wy, ooy Wat1, ooy e 3 Wiyy)

On=1= (21)
111 Z;(Q,)B(k,, gl) B(wh sery uym, cory Wi s Wk+1)

where w;=v,+ f;, j=1,2,....8, Wiy =nS+fir1, Hi=n() —t:+d; and
gi=n{’) +e.

For four points in (8a) with (/;,/, 15) = (4,4, 4), n=10, r=2, k=3, s=2
n(l)=n(l, 1, ;) =4 and noting n(i) = (i, 5, 15), n(@)y=n(iy, iy, i) and n(l) =1, n(2)=
2, n(1=2, n2)=1, and Fi=f=fi=fi=d,=d,=e,=e,=2, we have from @n,
Bayesian estimate of ¢, as

= 21220 CIBEB—t, ) B(4—1,3)B(T+1, T, T ; 22)
COSEQOBG-, DBU—t,)B(T, T, T ; 22)

(22)
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where T=33-2¢,—21,.
Again from (18), (19) and(20), we have the Bayesian estimate of A; as

R -]l':[l [Z](Q;)B(h,,g])]Z;(Q;)B(k,+l,gl)B(w1, ceey Wa 5 u”lz-*-l)

o= 22 . (@3
»TL S B, ) By, eeey Wi 5 Wayr)

From (23), we get for the same data,

212.0)C)BU—4, ) BA—1,3)B(T, T, T ; 22)
212:0) Q) BB, HBU—1,)B(T, T, T;22) "

Comments : In our analysis, we have considered only simple case where a set of »

A= (24)

distinct counts (fy,...,1x) i=1,2,...,7 are misreported as another set of # distinct counts
Gy e is’), i=1,2,.., 7. If we take 1/=i/ or {;,=1i, j,I=1, 2,...,k, analysis will be
slightly more complex. Similarly, we may consider #m sets of 7 counts each being
misreported as another # sets of » counts each., Further variation may be when each
of these m sets have 7y, ..., 7, counts instead of the same number of » countsin each
set.

Again as another extension, we may consider either in the case of a single set or in
the case of m sets, that each set of counts being misreported as another single cocunt.
That is, for example, all the 7 counts (7y,...,7x), i=1, 2, ...,# may be misreported as

a single count (7/,...7z"), i=1. All these generalizations may make algebra slightly

complex but the main structure of the analysis remains the same.
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