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NECESSARY AND SUFFICIENT CONDITIONS FOR A
GENERALIZED TOPOLOGICAL SPACE TO
BE A TOPOLOGICAL SPACE

Woo CrorL HonG, JAE Ik Lek and Me:x KWANG KaNG

1. Introduction

Let X be any non-empty set and let P(X) denote the set of all
subsets of X. A function ¢:P(X) — P(X) is called a semi—closure
operator on X if it satisfies the following four axioms:

(D) ¢(g) =9,

(2) Acc(A) for each AcP(X),

(3) if ACB, then ¢(A)cc(B) for each A, BeP(X),

(4) ¢(c(A))cc(A) for each AcP(X).

If a semi-closure operator ¢ on X is given, then the pair (X, ¢) is
called a semi—closure space. These concepts of a semi-closure operator and
a semi-closure space are generalized forms of a Kuratowski closure
operator and a topological space, respectively.

For our convenience, throughout this paper, C will mean fAeP(X)|
¢(X—A)=X—A} in a semi~closure space (X, ¢). Then for each semi-
closure operator ¢ on X, C satisfies the following two properties:

S1) X, ¢ecC,

(82) C is closed under arbitrary union.

But C is not closed under finite intersection, in general. A collection
C of subsets of X satisfying the properties (S1) and (S2) listed above
is named a supratopology ([2] and [3]) or a pretopology ([1]). In
[11,[8], and [5], the authors have investigated several properties of
this generalized topological space. Indeed, the concepts of supratopologies
and semi-closure operators are equivalent. In [4], Netzer has introduced
an operator — : P(X) — P(X) satisfying (1)Ac A for each AeP(X)
and (2) if A,BEP(X) and AcB, then AcB. Using pseudo-sequences
(generalized nets), he has shown a necessary and sufficient condition
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for the operator — to satisfy the following property: AUBCAU B for each
A,BeP(X).

In this paper, we shall study necessary and sufficient conditions for
a semi—closure space to be a topological space, using the concepts of
stacks and grills.

2. Results

Let (X,¢) be a semi-closure space and let A be a non-empty subset
of X and z&X. A is called a neighborhood of x in X if there is a B
in C such that r&BcA. Let N(z) denote the set of all neighborhoods
of r in X.

DEFINITION 1. A stack < on a set X is a non-empty collection of
subsets of X with the properties:

(1) if Ac and AcBeP(X), then Bed,

(2) if A, Bed, then ANB+4.
Then, clearly, for each rX, N(z) is a stack on X. We call N(2)
the neighborhood stack at z in (X, ¢).

LEMMA 1. Let (X,c) be a semi—closure space. Then c(A)={zcX]|
ANN=#¢, for each NEN(x)}, for each A€ P(X).

Proof. U xcc(A), then z€X—c(A)eC and AN (X—c(A))
=¢ since ACc(A). Hence z& {z€ X|ANN+#g, for each NeN(x)}.
Conversely, if & (z€ X|ANN=#¢, for each NeN(x)}, then there is
an N in N(z) such that ANN=¢ and thus there is a B in C such
that z& BN and ANB=¢. Since BeC, ¢(X—B)=X—B and hence
we have ¢(A)C X—B. Therefore x&c(A).

DEFINITION 2. Let (X, ¢) be a semi-closure space. A stack J on X
is said to converge to z(written I — z) if and only if N(z)<=d.

LEMMA 2. Let (X,c) be a semi—closure space. If AEP(X), then
z€c(A) if and only if there is a stack S on X such that A€ I and
J—oz.

Proof. I z€c¢(A), ANN+#¢ for each NEN(z) by Lemma 1. Let
S={BeP(X)|AcB or NCB for some Ne&N(x)}. Then it is easily
verified that & is a stack on X and Aed and N(x) <.

Conversely, suppose that there is a stack J on X such that Aed
and S—z. Then since S—z, N(z)c I3 and hence we have ANN#¢
for each NeN(z) by property (2) of stacks. Therefore, by Lemma 1,
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rec(A).

DEFINITION 3. A grill @ on a set X is a stack on X with the
property: if AYBe@g, then A€@ or Be@.

THEOREM. In a semi—closure space (X, c), the following statements are
equivalent:

(1) ¢(AUB)Cc(A) Uc(B), for each A,BEP(X).

(2) For each x=X and each stack & on X such that S—zx, there is
flter &F on X such that N(z)TFC .

(3) For each AGP(X), if xc(A) then there is a grill @ on X such
that N(x)C@ and ASAq.

Proof. (1) = (2) Let z€ X and J a stack on X such that & — =,
Then N(z)=d by Definition 2. If a semi-closure operator ¢ on X
satisfies (1), ¢ is a Kuratowski closure operator on X, i.e., (X,¢) is a
topological space. Hence for each x£X, the neighborhood stack N(z)
at z is a neighborhood filter at z and therefore N(z) is a desired filter
on X.

(2) > @) If AeP(X) and z€c(A), then there is a stack & on X
such that A€ d and N(x)©d by Lemma 2. By hypothesis (2), there
is a filter F on X such that N(z)cFcd. Let &= {ANF|Fed.
Then, since J is a stack on X, ANF+¢ for each FEF and thus &
is a filterbase on X. If & is the filter generated by the filterbase &,
then N(z)—F and A<F . Let % be an ultrafilter finer than . It
is easily proved that every ultrafilter on X is a grill on X and this
ultrafilter % satisfies AG# and N(z)C%. Hence % is a desired grill
on X.

(3) > (1) Let z&c(AUB). Then by (3), there is a grill @ on X
such that N(z) <@ and AUB<@. Since @ is a grill on X and AUB
€@, A€@ or BE@ and therefore, by Lemma 2, we have z&¢(A4) or
x2S c(B) since every grill on X is a stack.

References

1. K.M. Garg and S.A. Naimpally, On some pretopologies associated with a
topology, General Topology and Its Relations to Modern Analysis and
Algebra III, Academic Press., New York, (1971), 145-146.

2. T. Husain, Topology and Maps, Plenum Press., New York, 1977.

3. A.S. Mashhour, F.S. Mahmoud and F. H. Khedr, On supratopological staces,



22 Woo Chorl Hong, Jae Ik Lee and Mee Kwang Kang

Indian J. Pure Appl. Math. 14(1983), 502-510.

4. N. Netzer, Generalized Kuratowski operators and convergence, Colloquia
Math. Soc. Janos Bolyai 23. Topology, Budapest, (1978), 877-882.

5. I. Zuzcak, Generalized topological spaces, Math. Slovaca 33(1983), 249-256.

Pusan National University
Pusan 607, Korea



