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SUBMANIFOLDS WITH TOTALLY UMBILICAL GAUSS IMAGE 

IMMERSED IN A EUCLIDEAN SPACE 

ßy Jong J∞ Kim 

1. Introduction 

Since the c1assical Gauss map has been introduced by Gauss in order to define 

the Gauss curvature, it has becorne one of the fundamental tools in the study 

of submanirolds. For a submanifold M o[ dimension n in a Euc1idean 11l- space 

E m of higher codimension, the Gauss map is defined as the mapping 1': M • 

G(n, ’I/- n) whicb maps a point Þ in M into the n-dimensional li near subspace 
of E ’" wbich is obtaincd by parallel displacement of thc tangent space TpM 

of M at þ, where G(n, m- n) dcnotes the Grassmann manifold consisting of 

n-dimensional linear subspaces of E m
• lt is well known that the Grassmann 

manifold G(ι m• n) adrnits a standard Riernannian metric g which makes G(n , 

m-η) inlo a symmetric space 

Throughout this paper we considcr only subman ifolds of E m whose Gauss 

maps are regular 

Lct G dcnotc the mctric on M induced from g via the Gauss map , Then M 

is said to have totally ulIlbilical ( resþ, totally geodesic) Gauss illlage if the 

image 1'(M) of (1'.1, G) under r is totally umbilical (resp, totally geodesic) 

in (G(n , m-n) , g) , Onc fundamental problem concerning the Gauss map is to 

c1 assify subman ifolds of E"’ whose Gauss images arc totall y um bi lica l. Recently 

B, y , Chcn and S, Yamaguchi havc solved this problem complctcly for surfaccs 

in E m and studied submanifolds of E m with totall y gcαJesic Gauss image [4J , 

[5]. [6J 

l n this papcr we shall study submanifolds of E"’ with totall y umbil ical Gauss 

image and cspeciaIly isotropic immersions with totally gcαJesic Gauss image. 

In S 2, we first reca\l structure equations for submanifolds in a Euclidean 

lIl-space E'" , In S3, wc also recall definitions of Grassmann rnanifolds and 

Gauss map, and derivc some fundamcntal forrnulas for Gauss map, S4 is 
dcvoted to c1 assify subman ifolds of dimcnsion highcr than 2 in E"’ whose Gauss 

maps are conforma1. 
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ln ~ 5. ‘\'e sluùy submanifolds with lola lly gcodesic Gauss imagc. 

2. Preli rn inaries 

Lct M bc a submanifold in a EucJ idcan m-space E'" wilh lhc induced mctric 
g on M. Dcnotc by <. > thc scalar producl in E"’ Lel 'íI and V be lhe con. 
nections on Af and E"’. respeclively. Then thc sccond fundamcntal form ι of 
thc immersion in g i\ en by 

(2. 1) Il(X. Y)=V xY - 'íI xy' 

“ hcrc X anù Y arc 、 rclor fields tangent 10 M . For a vcctor field ~ normal 
to M. we put 

(2.2) Vx~=A，X+Dx~. ‘ 

、\' hcre-A，X and Dx~ denolc lhc tangenlial and norrnal componcnl of 'íI x~. 

respcclively. It is cJcar that ( A,X . Y) =(Il(X. Y) . ~). 

For lhc second fundamenta l form 11. thc covariant differenlialion ’'íI wilh 
rcspecl 10 thc conneclion in T M핏T'-M is defined by 

(2. 3) (''íI x" ) (Y . Z) = DX(/lα. Z))- II( 'ílxY ' Z)-II(Y . 'ílxZ) . 

Let K and K D dcnolc the curvalurc lensors associaled with 'íI and D. respcc' 

tively. T hcn the cqualions of Gauss. Codazzi. and Ricci arc givc n respcctively 

by 
(2. 4) K (X .Y; Z. W)=( II( X. W). h(Y. Z) ) - ( II ( X. Z) . h(Y . W ) ) . 

