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A nonlinear analysis is presented for the treatment of fluctuations near the critical point in the presence of diffusion in the
Schlégl models. The two time scaling method is used to obtain an evolution equation for the amplitude of fluctuations. It
is shown that the fluctuations decay to zero in the stable region and they are enhanced to a finite value as time goes to infinity

in the uastable region.

Introduction

In recent years, much attention has been paid to the in-
stabilities and transition phenomena that may appear in
chemical systems subject to nonequilibrium constraints. These
far-from—equilibrium instabilities and nonequilibrium transi-
tions are observed in many fields.-* The close analogy be-
tween the so-called ‘‘chemical instabilities” and equiltbrium
phase transitions has been particularly stressed.®® Indeed,
both kinds of transitions are characterized by an enhancement
of fluctuations, long-range order, and critical slowing down.

In this paper, we focus attention on transitions in non-
equilibrium chemical systems characterized by multiple
homogeneous steady states. The typical examples we choose
for our study are two Schlégl models. The relaxations of these
chemical systems from the unstable steady state in the
homogeneous situation have been widely studied by many
authors.'*-? They have obtained the approximate probabili-
ty distribution function satisfying the Fokker-Planck equa-
tion. In the presence of diffusion we may also obtain the
probability distribution.’'-** Yet the diffusion can change the
stability property of the homogeneous steady states. The
reaction-diffusion systems give rise to solutions with variety
of characteristics arising via a bifurcation mechanism far from
thermodynamic equilibrium.'*** So we can analyze the
dynamic behaviors of these chemical systems, stability pro-
perty and fluctuations, instead of obtaining the probability
distribution.

The purpose of this paper is to discuss the effect of
nonlinear terms on fluctuations of intermediates in the Schlogl
models near the critical point caused by diffusion. This kind
of nonlinear dynamic phenomena can be studied oniy by ap-
proximate methods. The method to be used here is the two
time scaling method.'*-*? In the two time scaling method the
whole range of time is divided into three regions of time. The
initial region of time is the range of time where the linear ap-
proximation is valid. The second region is the region in which
the nonlinear effect becomes important and the system ap-
proaches a steady state. The final region is the region where
the system stays at the steady state.

In the present paper, we analyze the two Schlgl modeis
separately. First we consider the linear case and then the
nonlinear case is studied using the two time scaling method.
After that we discuss the resulting evolution equation for the
amplitude of fluctuations. Finally, the main conclusions and
some remarks are given.

Theory

A. Schlogl’s First Model
The first type of Schlégl model considered here is

A+X = 2X
B+X C

{1

W

The concentration of reacting intermediate X(i,t) satisfies the
following rate expression:

ia(:_,ﬁ,ppz‘x(;,:j—kf'[i'(ﬁ!n @

where
FXFE D I=aX(F, )X F ) HAF 1) (3)

Here « and {3 are assumed to be positive constants, A is a pum-
ping parameter. This quadratic model is known to exhibit a
second order phase transition.

The homogeneous steady states of this system are deter-
mined by the solution of the equation F(XY, 1) = 0.

aXg —BX +A5 =0 (4)
X;.=§ (a *VaT+48 A5 ) (5)

When there is no diffusion (7.e. homogeneous state), from the
linear stability analysis it is well known that the steady state
is on the stable branch if the first order derivative of A2 with
respect to X% is positive and it is on the unstable branch if
the derivative is negative. At the marginal stability point the
derivative vanishes.

[n order to consider the fluctuation around a steady state
we expand eq.(2) in terms of x = X — X%. Then we obtain,
for the case of =12,

dx(r,t)
ot

2% (r, 1)

ar? (6)

= (a~28Kg)x(r, 1) — Bxlr, t)*+D

Here we consider only one—-dimensional diffusion and r is the
one-dimensional spatial variable.
(A.1) Linear Case and Stability Analysis

Neglecting the quadratic term in eq. (6), we have a linear



284 Bull. Korean Chem. Soc. Vol. 7, No. 4, 1986

equation for x.

