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The NMR chemical shift arising from 4d electron angular momentum and 4d electron spin dipolar-nuclear spin angular momen

tum interaction for a 4d* system in a strong crystal field of octahedral symmetry, when the threefold axis is chosen as the 

quantization axis, has been investigated. A general expression using a nonmultipole expansion method is derived for the 

NMR chemical shift. From this expression all the multipolar terms are determined. We find that the nonmultipolar results 

for the NMRchemical shift,厶B, is exactly in agreement with the multipolar results when #g0.20 nm. It is also found that 

the 1/R7 term contributes to the NMR chemical shift almost the same as the 1/R5 in magnitude. The temperature dependence 

analysis of 厶B/B(ppm) at various values of R shows that the 1/T2 term has 나ie dominant contribution to 나le NMR chemical 

shift but the contributions of other two terms are certainly significant for a 4d* system in a strong crystal field of octahedral 

symmetry when the threefold axis is chosen to be 나)e axis of quantization.

Introduction

For a decade a great deal of interest has been focussed on 

the interpretation of the NMR shift in 3d" and 4f" paramagnetic 

systems. From NMR studies of paramagnetic molecules1-4 

detailed information about the electronic structure and, in cer

tain cases, the conformation of molecules can be yielded. For 

instance, we can determine, from the NMR spectra, the 

magnitude and sign of the various electron-nuclear hyperfine 

interaction constants throughout a paramagnetic molecule.

Theoretically the NMR shift has been classified as arising 

from the Fermi contact interaction/^7 the electron angular 

momentum, and the electron spin dipolar-nuclear spin angular 

momentum interaction. The latter two terms have been 

treated as a multipole expansion in R, where R is the distance 

between the NMR nucleus and the electron bearing atom.R 

Dipolar expansion method9 has been used almost exclusively 

to interpret the NMR chemical shifts in 3d" and 4f” 

systems,10-'3 although the higher multipole expansion 

method1415 has been developed recently and was applied to 

calculate (2L+1) independent anisotropy coefficients for each 

harmonic order L.'5 More recently, nonmultipole expansion' 

method has been developed whereby, from a set of experimen

tal results, an estimate might be made of the various contribu

tions to 나】e NMR 아lifts.'。

We adopted the nonmultipole expansion method to1 

calculate the NMR shifts for 4d* and 4d2 systems in a strong 

crystal field environment of octahedral symmetry1617 when 

the fourfold axis was chosen as the quantization axis.

In this work, we derive a general formula for the NMR 

chemical shift ina4d1 system in a strong crystal field environ

ment of octahedral symmetry, when the threefold axis is 

chosen as the quantization axis, adopting the nonmultipole ex

pansion method. We calculate the NMR chemical shifts, us

ing this formula and compare the NMR results with the 

multipolar results.

As far as we are aware no previous calculation has been 

performed to detemine the NMR chemical shift arising from 

the 4d electron angular momentum and the 4d electron spin 

dipolar-nuclear spin angular momentum interaction when the 

threefold axis is chosen to be the axis of quantization.
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Theory

The hamiltonian representing the various interaction in 아lis 

work may be written as18

H= - v2 - £으---t-V(T)+ f 1'S + ub〈1+2S)
Zm 4 7reor ~ ~ ~ ~

(1) 

listed in appendix A and B.

Calculation of the NMR chemical shift. To determine the 

NMR chemical shift in liquid solution we calculate the prin- 

cipal values oau of the NMR screening tensor by considering 

the magnetic fi이d interaction parallel to the x, y and z direc- 

tions and averaged assuming a Boltzmann distribution. It 

follows that the contribution to the NMR chemical 아lift, AB, 

is given by

where

V (r) =a< ｛§ 

~ J

-匕3 (8, 0)〕｝

払=卢 5쇼心 秒*+ 2〔件'小' _ 의〕｝

厶 B=4- B (.axx^~^yy-\-ffzz)
(5)

where

⑶

*H*〉
aa 'EM瓦)f (6)

and u=gN^NI

Here r and rN are the electron radius vectors about the 

electron bearing atom and the nucleus with nuclear spin 

angular momentum Z, respectively.

The quantity B is the.applied magnetic fi이d, V(r) is the 

crystal field potential of octahedral symmetry when the 

threefold axis is chosen as the quantization axis and a4 is the 

required crystal field parameter for the 4d electron system. 

The other symbols have their usual meaning.