(2. 5) (''íI x") (Y. Z) = (’ 'ílyh) ( X. Z). 
(2. 6) KD(X. Y ; ~. η) =( [A，. A~ X. Y) 

for vcctor f ields X. Y . Z , W tangent to M a nd ~， η norma l 10 M . 
lf wc definc lhc sccond covarian t cleri vali vc of 11 by 

(2. 7) (’ 'ílw’'íI xh)(Y , Z) = Dw(( ’ 'ílx " )(Y , Z)-(’'íI x h)('íI wy ' Z) - ("V x h)(Y , 'íI wZ) 

- (''íI v.xh)(Y , Z ) , 
thcn we have 

(2. 8) (''íI w' 'íI x h)(Y , Z) - (''íI x' 'íI wh )(Y . Z) = K D(W, X )(/I (Y , Z)) 

- II (K (W, X )Y , Z) -Il(Y , K (W. X )Z) . 

For lhc sccond f undamental form h the veclor h(X. X ) is called a nOTlIlal 

curvatur e veclor in the di rcc lion of a unit vector X. Jf evcry normal curvaturc 

veclor has thc same lenglh for any uni t vcctor X al P, lhen lhe immersion is 

said 10 bc isOtTOþic al P. If the immersion is isolrop ic at any poin t on Aι 

namely, thc lenglh of a normal curva ture vector depcnds on ly on the inilial 
point, thcn the immersion is sa id to be i solroþic. T hc immersion is isotropic 
at a point P if and on ly if the second fundamental form h salisfies 
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(2. 9) C3<lt(Xl , X2), la(X3, Y)>= 22C3<X l, X2><X3, Y>

for a scalar Á, whcrc X ,(i= 1. 2,3) and Y are uniL tangent vec tors a L P and 
C3• dcnotes the cyclic sum with respecl to veclors X 1• X '2' X 3• The condition 
is cqui\-alcnt to 

(2. 10) ( h( X , X ) , h(X , y) )=0 

for any onhonormal vecLors X and Y at P [13J. 

3. Grass mann maniford G( n ,l1l- n ) and the Gauss map 

ln this scction we sha11 dcrive somc fundamcntal formulars for Lhe Gauss 
map. \\'e follo\\' closcly that g iven by Chen and Yamaguchi [4J 

Let G(n , m-n) be thc Grassmann manifold consisting of n- dimensional linear 
subspaces of E ’Il endowed 、.vith the standard meLric g. LcL ITo be any g iven 
poin t in G(κ m-n). We fix an orthonormal basis (지， 지). i =- 1 • .. .• n; x = n + l . 

', 111, of E'" such Lhat f , lic in ITo. Let IT be a point in a suitable neighbor' 
hoo<l U of ITo and (e" e) be an orthonormal frame such that e, lic in IT. 
\Ve pu t 

(3.1 ) e， =ε~，Jj+ε~，yfy ' ex =εSXj지+εSxyfy’ 
h, i , j , k , l = l , ….n; x.y.z = n + l. "' , m. 

Though thc frame (지， f x) is fi xed. we can takc a frame (e,’ e,) in such a 

“ ay that (sec, e. g. , [lOJ) 
(3. 2) (e" f j ) = (e j, 지)， ( ex' f y) = ( ey, f x) ' e，cIT이=지· ζ(ITo)=fx' 

If U is a sufficiently small ncighborhood of ITo' Lhe n(m-n) numbers s,x ca n 
be used as local coordinates on U 

Let IT(Ç') be a poinL of U whosc local coordinatcs are s,x and IT(s+d~) a 
poinl \\'hosc local coordinates are s ,., + dç". Then the distancc ds beLwecn IT(Ç') 

and IT (ç -'- dÇ') is givcn by [10) 

(3 . 3) g d/=ε《de! ， ex>2,
'.x 

and lhe corresponding Christoffcl symbols of g sa Lisfy 

(3.4) l채y} = 0 at Stx=o 

Lct .'f be an n-d imensional submanifold in E"'. For cach point P in M. the 

tangenl space T pM can be taken , a fLer a suitablc parallcl displaccmcnt, as a 
point r(P) of G(n , 11/- 10) . This mapping r : M • G(n , 1II- n) is called the Ga1tss 

’nap of ι"f i n to G(n , ’/I- n). 