x . 3%
3;‘ (G_ZﬂXu)x"'D—a‘?i (7}

If we assume a solution of the form x = x, ¢** cos &7, the expo-
nent & is given by

a=a -28X;, -~ Dk* (8a)
- FV o' +48A;, —Dk? (8b)

The stability of the solution is determined by the sign of
the exponent 4. (Here we assume a noh-periodic solution, so
& must be real). Thus, the systemn can be stable or unstable
depending on the controllable variables 1% and #2. The condi-
tions for the linear stability are

a*+48 A5, 20 (@ is real) {9)
FYa't+d48Ar; <Dk* (s is negative) (10)

We notice that at the homogeneous stable branch (X?, > _2a_ﬁ)
the two conditions are satisfied. At the homogeneous unstable
branch (X% < 2—“——) the system can become stable if #2 has a
value larger than the critical value .2 when A3 is fixed. The
division between the stable and unstable regions in (%2, %)-
space is depicted in Figure 1.

If we let A%, = 0, then the steady state X% = o/8 has expo-
nent whose valueisa = -a - D&*<0, so0 thls steady state
is also stable in the presence of diffusion. Yet for the steady
state X = 0, the exponent @ becomes a — D¥* which can have
both signs depending on the value of #. In other words, there
is a critical value 4.2 upon which the stability property of the
system changes. The critical value is given by

ki=a/D 11)

[f 2 > %2, the system is (linearly) stable (¢ < 0), and if 2* <

o)
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Figure 1. Stability diagram resulting from egs. (9) and (10).
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k.2, it is unstable (@ > 0).
Using the value of 4.2, the exponent & can be written as

a=qg-Dk*=-DR*-%2) (12)
The solution in the linear case is
x(r,t) =z, exp(~D k*~kd)t )coskr (13}

The region to be considered in this paper is near the critical
point, In the critical region where #* = &2, eq. (13) becomes

x(r, t) =2, cos kr (14)

{A.2) Nonlinear Case

The linear theory predicts stability for 2 > &2, and instabili-
ty for k* < 22, For k* < k.2, the fluctuation will grow exponen-
tially in time with a growth rate proportional to 22 - A
Clearly, this exponentially growing solution according to the
linear theory, cannot represent the actual solution for very
long, for it will soon grow sufficiently large so that the
nonlinear terms become important. Then a nonlinear analysis
becomes necessary.

In our nonlinear analysis, we shall apply the two time scal-
ing method. The whole range of time is divided into three
regions. The initial region of time denoted by 7, is conven-
tionally the range of time where the linear approximation is
valid. In the present analysis, however, we shall include a
slight nonlinear effect ta obtain more accurate solution. The
second region, denoted by t,, is one in which the nonlinear
effects become important, and the solution continues to evolve
in time until it approaches the steady state which is the third
region, reached in the limit as 1, becomes infinite.

Let us scale the time and the fluctuation x as

ta=c¢™™t , m=0,1

(15)

2=% %, i=12

where £ is a parameter to be defined later. In the initial
region of time, the eq.(6) for the steady state X =0 becomes

§5=Dax

ot ar? +ax-pat

(a=Dk?) (16)

Each term in the above equation can be scaled, using the scal-
ing scheme of eq.(15), as follows:

—§—x— — 811 ’-a_"_:?_
31 3 °+£ o1 (17)
] al
(a +D—§—)x - cla +D-§F)x.+s*(a +p25)z  8)
-8x* = — g+ 0(e) (19)

For the first order of ¢, we obtain

o5 . (a+D N

aro —a?)xl (20)
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which is just the linear equation already discussed. Then,
Z, =%, cos kr 21)

in the critical region (¥ = %.). For the second order of ¢ the
following equation is obtained.

k §
% = (@ +D -a—ar';)x, -8x}
¢ (22)

2 b
- (a +D% Yx, — %ﬁg (1+cos 2kr)

x, represents the correction of the order ¢ due to the nonlinear
effect.