When the threefold axis is taken as the quantization axis 

the required axial wave function may be expressed in the real 

notation as20

The term <//h> refers to 나】。Boltzmann average of the 

hyperfine interaction represented by eq.(3). To calculate the 

hyperfine interaction, we use the hyperfine integrals evaluated 

in 나lis work and the previous work.21 When 난｝e threefold axis 

is chosen as 나le quantization axis, 나le NMR chemical shift 

arising from the electron angular momentum and the electron 

spin dipolar-nuclear spin angular momentum interactions is 

양iven by

国一 四 房 p(K) +〔l —exp(3&/2KT)〕K77cS 缶)i 皿、
侦KT 1+2 exp ( 3&/2KT)

勺(7)

© o = 14&2〉

诘0…a+点4妇_金4七+林4d以

where

加）=曾

S 寿 4妇_/一;v늘 4^ xz - 4d 以
⑷

Here we adopt SCF wave functions23 for 4d orbitals ex

pressed, in the real from, as

譬如方加（如歟顷） 

f {t Zu

S缶）一驟写。（日）"）

|4d以〉=(籍一)务gzr exp(-^r) +쯔。（寿）去玷 （t）-譬骐으 味）会匕 丿 （t）

|4d々> = "切rzr exp (-fir) Here

l4d*>,〉= (으］) 七说exp (-/Jr)

102 > = ( * 件(3a产一 r') exp (-^r) 

ZDZ K

|4妇一尹 > =(£—)卷(宀-g 2)exp(-fir) 
o4 n

A 4d' system in a strong crystal field environment of oc

tahedral symmetry results in a 2T2 ground state. This ground 

state is split by the spin orbit coupling interactions with 

relative eigenvalues of - and C where 匸 is the spin orbit 

coupling constant.

Hyperfine integrals. In order to investigate the NMR 

chemical shifts for a 4d，system in a strong crystal field en

vironment of octahedral symmetry, it is required to evaluate 

the hyperfine integrals for all pairs of 4d orbitals in addition 

to the hyperfine integrals for any pair of 4dxz, 4d火 and 4d卄.

The hyperfine integrals are evaluated using the method 

reported previously.21 The required hyperfine integrals are 

皿ML（方j+気j）

이우 S+? 5 

y 111 n=o „j

邛EF-l (쁘烏+ 汚)｝
11 13! n=o n\

M (Z) 3e-r --- J- y —
13 6! n\

A t u旳宀頌(W■七)

with t = 20R
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For the case of the free atom we may take R~*0 to find

SB _也_으* 9T5〔l-exp(3§/2KT)〕KT/r
B ~ 4? 441 KT 1 1+2 exp(3f/2^fj ，⑸

When we have long range coupling, the term in eq.(7) may 

be expressed as

谯1 洁 3鳩3 느，衆 琮时 ⑼

S妇一普•髀琮件K

When the threefold axis is chosen to be our axis of quan

tization the calculated NMR chemical shifts along the x, y and 

z axes for a 4d' system in a strong crystal field environment 

of octahedral symmetry are listed in Table 1 and 2. We also 

list the calculated NMR chemical shifts along the <1,1,1〉， 

< —1, — 1, — < — 1,1, — 1>, Vl, - <1,-1,-1>,

<-1,-1,1>, <1,1,-1>, and <-directions in Table 3 

and 4, respectively.

Temperature dependence of the NMR chemical shifts. 
We may separate the contributions of the Fermi contact in

teraction and the pseudo contact interaction to the NMR 

chemical sh迁t for a 4d' system in a strong crystal field en* 

vironment of octahedral symmetry by the temperature depend

ence for 厶 B/B and the NMR chemical shift may be expressed 

as

ab/b-a+b/t+c/t2 (10)

In eq.(10) the last two terms arise from the Fermi and the 

pseudo contact terms, respectively.

The NMR chemical shift over the temperature range from 

200 to 400K from the nonmultipole results of 厶B/B given by 

eq.(7) may be fitted almost precisely to an expression of the 

form given by eq.(10) some vaules of A, B and C are given 

in Table 5.

Results and Discussion

To calculate the NMR chemical shift for specific R-values 

for a 4d* system in a strong crystal environment of octahedral 

symmetry when the threefold axis is chosen as the quantiza

tion axis, we choose the spin orbit coupling constant,七 as 500 

cm/' and/? as 3.2679/ a이 which are the appropriate values 

for the Zr"ion, where 也 is the Bohr radius and the temperature 

T is taken as 300 K.23

As 아iowr)in Table 1, the NMR chemical shift, 厶B/B, 

decreases in magnitude rapidly, as R increases. Along the 

<1,0,0> axis 厶B/B(ppm) changes sign around R-0.20 nm. 