I‘'or each point PC르M. wc tuke an orthonorma l framc (e,. e,) of E’11 suc h shat 
e，εT p.'J. ì\' c puL 
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(3.5) del=1ufη +UJ~ex' 씨= 씨， 

where, here and in the sequeI. we use the Eienstein convention On Stlm l11 a~ 

tions. Let ω‘ be the dual frame of e'. Then we have 

(3. 6) 피=h，.}w' ， h/j= (h(ei. ej ). 깐> . 

From (3.3), (3. 5) and (3. 6), it follows that the metric G on 101 induced from 

(G(κ … n), g) is given by 

(3.7) G= ，c(w;)'=εkl;hJω'u/. 
’.' 

Let (x ’) be a local coordinate system 011 a suitable neighborhood V of a 

given point OE101 given by x'=O. We take a fjxed orthonormal frame (f，μ 1.) 
at 0 such that 1, lie in ToM. For any point P in V with local coordinates 

(x ’) we choose (e" e.) such that e, lie in T pM satisfy ing the condition (3. 2). 

Let s,.=(e‘ , 1) . Then s,-.(x') are local coordinates of r(p) in G(n. m κ) . We 

put X ,= ò/òx' and e， =ε려Xj' Then we have 

(3. 8) òs.-/òxk= (\1.려)(Xj' Ix> +씌(h(X •• X j ). 1.> 

whcrc V뼈= 뼈/òxk+{1써 and \1X.X ,= {1I)X" Let xj = r*지 We have 

; asl1 a 
(3 . 9) X ,=- :• --

“ axl 8flX 

Denole by h the sccond fundamental form of rhe Gauss image. r(M) in 
F7 . ....,c 

G(η . m-n). lf we denote by \1 and \1v the conneclions of (G(n. lIl- n). g) and 

(r(M) , G), respectively. it is clear that 

h(X j , X，.) =낀lXl-다(\1 r,X ,.). 
Thus 、‘ e have 

[' ls타.， , f k값z 1 ò캔s'v asκhx fh l G a하'kz 1 δ 
(뼈3잉때3. 10)이) h때(αXj' X때l시)깐=간[넓갚a값òx'러바十바바thly k짜x 

w빠here \1영g껴κ‘ =카v펴GXh At O Wlth x’ = 0. ( X j ' 지>= 0 and co째ucntly (μ) 
= 0. 

Therefore (3.4) and (3. 8) imply 

(3. 11) {ly많。=α (줬)。=(쩌)0 (h(X •• X) , 1'>0 

On lhe other hand by a direct computalion, we also have (\1.려 )0= 0 (see, 

c. g .. [11] ). Thus fro l11 (3. 8), (3. 10) and (3.11). we may obtain the following 

formula for the second fundamcntal form of thc Gauss image 

LD I:\ IA. 3. 1 (Chen and Yamaguchi [4] ). The second Inndamental 10Tm h 01 
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the Gattss i l/lage at OE M satisfi.s 

(3.1 2) hOlj• X，) =ε(강)0 <(V싸(Xj' Xt )+:,h(V x‘Xj.X) 

- h(VιXj• X t ) . f，>파; 

4. Submanifolds with conformal Gauss mnps 

Lct M be a submanifold of E "'. It is said that the Gauss map of M is con 

for l/lal (respectively. homothetic) if G=iPg for some function p ( respectively. 

for some constant p) on M. 

Assumc that r is conformal with G= .2Pg• Denoting by Gji and gji local 
components of G and g. respectively. with respect to the local coordinates 
(x’) in M. wc have from (3.7) 

(4 .1 ) Gji=εhj낀싸=e2Pgll ’ 

wherc "Ji denotc thc second fundamental tensors of M in E"'. Applying the 
covariant derivative V. to (4. 1). 、，ve bave 

(4. 2) .L' {(V./.까)/.써+h;'f:V ./.싸l = 2e2PPhgl! ’ 

whcrc. here and in the sequel we put p.= iJp/iJx". Transvecting (4.2) with 
g JI , 、Ne obtain 

(4.3) ε(VhhiZ)h샤= ne2pPh 
wherc ( g;i) = (g;,)-'. Also transvecting (4.2) with i ’ and taking account of 

thc cquation (2.5) of codazzi for M in E"’. wc find 

(4. 4) ε {(V.h')h까+h，~Vih싸} =2e2% , 
whcrc h' = g" h i~ ' Therefore (4.3) with (4.4) impJies 

(4. 5) ε(V까')h까=(2- n)e2%. 
If thc Gauss map r is harmon ic. namely. V hh‘ = 0 (see. Corollary 1 of [14)). 