We assume that fluctuations depend on 7, and 1, through
the amplitude of fluctuations, x,. That is,

x(fr Tor 71)-xo(ro’ rn)COS kr (23)

in the critical region. From egs. (21) and (23) we find that z,
is approximately independent of 1, in the critical region. That
1S, %o (o, 7)) & 1, (1,). Therefore, x, is dependent only on 1,
through #, (1,) via eq. (21). Since x; is the second correction
to %, we may also assume that x; is independent of 7. Then
we let 3x,/37, = 0 in eq. (22), which gives

g = B2 T (14 oo ok (24)

(a +Dar 5

From eq. (24) we have the particular solution for x; as

x,-eixc. (r.) G=cos 2kr) (25)
a

The resulting solution {corrected solution) in the initial
region of time is

zlr, 7,)=ex,(r,)cos kr
(26)

+e‘é’§;xa {z,)*(3—cos 2kr)

in the critical region (¢ = &.). The solution is more accurate than
the linear case in the sense that a slight nonlinear effect is
included.

Since we are examining the stability of X% = 0 in the
neighborhood of £ = k., it is natural to expand the solution
about this quantity. Therefore, we define ¢ by the relationship

e = k- k2| ’ 27)

The parameter ¢ is thus a measure of the nearness of #* to k2.
Substituting eq. (26) and scaling time 1, into eq. (16), we
obtain, in the second region of time,

8z , 0%
ot X2

,[dx (T' ) cos kr+0(e*)
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(a+D—§-—

arg) _.(0+D a

ar ;)(i‘xl""c’-‘x)

=gax, (r,)cos kr+¢? -'g—xo (7:)* (3~ cos 2kr)

- eDk*x, (7,)cos kr+e*Dk? %xo {z:)*cos 2kr

{29)
Using the relation

= (k1 -k3)+k

eV Ek: (30)

where

,_[+1 k>R
TTU-1 i kr<k?

eq. (29) becomes

al
(a-f—D'é-—)

—+ cax, (r,) cos kr+s'%:‘, (,)?(3—cos 2k~)

— eDkixy (zy)cos kr—e'n’D x, (x,) cos kr 31)
285D
3a

+e’23—ﬂxa(r,)’cos ke

zo{7,)? cos 2kr

=g -’g-xo (2,0 {1 +cos 2kr)

—e'n x,(ry) cos kr+0(e*)
where
D if k*>kd
= -D il <k
Finally,
~Bx’ —~ —c?Rx,(r) costkr
-¢? ﬂ—’x., (r,)?(cos kr)(3—cos 2k7)+0(c*)

B {33}
- -t 5 %o (r,)* (1+cos 2&r)

H

—¢? g_a% {£,)'(5 cos kr+cos 3kr)+0(e*)

From eqs. (28), (31), and (33), taking terms up to the third
order in ¢, we have

AR

2
-~ %, (1) cos kr— %;xo {£;)" (5 cos kr+cos 3kr) (34)

Using the orthogonality condition of cosine functions, the
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following equation is obtained:

2
d;:'frl)=_7?xo (Tl}_%xﬂ(fi)’ (35)

B. Schldgl’s Second Model
The second Schlégl maodel is given by

Atzx = (36)
B+X = C
In this case the rate expression is
FXGFH))=eX@ 1} -pXF 1)+ 1) {37)

Again, the homogeneous steady states of this system are deter-
mined by the solution of the equation F{(X%, A%) = 0. The rela-
tionship between X% and A% is

Ase=—aX5 +RX! (38)

This cubic model shows two stable steady state branches and
one unstable branch and exhibits a first order phase transition.

The expansion of the rate equation in terms of x=X-X°®
results in, for the cases of A = 4%,

Q’-‘é";—‘ln(a—a,ex )z -38X3 2t —ﬂx*+D%"— (39)

(B.1) Linear Case and Stability Analysis
Taking only the linear terms in eq. (39), we get

- (a -33X§3):+D% 40)

As in the previous analysis, we assume a solution of the form
X = xoe* cos k7, then ¢ is given by

8=a -3 X33 - Dk? 1)