Along the <0tl,0> and <0,0,1〉axes,厶B/B(ppm), however, 

changes si양n around 0.10 nm, the 厶B/B(ppm) values being 

negative for small R values and positive for greater R values. 

However, along the <1,0,0> and <1,1,0〉axes, 소B/B(ppm) 

is positive for all values of R while along th은 <0,0,1> axis, 

△ B/B(ppm) changes sign around R-0.10 nm for all 3d1 

system.22 Along the <1,0,0, <0,1,0> and <0,0,1> axes, a 

comparison of the multipolar terms with the nonmultipolar 

NMR chemical shift obtained from eq.(7) shows that 1/RS term 

and 1/R7 term contribute almost equally to the chemical NMR 

shift, while for a 3d1 system, 1/R7 term contributes dominantly 

to the NMR chemical shift for all values of R.22 Along the 

<1,1,1> axis, the NMR chemical shift,厶B/B(ppm), is negative 

for all values of R while along the <1,1,0> axis 厶B/B(ppm)

Ta비e 1. A Comparision of the Nonmultipole Result of 厶B/B(ppm) 
Obtained using Equation (7) with the M이tipolar Terms for Specific 
R-values when the Threefold Axis is Chosen to be the Axis of 
Quantization

la) Along the <l,0,0> Axis (^ = 500cm \
P 그 3.2679/& and T = 300 K)

4B/B(ppm)

R(nm)
1/R5 1/R7

Sum of all 

multipolar terms
from eq.(7)

0.05 360.137 -79.846 280.291 -1316.584

0.10 68.872 -60.194 8.678 -45.587

0.15 6.590 -9.158 -2.568 -3.181

0.20 1.389 -1.386 0.0028 -0.001

0.25 0.452 -0.293 0.1590 0.159

0.30 0.1817 -0.0818 0.0999 0.0999

0.35 0.0841 -0.0278 0.0562 0.0562

0.40 0.0431 -0.0109 0.0322 0.0322

0.45 0.0293 -0.0048 0.0191 0.0191

0.50 0.0141 -0.0023 0.0118 0.0118

lb) Along 사眼 <0,1,0 Axis (《 = 500cmT,
0 드 3.2679/a。and T = 300 K)

R(nm)

厶 B/B(ppm)

丫諏©) 1/R5 1/R7

Sum of all 

multipolar 

terms

from eq. (7)

0.05 -1596.875 135.052 18.631 153.683 -1443.192

0.10 -54.265 25.827 14.046 39.874 -14.392

0.15 -0.6129 2.471 2.713 4.608 3.995

0.20 -0.004 0.521 0.324 0.845 0.841

0.25 0 0.1696 0.0684 0.2380 0.2380

0.30 0 0.0681 0.0191 0.0872 0.0872

0.35 0 0.0315 0.0065 0.0380 0.0380

0.40 0 0.0162 0.0025 0.0187 0.0187

0.45 0 0.0090 0.0011 0.0101 0.0101

0.50 0 0.0053 0.0005 0.0058 0.0058

1c) Along the <0,0,1> Axis (J500디nf
P =3.2679/4 and T = 300 K)

R(nm)

厶 B/B(ppm)

1/RS 1/R7

Sum of all 

multipolar 

terms

from eq.(7)

0.05 -1596.875 135.052 31.272 166.324 -1430.551

0.10 -54.265 25.827 23.576 49.403 -4.862

0.15 -0.623 2.471 3.587 6.058 5.445

0.20 -0.004 0.521 0.543 1.064 1.060

0.25 0 0.1696 0.1148 0.2855 0.2844

0.30 0 0.0681 0.0321 0.1002 0.1002

0.35 0 0.0315 0.0109 0.0424 0.0424

0.40 0 0.0162 0.0042 0.0204 0.0204

0.45 0 0.0090 0.0018 0.0108 0.0108

0.50 0 0.0053 0.0009 0.0062 0.0062
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Table 2. A Comparision of the Nonmultipole Result of 厶 B/B(ppm) 
using Equation (7) with the Multipolar Terms for Specific R-Values 
when the Threefold Axis is Chosen as the Quantization Axis

2a) Along 나le <1,0,0> Axis (C = 500cm-1,
/3=3.2679/ao and T = 300 K)

厶 B/B(ppm)