(4. 5) reduces 10 (n -2)i.op,. = 0. Thc last equation givcs 

LDI~IA 4. 1. If the Ga1iss maþ r is conforlllal and harlllonic. then n = 2 or r 
is homotlletic. 

From now on. wc pu t 

(4. 6) w j = {1h t}G-{jh z}· 

Then. the conformality of the Gauss map r implies (see. p23 of (1)) 

(4. 7) W;~ =P;Õ~+까치-gj짜， 
h ‘1 wherc p" = g"'Pi' 

Dcnoting by h;7' thc local componcnls of thc sccc뼈r(M) in G(n. lIl- n). 、\'e ha,'c from (3.12) 
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(4 .8) hj:'=ß~('Vj"j;-Wj:"，;). 
、.\'hich togcther with (4.7) implies 

hj~X=β~('Vjhi: -ρ/Zi: -p/: j: + g jiPshs:)' 

From no‘\" on wc assumc lhat thc Gauss imagc I ’ ( M ) is tOlally gcodesic in 

G(n. ",-n) , i. e. , lhal lhc sccond fundamcnta l from " of r (M) in G(ι ",-n) 

vanishcs idcnticall y. Thcn thc lasl cq uation red uccs to 

(4.9) 'V."j;= P.hj;+p/，써 g Irjl"~5 
sincc lhe malrix (ß~) is non-singula r. Combining lhis wilh thc cq uation (2. 5) 

of cαlazzi. we í ind 

(4. l0) Pkhlf-PIlll;-gklPsllt;+ gltPslt강=0 
Transvcc ling (4. 10) \\'ith g" \\'c have 

(4. 11) p.h'= (2- 1I)P'h찌. 

If n> 2, thcn \vc havc 

(4 .12) P'h.~ = Pk，，x/(2-n) 
Transvccting (4. 10) wilh P’ glves 

11 dp ll 2h샤=PKPsltJ:+ plPSlt4 gkJPsprhs;, 

which and (4. 12) imply 

(4. 13) II dplI 2"싸 쉰κ [2PkPj - Ldp l; 2gkj1 h' . 

Lcl N ,= [PE M ldp ,,<O at P). Then (4. 13) sho、、 5 that h( X , Y ) is containcd in 

the lincar subspace Span (H ) spanncd by thc mean curvaturc vector H with 

local componcnts h' on N ,. Since the Gauss map is assumed to be rcgular, h ,,<O 

at any point PεM. Thus we ha‘ c the following 

LDl\IA 4. 2. Lel M be a’‘ 1I-dimensional (,,> 2) submanifold of E까 [f Ihe 

Gauss 1Ilap is conforlllal and Ihe Gauss illlage is lolally geodesic, Ihen M= 

N, UN2 such Ihat (1) N , is open i1J M , (2) dp =O on N 2, and (3) dim([mh)= l 

on N , 
By using Lcmma 4. 2, 、vc shall prove thc fo lJowing. 

THEORHI4.3. Let M be an n- dime /lsio /lal (,,> 2) St,‘b1lla/lljold of E"' zuith 

tolally geodesic Gauss image. [f the Gauss lIIap is confor’/lal , I"en either 

(1) I" e Gauss 1Itl1p is homothelic and Ihe second fundamenlal f or1ll of M in 
E m is parallel or 

(2) M is a "ypersurface in an affine (n + l)-s씨space E n+ 1 01 E f// and M is 

conformally flat. 
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PROOF. Let N bc a component of N 1 = {PεM l dp~O at P ) . '1'hc11 by means 

of Lemma 4.2 there cx ists an orlho11ormal local frame {E l' .. . • E". E n ,. I' ...• E ’,,) 

such that E I' .. .• E" arc tangcnt to M and lhe second fundamc11tal tensors 

A,= AE‘ . x = n + 1 .... . '" take the following forms; 

l ι o \ 
I .\ 

(4 .14) A H1 = [ “ :2 1. An+ ~= ... = Am= O. 

