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DISTRIBUTIVE, STANDARD AND NEUTRAL ELEMENTS IN
THE JOINSEMILATTICE OF CONVEX SUBLATTICES OF A LATTICE

By Juhani Nieminen

1. Introduction and basic concepts

The purpose of this paper is to generalize the properties of distributive,
standard and neutral ideals of a lattice. A generalization of standard ideals is
given by Fried and Schmidt in [1], where the concept of a standard convex
sublattice is defined and related properties are described. The main difficulty
in the generalization work is the lack of a suitable algebra for describing the
convex sublattices of a lattice. We shall first’introduce an algebra for convex
sublattices of a lattice and thereafter consider distributive, standard and neutral
convex sublattices by means of the properties of the algebra.

A Xluh—latticc H=(H, VV, N) is a joinsemilattice, where aeVb=Ilubla, b},
the least upper bound of @ and &, for every two elements ¢, &H, and e\b=
glble, b}, the greatest lower bound of @ and b, when the set lb{e, & of lower
bounds of @ and & is nonempty. If lble, b) =¢, we put eANb=aeVb. Thus the
operation \/ behaves like the corresponding operation in a joinsemilattice, i.e.
it is associative and c¢<<e and d<(¢ imply ¢Vd<eVb. Unfortunately, c¢<e and
d<b need not imply ¢c\d<<e/\b, and A need not be associative. On the other
hand, eANe=e and e\b=bAa for all a,b=H. As easily seen, every lattice is
also a ¥, -lattice, but every joinsemilattice S need not be a xlub—]atticc,
because the property lb{e, &}#¢ in S need not imply the existence of an
element glb{e, 5} in S. A X -lattice H is called distributive (modular) if the
conditions D| and D, (.\Il and M,) below hold:

D, aA(bVe)<(aAb)V(aAc) for all @,b,c=H;

D, aV(@A)>@VbA(eVe) for all a,b,c=H;

M, aA@V(cAa))<(aNb)V(aNc) for all ¢,b,c=H;

M, aV(@OA(eVa)>(eVbN(aVe) for all a,b,c=H.
Clearly every distributive %  -lattice is also modular. Note that the equality
sign need not always hold in D;, D,, M, and M,. Appropriate examples one
can find by considering e.g. finite trees.
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Let Csub (L) be the set of nonempty convex sublattices of a lattice L and
A, BECsub(L). As well known, the least convex sublattice of L containing A
and B is AVB= (x|x&L, a \b<x<a,Vb, for some a, a,=A and b, b,=B}.
Moreover, if A B#¢, then there is a greatest convex sublattice of L contained
in A and B, namely A/\B=A[B. Now, by putting ANAB=AVB for A and B
with A[)B=¢, we see that the convex sublattices of a lattice constitute a %,
-lattice Csub(L), where AV B is given above, ANB=AB when A[B#¢ and
otherwise AANB=AVB. Note that when A B#¢ and w=A[B, then a\b=ANB
for @, b>w and eVb=AAB for @, b<Zw, where @ is from A and b from B. As
well known, every ideal of L is also a convex sublattice of L. If I and J are
two ideals of L, then IAJ=INJ in the lattice I(L) of all ideals of L and
IV]=x|xL, x<iVj for some il and j=]} in I(L). Thus the meet and
join of two ideals in I(L) and Csub(L) coincide and we shall use a single sign
v/ (A) for the join (the meet) in I(L) as well as in Csub(L).

An element A=Csub(L) is ’

(1) distributive if and only if AV(XAY)Z(AVX)ACAVY) for all X, Y=
Csub(L):

(2) standard if and only if it is distributive and (3) and (4) hold, where

(3) when ANX#¢p, then ANX=AAY and AVX=AVY imply X=Y;

(4) when ANX=¢, then (4] A(X]=(A4] A(Y] and (4] V(X] =(A] V(Y] imply
(X]=(], X, Y=Csub(L) and (X] = {z|2€L and z<x for some x&X};

(5) neutral if and only if it is standard and dually distributive.

2. Distributive convex sublattices

In this section we shall describe distributive convex sublattices of a lattice
L. At first we write a lemma, the proof of which is obvious and hence
omitted.

LEMMA 1. Let A, X.YSCsub(L). If XNY=¢, then AVXAY)>(AVX)A
(AVY).

The following theorem shows a connection between convex sublattices, ideals
and dual ideals of L.

THEOREM 1. Let A=Csub(L). Then A is distributive in Csub(L) if and only
if (A] s distributive in I(L) and [A) is distributive in the lattice D(L) of
dual ideals of L.
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PROOF. Assume first that A is distributive in Cs#b(L). We shall show the
distributivity of (A] in I(L) only: the proof for [A) is analogous and hence
omitted.

Let (A) = {x|x<<a, a=A]. Because A is a sublattice of L, xl\/x2<alV02€A
for any two elements x,, x,=(A], and thus (4] is an ideal of L. Let X,Y&
I(L)—Csub(L). Because A is distributive in Csub(L), AV(XAY)>(AVXINCA
VY) in Csub(L). If z=((A] VXIA((A] VY), then z=(A4] VX, (4] VY, and so
z<a, V¥, a,Vy, wherea, a,=4, x,€X, y,€Y and (¢ Vx)A(a,Vy,)E(AV
X)ANCAVY). Because AV(XAY)Z(AVXIN(AVY), (@, Vz)A(a,Vy,)EAV(XN
Y). But then a,V(x,Ay)> (a,VxIA(@,Vy,)>2z, and thus z&(4] V(XAY).
This shows that (A] V(XAY)>((A] VXIA((A] VY), and the distributivity of
(A] in I(L) follows.

