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MIXED PROBLE lH OF SE lHILINEAR HYPERBOLIC SYSTEMS 

ßy Ahmed M. EI.Sayed 

Abstract ‘ 1n th is paper we consider the sem i1 inear hyperbolic symmctric 

system of the first-ordcr. The existence and uniqueness of the solution are 

proved, under ccrta in conditions. 80me properties of the solution are investigated. 

1. Introduction 

Thc Iincar symmetric hyperbolic system of the first-order have been studied 

in [2] , [3] , [4] and others. Here we will consider the mixed problem of the 

sernilinear system 

화뿐L , j1 att(간 t) ’ε1 al(x, t) 8x =f(tj(x , t)) (l. l ) 

xE Q, O< t < T 

with the mixed conditions 

u(x, O) = Ø(x) , xE Q (1.2) 

μ (x ， t) I r = O, O<t < T (1. 3) 

where the unknown ,,(x , t) = (" 기 u) is a real vcctor-valued function , thc 
1’ ” 

coefficicnts, a;( x ,t) are real N X N symmetric matrix-valued functions , and of 
class C2 on mX lo, T] . Q ls a t ounded open subset of R‘ w i th boundary r 

The non linear function f (t, ,, (x , t)) E C([O, T J. H '") and satisfies the Lips

chitz condition 

IJf (t , μ1 (x , t)) - f (t, μ2(X ， t)) 1J /J o<씨(μl(X，t)-“2(X，t) IJ /JO ( 1. 4) 

where H
1II 

is the Banach space of all matrix-valued fun ctions with components 

belongs to thc Sobolev spacc 띤:'(Q) , and k is a positi ve constant. 

2. Existence and Uniqucncss theorem 

è'low lhc solul ion of lhe mixed problem ( 1. 1), ( 1. 2) and ( 1. 3) can bc exp 
rcssed in the [orm 

,,(x , t) = G(t, 0)얘(x)냉G(써f(s μ (x ， s))ds. (2.1) 
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whcrc GCt, s) is lhc fundamcntal sol ulion of (1. J) (wilh zero right hand sidc) 
and ( 1. 3) , which salisfies [2J , [3J for VE H '" 

’, ak 

ε 11 :.k (G(t , s) X v(x , t)) II JJo- .<C삐I JIo (2.2) 
1: ....... 0 8t '" ~ .. "' lr " r; 

wilh C> O. 
GCt,I)‘v(x , I) = v(x , 1) (2.3) 

, n , 
ðT(G Ct, s) X v(x, t)) =εlal(x， l)꾀(GCt， s) X V(X , s)) (2.4) 

GCt, s) ‘ v(:\',I) I,.= O (2.4) 

TIIEOREM 2.1. lf Ø(x)E H "’, then for sltfficiently small T there exists one 

and 0싸y one solution of t/,e 1IIixed þroblem (1. 1) , (1. 2) and (1. 3) , u(x,I)E H ’” 
and .!!!.떻2...EHm- 1 

PROOF. Jt is c1car lhat the intcgral cqualion (2. 1) and thc mixed problcm 
(1. 1), (1.2) and ( 1. 3) are cquivalen t. 

Now let us write 

Then 

lf wc Ict 

whcrc 

Fu=G(싸 

IIF싸싸FI，자u산“씬쐐2깅11써JIO<에채q엔댄찌때[:1재;JJ|”1”싸f(sιμ“씬’끼까권t“깐t싱꾀2 

<CkJ; II I，’“낀t사lι(x’ s)-u,(x , sμ 

X =C([O, T] X H "') 

”ullx = mF li IH--

(2.5) 

thcn it is c1ear thallhc opcrator F defincd by (2.5) maps X to X , and satisfics 

[5J 

II F“1- F“2!l x < Tck ll’‘1(>:,1) -1‘2(>:,l) lI x 

If T is sufficiently small such thal Tck < 1. thcn F is a contracl ion map, 
so by lhe contraction fixcd point lheorcm wc concludc that there ex isls a 
unique soJulion u(x,1) of (2.1) and conscqucntly of the mixcd probJcm (1. 1), 
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(1. 2) and (1. 3) , satisfi cs 

tt(X, 1)εX 

i. c. tt(x，I)EIl끼 x c Q; O< I< T 

From (2.1) , (2. 2) and ( 1. 4) we have 
iJtt(X, I) _ iJ 

= • G(t , O)‘ Ø(x) + f (l, u(x , 1)) + 
81 iJI 

+J;옮G(t， 5)*f(5 , tt(X, 5샤)) 

aμ(x’ t) !I .......... ,.... U .t ll , 11 1'1' 1 ~.I'_ 1'\ 11 , rt 
and ↓다t llH· l〈Clψ lI u. 十 II f (l, tt(X, 1) II U. " + J 01I f (5 , tt(X , s))IIU.ds 

새ch shows lhat 화짧곁H’“-1 . 0κ0<1앙tκ〈다T an뼈n띠d Co띠com떼n띠빠1ηI 

N‘ov、w froαm the So이bo이lcv’ s Embedd미ling II네hcorcms ‘w‘\'e have [1J . 

COROLLARY 2. 1. [f 2m -2> n, a.,d IIw cOltdilions of Iheorem 2.1 5alisfied, 

Ihen Ihe 501，씨on tt (x , 1) of Ihe m;xed problem ( 1. 1) , ( 1. 2) aηd (1. 3) eqμivalent 

10 a f 1tncl;on of C(Q) , and Ihe der;valive 효뜨~::!l.. ex;sls in Ihe !lsual sensc. 
iJl 

THEORE:>j 2.2. [f Ihe sol씨， on “(x ,1) of Ihe 1II;xed prob/elll ( 1. 1), ( 1. 2) and 

(1. 3) e",sls for all valttes of 1, Ihen il ;s sal;sfied 

11“(x, t)||II-< Mcat

for all valtees of 1. 

PROOF. From (2. 1), (2.2) and ( 1. 4) wc hm'e 

11“(x , t) - tt (y , l)IIu . < C II Ø(x) - Ø(x) lI u • + 

+때IIf(s， u(x, s)) - f (s , uψ(yι’ s씨씨))씨싸) 1 

〈야떠C띠”뼈-얘Ø(y싸-+%C%l”h1h1“@‘“，(x’ sψ)←-1t…‘써(y， s)IIJl.ds 

from which \\'e can deduce lhat 

11’‘(x, t) -,t(y, t) ||H-< C k eckt||d(x) -￠(y)” II·· 
Let us take yεl‘ ， conscquently we gct 

|1u(x, t) ||H·< Meal, a = ck 

and M is a constant depend upon 뼈(x씨H'" and a. 
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