\ 0 a I 
n 

For cach fixed i. i = l. 2 ..... κ equations (2.3) and (4.14) imply 

DE,(ajEn +1) = DE,h(Ej' E j ) = (' \1 E,h) (Ej' Ej) + 2h(\1 E‘Ej' E). 

which togelher with (2.5) gives 

DE
‘
(ajE n+ 1) = ('\1 E,h)(E ,. E j) + 211(\1 E.E j' E j) 

= DE/z (E i• Ej)-h(\1 E,Ei' Ej )- h( E i• \1 E,Ej)+21t(\1 E,E j' Ej ) 

for any j.j= I.2 • .... η. '1'herefore. for each fi xed i. i = 1. 2 ..... n and each j낯 t. 

equation (4. 14) and the last equation yield 

(4 .15) DE
‘
(a,E n+1) = 21t(\1 EiEj' E j)- h( \1 EjEi. Ej) - h(Ei. \1 E.Ej)' 

and consequently 

(4. 16) ( DE
‘
h(Ej' Ej\ En +k) = 0. k = 2. 3 ..... m - n. 

5ince the Gauss map is assumed 10 be regular. de t(An+ 1 )동O. 50. (4. 15) also 

im plies tha t 

( DEõEn+l' E 1f+k>= O. k = 2, .. .. m-n. 

from which and (4. 16) it follows that 

Dxh(Y. Z) E lmh 

for any vector field s X. Y. Z tangent to M. Thus the first normal space 1m" 

is paraIlel in the normal bundle and moreover; it is l - dimensional by means 

of Lemma 4.2. Hence. by a theorem due to Erbachcr 띠 • N lies in an (n + 1) 
n+1 dimcnsional subspace En+l of E "’. 

On the other hand. by (4.14) conformality of the Gauss map. we have 

af= ... = a;~O 

on N. So we may assume that 

(4 . 17) a1= .. . = ar= a, ar+1= ... a
ll

= - a 

for some positive fun ction a on N. '1'he mean curvature vector H is then g ives 

by 

(4 . 18) H = (2r-n)aE H1 
By the way. (4. 12) implies that lhe vector dp;; associated with dp is an 
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1 
eigenvcctor of A" ,. 1 ‘vith eigcnvalue -+- 2츠n II HII. Thus by using (4. 17) and 

(4.18) wc find r = 1 or n- l. Thereforc, thc sccond fundam enlal form " lakes 

lhc following form 

(4.19) ，， ={αg-2all@μ} En+l on N 

for some nonzcro [unction α and somc l - form μ . Thus N is conformally flat 

if ,,> 3. 

I'rom now on wc prove lhc conformal f1a lncss of N is lhc case of n=3. 

Differenliating covariantly both side of (2. 4) and making usc of 

와1tj~= W샤It r: . 
、\.c can easily find 

\1,K Il ji lc = rV/~K I' j’‘+ yj' ,}K kri씨1샤h 
from which by conlrac lion 

V,Kkh = W,;Krh + W{~K luS /c' 

substituting (4. 7) in lhe last equalion wc havc 

(4.20) 까K.h =2p，K .. +p.K'h - g,.l K ,,, + p’K khrl ' 
A dirccl calcu\alion by using (4.12) gives 

(4.21) P'K.h，，=εP'(써찌-싸서)=쉰2 (p.(K따Gh，) - Ph(K., +G.,)} 

、vhcrc wc have used 

(4.22) Kji =εhj:h:t -Gj; 

whicb is a direct consequcnce of (2. 4) and (4. 1). Morcovcr, transvecti l1g 

(4.22) wilh / and laking account of Gjj= lPgji ’ wc have 

(4.23) lK，j =- [닫TllHll2+e2P]p，. 