R(nm) Y＜」eq） 1/R5 1/R7

Sum of all 

multipolar 

terms

from eq.(7)

0.05 -1596.875 360.137 -79.846 280.291 -1316.584

0.10 - 54.265 68.872 -60.194 8.678 -45.597

0.15 -0.6129 6.590 -9.158 -2.568 -3.181

0.20 -0.004 1.389 -1.387 0.003 -0.001

0.25 0 0.2541 -0.2931 0.1590 0.1590

0.30 0 0.1817 -0.0818 0.0999 0.0999

0.35 0 0.0841 -0.0279 0.0562 0.0562

0.40 0 0.0431 -0.0109 0.0322 0.0322

0.45 0 0.0191 0.0048 0.0191 0.0191

0.50 0 0.0141 0.0023 0.0118 0.0118

2b) Along 사le <1,1,0> Axis (C = 500cm-1,
/?=3,2679/ao and T = 300 K)

厶 B/B(ppm)

R(nm) Yg（oq） 1/R5 1/R7

Sum of all 

multipolar 

terms

from eq.(7)

0.05 -1596.875 135.052 24.951 160.003 -1436.872

0.10 -54.265 25.827 18.811 44.638 -9.627

0.15 -0.613 2.4712 2.862 5.333 4.720

0.20 -0.004 0.521 0.433 0.954 0.950

0.25 0 0.1696 0.0916 0.2612 0.2612

0.30 0 0.0681 0.0256 0.0937 0.0937

0.35 0 0.0315 0.0087 0.0402 0,0402

0.40 0 0.0162 0.0034 0.0196 0,0196

0.45 0 0.0090 0.0015 0.0105 0.0105

0.50 0 0.0053 0.0007 0.0060 0.0060

2c) Along 나蛇 <1,1,1> Axis U = 500cm-,(
P =3.2679低 and T = 300 K)

R(nin)

厶 B/B(ppm)

闸 1/R5 1/R7

Sum of all 

multipolar 

terms

from eq.(7)

0.05 -1596.875 -140.032 -17.753 -157.785 -1754.660

0.10 - 54.265 - 26.779 -13.384 -40.163 -94.428

0.15 -0.613 -2.562 -2.036 -4.599 -5.212

0.20 -0.040 -0.5402 -0.308 -0.813 -0.853

0.25 0 -0.1758 -0.0652 -0.2410 -0.2410

0.30 0 -0.0706 -0.0182 -0.0888 -0.0888

0.35 0 -0.0327 -0.0060 -0.0389 -0.0389

0.40 0 -0.0168 -0.0024 -0.0192 -0.0192

0.45 0 -0.0093 -0.0011 -0.0104 -0.0104

0.50 0 -0.0055 -0.0005 -0.0060 -0.0060

厶 B/B(ppm)

Table 3. A Nonmultipolar Results of 厶 B/B(ppm) Obtained 
from Equation (7) for Specific R-Values along the <1,1,1>, 
<-l,-lt- 1>, <-1,1,-1> and <1,-1,1> Axes when the Three
fold Axis is Chosen to be the Axis of Quantization

<1,1,1> <1,-1,1>

0.05 -1754.660 -1754.660 -1754.660 -1754.660

0.10 -94.428 -94.428 -94.428 - 94.428

0.15 -5.212 -5.212 -5.212 -5.212

0.20 -0.853 -0.853 -0.853 -0.853

0.25 -0.2410 -0.2410 -0.2410 -0.2410

0.30 -0.0888 -0.0888 -0.0888 -0.0888

0.35 -0.0389 -0.0389 -0.0389 -0.0389

0.40 -0.0192 -0.0192 -0.0192 -0.0192

0.45 -0.0104 -0.0104 -0.0104 -0.0104

0.50 -0.0060 -0.0060 -0.0060 -0.0060

△B/B(ppm)
R(nm)----------------------- - --------------------

Table 4. A Nonmultipolar Results of 厶B/B(ppm) Obtained using
Equation (7) for Specific R-Values along the
<1,1,-1>, <1,-1,-1> and <-Axes when the Threefold
Axis is Chosen to be the Axis of Quantization