Now consider the case of A% = 0, For the steady states X%
= 3 Va/f, the value of g becomes ¢ = ~2a — D& which is
always negative when « is positive. Therefore, the two steady
states preserve their stability in the presence of diffusion. Yet
the homogeneous unstable steady state X% = O hasg = a —
D#k2, So it has the same property as the state X% = 0 in the
previous model. Therefore there is a critical point 22 = o/D.
If &2 > k.2, the steady state X% = 0 becomes stable.
The linear equation for X% = 0 is

dx x
T =ax+D PP {42}

This is the same form as in the previous model. So the solu-
tion in the linear case is

x(r,t)=x,exp(-Dk*~-k2)t) cos kr 43)

which becomes, in the critical region,
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%(r, t) =z, cos kr 44)

{B.2) Nonlinear Case
We apply the same scaling scheme as before:
te=¢™  , m=0, 1
{45)

x-‘E ex, , i=1, 2

First, in the initial region of time, the equation of motion for

the steady state X% = 0 becomes
3z
g; Da,+ax Bt 48)

Each term can be scaled as before:

2z 8::, 2 0%, -
PY: €31, + ¢ ot 47)
3t a*
(a +D—)x - ¢ (a +D )x1+e {(a e s)x,  (48)
-fx® = 0¥ 49)
The first order terms in ¢ gives the linear equation
ox o*
b, @D (30)
whose solution is
%, =x,(7,) cos kr (51)
Feor the second order of ¢
ox, 2’
3r. (a+D 5?)12 (52)

Following the argument already discussed, we can set 9x,/ 81,
= 0. This gives x, = 0. This means that there is no correc-
tion resulting from nonlinear effect up to the order ¢
Therefore, the solution in the initial region of time is

xlr, 1)) =ex,(1,) cos kr (53)

Now, in the second region of time, each term in eq. (46) can
be scaled as before:

2% | 19%
21 T o9n
’[ ] cos kr (54)
a!
(a +D o ]:c ¢ (a +D§-;,-)xa(r,) cos kr

=cax,(7,) cos kr~eDkx,(r,) cos kr
=caz,(r) cos kr—eDkix, (r,) cos kr

—£%p x,(r,) cos kr
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=-¢'p 2,(z,) cos kr {55)
where
. 1
. [ D if kDK 56)
-D if k<K
~8x = — 8 x,(7,)* coskr &7
== g %o {r,)! (3 cos kr+cos 3kr)
From egs. (54), (55), and (57) we obtain
d':io (r,) cos kr=—7 x,(r,) cos kr
o (58)
- %xo (£,)® (3cos kr+cos 3kr)
The final equation for evolution of x, {1,) is
d o 1
_xd_;('r_!="?}' xo(h}_;%exo(ﬁ), (59)
1

C. Evolution of Fluctuations
The evolution equations of the amplitude of fluctuations
%o{t,) in the two Schldgl models can be written as

Ealtd oy s (e - 00 ) ©)

where p=1D for k'2k{, and

?
%ﬁ— for the first (quadratic) model
a
5= 61)
%—ﬂ for the second (cubic) model

Notice that d is always positive since a > 0, > 0. Yet the
coefficient n can be positive or negative. If n > 0, the system
has a stable steady state corresponding to x, = 0 and ap-
proaches the stable steady state as time goes to infinity. In
the case that n is negative, +(n/d)* correspond to stable
steady states and z, = 0 is an unstable steady state. The
amplitude of fluctuations approaches the stable steady states
as T, goes to infinity.

The above properties can be seen if we look at the deter-
ministic solution of eq. (60). It reads

x, (fl)-xo {0} exl:‘(_ﬂfl) (62)
/2,0 (8 /9) A-exp(-2p2,))1""

Forn>0,as 7 =+ o

lim z, (z,) =0 63)

£~
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And forn < 0
» (0)
hmxa( ,)"_x —_— 1/t
R P T R L 64
-V 7/6

whered = -n=D.

In order to get more information let us consider the average
of x4(r,)%. To discuss < xq{t,)? > we consider x(7,) as a stochastic
variable and use the method which deals with the Fokker-.
Planck equation for x4(7,) as in the previous work.’®

When n > 0, from the deterministic type of equation for
< %o{T,)* > we obtain

<xo (7))I> =<xl>, exp(—-2p 1'|]+I—?:[l-e-.\c[:>(—2r,l £,)] (65)

where D is the diffusion coefficient with respect to .