Combining (4 . 20) wilh (4.21) and (4.23), we oblain 

(4.24) 와Kjj= 2P.Kjj + PjK.j + {곰εIIHII 2+/ρ)g써 

-강닫곤2 “p씨lκ(찌Kκμl샤.+에G익상l샤j，)-
011 lhc olhcr hand, diffcrcntiating covariantly bolh side of (4. 22) \\'ith 

Gl1 = e2Pgll . we can see that 

(4. 25) 1 " 1'1' ,, 2 
V .Kjj= 2P.K jj+ p;CK .j +G.)+강=호 II HII<g'jpj 

“’hcrc wc ha ve uscd 

(4.26) ?ilf = P*llx 

which is direcl conscquencc of (4.9). Comparing (4. 24) with (4. 25) , wc ha\'c 
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(4. 27) 감2[씨(Kjk + Gjk) - p;CK ,. + Gik)J = PiGkj- PjGki• 

Transvccting (4 . 27) with li and using (4 . 23). we can csily vcri[y 

{F--느z IlH I1 2) l'j = O. 
(n-2)-

which implies 

(4. 28) e2p= 1 ? llH l|2 OI1 N. 
( n -2)" 

'1‘ ransvecling again (4. 27) with P'. we obtain 

(_20. 1 잉 n-3 " • ,, 2 
고'::'2 IIdp lI "Kkj+le"+ ,_ • M2 II HII")PkPj-강견II d떼 G. j=O. ‘ (n-2)-

0 1' cquh'alcntly. by using (4.28) 

(4 . 29) II dP Il 2Kkj+2(n-2)i，꺼，o.p j - (n -3) 11 dl' lI 2G' j = O. 

II follo\\"s f rom (4. 25) lha t 

'íI kKjj - 'íl jK kj = ρkKji- PjK ki+PjGki-PkGji ’ 

[rom ‘\'hich. taking account of (4. 27). 

(4. 30) 와Kji- 'íljK ... = ( ’‘ -4)(p.Gjj -PP ... ) on N. 

On lhe olher hand. equalions (4.12) and (4.13) yield 

II dp II 2 1 1l 1i끼1 2 ___ "_τ11m2) = 0. 
‘ ’ (n-2)-

Thus 
’ _ (n-2)--n 

K = g" K ,,= 11 81 ，-- 11 ι Jr= V' .'-τ← IIH II ,.‘ (n-2)-

on N and conscqucnlly 
? 

2[(n-2)--씨 
VhK= ....!!...ι 흐4긍~-IIHrp. 

‘ (η-2)" ‘ 

‘vilh thc help of (4. 26). Thereforc. it follows from (4. 28) lhal 

- (n-2)2 
(4. 31) 경짜二ir-(gl1%k-gk，?lk)---x」j-프(p.cjj-Pp.，.)， 

from 、vhich and (4.30). if n =3. 

'íI ,K;; - 'íI ;K.; <>1관τ， (g;; 'íI.K - g.i 'íI ;K) =0. ki _ 2(n-l) \ 6ji"kH. 6ki 

Hcncc N is conformally flat when n=3. 

j[ inl(Nz) =Ø. then. by thc regularity of Gauss map and lhc discussi 

above. the statement (2) holds. 

]\ow. we assume that int(N2) TØ. T hen. by thc Lemma 4. 2. thc Gauss 111 
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is homolhelic on inl(Nz), in parlicular, thc Gauss map is affine on inl(N2) . 
Thcrcforc ílG= íI and conscquentJy 'ílh =::O on inl(Nz) by (4.9). l-Icnce int(N2) 
is locally symmetric. If dim(lmh)=1 on int(N2), dim(lmh)= 1 on M. Thus, 

by lhc reguJarily of Gauss map and codazz i’ s, λ{ is a hypcrsurface of an affine 
(n+ 1)-subspace E" I of E"’. In th is ca5e, a simiJar argument a5 bcforc sho \Vs 
that lhc slalcmcnt (2) hoJds. 

If dim (lmh)> 1 on somc point of int(Nz) , some component V of int(N2) Jies 
fu lIy in an affine (n+ p)-subspace E" 샤 of E ’“ wilh P> 1. Since 'ílh르o on 

int(Nz)' V is a JocalIy symmelric space immerscd in E"+P in a standard fashion 
(scc Fcrus [8]). From this wc may concludc that N 2= M and lhe lheorem 
foJJ。、，\'5.