<-1,-1,1> 1> <-1,1,1>

0.05 -1754.660 -1754.660 -1754.660 -1754.660

0.10 -94.428 -94.428 -94.428 -94.428

0.15 -5.212 -5.212 -5.212 -5.212

0.20 - 0.8526 -0.8526 -0.8526 -0.8526

0.25 -0.2410 -0.2410 -0.2410 -0.2410

0.30 -0.0888 -0.0888 -0.0888 -0.0888

0.35 -0.0389 -0.0389 -0.0389 -0.0389

0.40 -0.0192 -0.0192 -0.0192 -0.0192

0.45 -0.0104 -0.0104 -0.0104 -0.0104

0.50 -0.0060 -0.0060 -0.0060 -0.0060

changes sign around R-0.10 nm, ^BZB(ppm) being negative 

for small R values and positive for greater R values as shown 

Table 2. For 3d1 system, 4B/B(ppm) is positive for all values 

of R. A comparison of zABZB(ppm) obtained from eq.(7) with 

multipolar results also shows that the 1/R5 term and 1/R7 term 

contribute almost the same magnitude to the NMR chemical 

shift along 나le <1,1,0> and <1,1,1> axes while the 1/R7 term 

contributes dominantly to 厶B/B(ppm) for all values of R for 

a 3d* system. However, for a 3d1 system, the 1/R7 term is in

adequate to describe accurately the NMR chemical shift for 

RW0.50 nm, and the nonmultipolar NMR results are in agree

ment with the multipolar results when R^0.20 nm. Such the 

large difference between nonmultipolar and multipolar NMR 

chemical 아dft arises because the multipolar terms only include 

the km응 range coupling term24 represented by eq.(9) and con

stant term represented by eq.(8) is neglected.

The multipolar results of 厶 B/B(ppm) obtained from eq.(7) 

for specific R values along 나le <1,1,1〉, <-1,-1,-1>, 

<-1,1,-1> and <1,-1,1> axes are listed in Table 3 when 

the threefold axis is chosen as the quantization axis.厶 B/ 

B(ppm) are exactly in agreement with those along the
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Table 5. The Temperature Dependence of 厶 B/B(ppm) at Various 
V지ues of R expressed in Terms of the Coefficients along <1,1,1>, 
when the Threefold A어s is Chosen to be the Axis of Quantiza
tion, 4 = 500cm ', 步 그 3.2679/a。

R(nm) A(ppm) B(ppm-K)xl02 C(ppm - K2)x 104

0.10 1439 -21900 106400

0.20 -4.553 37.36 - 215.80

0.30 -0.1303 -1.567 4.460

0.40 -2.295 18.694 -8.600

0.50 0.0503 -1.044 5.3610

<1,1,-1>, <1,-1,-1> and axes as

shown in Table 4.

As shown in Table 3 and 4, the sign of the nonmultipolar 

results of 厶B/B(ppm) for specific R values along the <1,1,1〉, 

<-1,-1,-1>, and <1,-1,1> axes are exactly

same as those along 난le 1, -1,1>, <1,1,-1>, <1, -1,-1> 

and〈 一 1,1,1〉axes while 한le NMR 사lemical shift, 厶 B/B(ppm) 

along난le<-1,-1,一 1>, <-1,1,-1>and<1,-1,1> 

axes has the opposite sign for a 3d1 system.

The temperature dependence analysis of 厶 B/B(ppm) at 

various values of R expressed in term of A, B and C along 

the <1,1,1> axis over the temperature range from 200 to 400 

K shows that the values of A, B and C depend markedly on 

the R values. We find that the major contribution to the NMR 

chemical shift arises from the 1/T2 term but the contributions 

of other two terms are certainly significant and the 

temperature dependence analysis of 厶 B/B(ppm) for a 4d, 

system is not simply proportional to 1/T2 when the threefold 

axis is chosen as the quantization axis.
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Appendix A. Radial series
a) Specific formulas for integrals

, 丄,49 丄26 、丄几4 J 31 、i
九 = 如+ 板리+«亍3)+ (云粉+貝仲2)+兴

4) Zo 15 15

4 4
“ =£化1”3)+5 3。一仲 J 

0 o

, 丄 / 21 丄36、丄 , 28 , 37 .,
‘9 = 02+ ^3)+ (厂Wq+；W2)+S

，一丄，7 .22 \/ 14 ' 23 …
*10 = 2/2+ (-£工1+£无3)+ (一;或()+；자’2)+旳

D D o <5

Here we define the radial integrals as21

R 史(?) =4，矿‘(-R) (R, rjdr,

where t = 2£& and further, for convenience 

上。)=邳(0 

Vn(t)=R^ ⑴ 
")=时(£) 

Xn(C =Rln Q)

(t)
b) Specific formulas for dipolar integrals
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Appendix B. The hyperfine integrals
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