If n < 0, we need to use the probability distribution func-
tion for xo(7,) to get < xo{1,)* >. By using the approximate pro-
bability distribution obtained previously,'®'*'* we get

<xd>e,={(3/8) (1-Vr Y exp(Y?) erfc(Y)) 66)

where

Y=[280(c,}/5)7"* 67)
with

a(n)=exp27 ) (68)

and erfc(Y) is the complementary error function. For very long
times, <x,*>_ becomes

Lx3>.~=7p/é

- [xo {o0) ]!

(69)

Conclusion and Remarks

We have analyzed the nonlinear stability of the two Schidgl
models in the presence of diffusion. The resulting equations
(35)ana (59) {or eq. {(60)) for the amplitude of fluctuations show
the stability behavior of the system. For #* > k2 %, = Ois
the only stable solution. This means that the fluctuations
vanish as time goes on, 50 the steady state X3 = 0 is stable.
Yet for £ < k2, %o = 0 becomes unstable and evolves to the
finite value as time goes to infinity. In other words, the fiuc-
tuation is enhanced and this reflects the fact that the system
relaxes from unstable steady state to new stable steady
state(s). The interesting result is that the critical behavior is
caused by the diffusion effect. Without diffusion there occurs
no critical point for our Schlégl models. Diffusion can be
thought to play an important role in the dynamical behavior
of the systems.

In %2-space, the critical point £.? is a bifurcation point across
which new steady states emerge from a steady state. Since
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k is proportional to the inverse of wavelength, the bifurcation
toward new stable steady states occurs above the critical
wavelength. This shows that a “long range order” is impor-
tant in the formation of an ordered stable spatial pattern.

Several years ago, Matkowsky'¢ presented a mathematical
treatment of nonlinear dynamic stability problem. A partial
differential equation of the same type as that discussed in this
paper with a nonlinear source term is dealt with in his work.
His main interest was to investigate the dependence of the
solution on a certain parameter, which determines the stability
property of the system, in the neighborhood of a critical (or
bifurcation) point. So he derived a formal asymptotic represen-
tation for the solution in powers of a small parameter ¢ which
is related to the nearness of the system from the critical point.
Using the two time scaling method for nonlinear analysis, a
recursive system of equations for each power of £ was obtain-
ed. From the orthogonality condition to be satisfied, he was
able to get the first order nonlinear ordinary differential equa-
tion for the amplitude function. This amplitude function plays
the same role of an order parametr as %{(7,) in our analysis.

If we apply the Matkowsky’s method to our madels, the
following result is obtained:

dAls) _

4 -8A{(r)-a(A(1))® (70}
T

for the amplitude function A(r). Here ¢ is a positive constant
which has a different value for each model and £ has the value
+1 in the stable region and -1 in the unstable region. This
result is equivalent to ours. In principle, the two approaches
are equivalent. Yet the Matkowsky's method can explain the
effect of the type of initial perturbations. And it is easy to ex-
amine the dependence of the system’s behavior on the form
of rate expression using this approach. Therefore, it may be
applied to more general cases.

But, since Matkowsky’s work is more mathematical, we
have some difficulties in getting physical meanings from the
analysis. The procedure of constructing the evolution equa-
tion for the amplitude of fluctuations is more involved using
his approach. And in his work the stability properties of the
steady states are not easily found. In particular, if we deal
with more complicated situations, e.g. reaction-diffusion
systems with more than one intermediates, our approach
would have advantages. An example of those systems is in-
vestigated in the previous work.’®,

Finally, it is noticed that in this analysis, the difference bet-
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ween quadratic and cubic models is not shown up clearly. They
give the same type of equations for the amplitude of fluctua-
tions in spite of the fact that they show different types of non-
equilibrium transitions. Yet some authors* argued that for a
quadratic nonlinearity, sufficiently close to the bifurcation
point, the system was unable to show critical behavior. The
similarities and differences of the two Schlogl models need
more understanding. Types of nonlinearities will be more im-
portant if we deal with a system with more than one in-
termediates.
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