REMARK. Thc proof of Theorem 4.3 for η> 3 is givcn by Chen and Yama 

guchi [5J. 

5. SubmanifoJds with totaJJy urnbilicaJ Gnuss image 

Lct M be a submanifoJd of E ’" whose Gauss imagc is tolaJl y umbilica J. Thcn , 

by means of Lcmma 3.1, \\"e have 

(5. J) G iiC~ =에CVjh;:- W j;hs:) 

for somc 
usmg F에히~ grs. wc obtain 

(5. 2) GJtD” = ?lh;”-w;，시， .• 
Qr equivalcntly 

(5.2)' G j;D，~ = V l';!- wj，Il:.α， 

where /，ψX= g" ’lh:l and ‘vc pllt F야β~=DIIIX. D’;;쓴= gμ’mη껴” 

iJ씨n a따ddωI“l“I tIon ， 、we assuωlIne lhat the Gauss ’ma이P 15 COαnform ，η1a띠l니l 、with G = e삼2Qg. 'fhen 

as alrcady shown in the prcvious section, wc havc 
h , ~ ~h _ _h 

W jj lz = .o/Ji + .o/5'J - g jjP". 

Thcrcforc , (5.2)' reduces 10 

(5. 3) ílk“
h/i= e강2pgl샤kD미~+Pkhji+ pll싸k:-gk서lprν끼lιlιr;f 

、”‘께c마h a따띠Jl(띠1<띠d lhc eq띠ualion (α2. 5잉) i“f co여daz낌z낀i givc c 
cipnj-p끼:)gkl- (e2PD;-prhr;)gkt + Plltk - PIllL= O 

Trans、 ecling lhis with g*i , we find 

(5.4) ( n - J) (iPD:-p까;)+prllrf-PthX=0. 
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I-1ence, if the Gauss map is homothetic, it follows that 

D:= O 
on M , which and (5. 3) yield that the submanifold M is a paralle l sub l1lanifold 

in E "', i. e. , that thc second funda l1lental for l1l " of M in E'" is paralleJ. Thus 
、，vc have 

LDI~IA 5.1. If I"e Gallss image r ( M ) is lolally 1IIubilical and if r is 

"omolllelic, IIIen M is a parallel sllbmanljold in E"'. 

Combining Lemma 4. 1 wilh Lemma 5.1, we have 

THEORE~f 5.2. If '''e Gauss image r ( M) is lolally κmbilical， and if r is 

coκformal and "armonic, I"en M is a parallel sllblllanifold in Em, provided 

dimM> 2 
On thc olher hand, substituting (5.4) in (5. 3), wc havc 

(5. 3)' \1씨= p.'i싸Pllt4 --쉰다./씨r! - Pihx). 

Subsliluting (5. 3)' in (4. 2) and using (4. 1), we obtain 

(n -2)i'o(Pjg.i + Pig j')+ g.iP'IIj;h% + g.i"껴íx = O. 
from which, transvcc ting with gl' . 

(5. 5) (n - 2)c2pP*+ PIll찌h%=O. 
Using lhis equatin, we shall provc 

TFHEOREM 5. 3. Lel M be a sltbmanifold of E m w"ose Galtss image r ( M) is 

lolally ltmbilical and lel r be conformal. I f Ihe i ’nmersion is t"sotroþic. then r 
is 'IOmolhelic and M is a parallel submanif old in E m, provided dimM =η>3. 

PROOF. Let the immersion be i5O tropic. Then as already mentioned in section 

2, thc sccond fundamental ten50rs of M in E"‘ salisfy (2. 9) for a continuous 

function ?, lhat is, 

hk}hihz + lz i:1z jlu +ιj~hkh= λ2(g，jgih + gi.gjh + g jigkh) ' 

Transvccling this cqua tion 、I"Í th g’h we have 

(5. 6) h찌ltx= {(t + 2)X2 2e2Pj g kl ’ 

from whi ch, substiluling in (5. 5) , 

{(n + 2)?2+ (n - 4)ip
) P.=O. 

If n> 3, since the Gauss map r is assumed to be regular, Pk= O wh ich means 

that r is homothetic. Thereforc our asser tion is followed by Lemma 5.1. 
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