Conversely, let A=Csub(L), (A] be distributive in I(L) and [4) distributive
in D(L). We shall show the distributivity of A in Csub(L).

Let z=(AVX)A(AVY), where X and Y are two arbitrary elements of Csub(L).
Because ¢#=A(AVXIANCAVY), then z=AVX, AVY, whence a,N\x,, a,
Ny, <z<e,Vz, a,Vy, with ¢, @, @, e¢EA, x, %=X and y,, ¥, &Y. Accor-
ding to Lemma 1 we may assume that XY #¢. When wsXAY, we may
clearly choose the elements x, and ¥ above so that x, Y, <w<x,, y,. Obviously
(a,Vx)A(a,Vy) belongs to the ideal ((A] V(X])A((A] V(Y]), to which thus
z also belongs. According to the distributivity of (A] in I(L), ((A]lV(X])A
(4] VYD =CA VUXIAYT), whence (a;Vx)A(e,Vy)<a'V(x'Ay) with &’
=(A4], ¥=(X] and y'=(¥]. We can clearly choose new elements ¢, x and y
from A, X and Y, respectively, such that &’ V(x’Ay)<aV(zAy), a'<a, 1<
x, w and y"<w,y. Consequently, z<leVV(xAy)EAV(XAY). Similarly, z, (al/\
xl)\/(az/\y:)c—z([fl)v [XDACIAA[Y)), and by using the distributivity of [4)
in D(L) and the dual argumentation, we obtain that e”A(x”Vy")SAV(XAY)
with @”A(x”Vy”)<lz. Accordingly, @”A(x"Vy")<z<<aV(xAy), where both
limits are from AV(XAY), whence z4AV(XAY). The results above and
Lemma 1 imply now that AV(XVY)>(AVXINCAVY) for all X,Y&Csub(L),
which proves the distributivity of A in Csub(L).

As a corollary we can write

COROLLARY 1. Let a<<b in L. The interval [a, b] =Csub(L) is distribuiive
in Csub(L) if and only if b is distributive and a duwally distributive in L.
Moreover, b} is distributive in Csub(L) if and only if b is distributive as well
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as dually distributive in L.
3. Standard elements of Csub(L).

The standardness of an element in a lattice has many equivalent definitions.
Although one can modify these definitions for Csub(L), the equivalence need
not hold any more. As an example we consider the condition

6) XAAVY)<(XAADVXAY) for all X,YECsub(L).

At first we prove

LEMMA 2. Let A, X,YECsub(L). The inequality XN(AVY)<(XAA)V (XA
Y) holds if X=L or ALY or XNA=¢ or XNY=¢ or XN(AVY)=¢.

PROOF. If X=L, then XA(AVY)=AVY=(XNAV(XAY). If ALY, then
XANAVY)=XNY<(XANADVEXAY). If XNA=XNY=¢, then (XAA)V(XAY)
=(XVAVEXVY)=XVAVYZ>XA(AVY). If XNA=¢ and XNY#¢, then (X
NAVEANY)=XVASX>XNAVY). If XNA#¢ and XNY=¢, then (XAA4)
VXAY)=XVYZXSZXAAVY). If XN(AVY)=¢, then XNA=XNY =¢, and
this case is proved above.

Now we can prove
THEOREM 2. Let A=Csub(L) be stendard. Then (6) holds.

PROOF. Let B=XA(AVY)and C=(XAA)V(XAY), and according to Lemma 2
we may assume that XNA##ZXNY, XNAVY)#¢, X#L and A<Y. We
show first that AAB=AAC. After showing AVB=AVC we can conclude by
(3) that B=C. This and Lemma 2 prove then the validity of (6).

Now ANX=ANX, XNACC and XNACANC=AAC. Further, AANB=ANB
=ANXNAVY))=(ANXINAVY)=ANX=AAX. Moreover, XA, XNYC
XN(AVY)=B, whence CCB and A(NCZANB. By combining these results we
obtain ANXTAANCANB<SAAX, and thus ANC=AAB, where A[)B#¢#
ANCc.

Secondly we prove AVB=AVC. Clearly AV(XNY)CAVX, AVY, whence
AVXNY)ICAVXIN(AVY). Thus, under the assumptions made above, the
distributivity of A in Csub(L) implies the equality AV(XAY)=(AVX)IA(AY
Y). Now AVB=AVXAMAVY)=(AVXIAN(AVY)=AVXAY)=AV(XANAV
(XA\Y)=AVC. This completes the proof.

The converse does not hold; this will be shown by an example after the

next theorem.
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THEOREM 3. Let A=Csub(L). If A is standard in Csub(L), then (A] is
standard in I(L).

PROOF. We shall show that (A] is distributive in 7(L), and (A] AX=(A] \Y
and (Al VX=(Al VY imply X=Y for all X,Y<I(L), from which the standard-
ness of (4] in I(L) follows [2, Theorem II.3.5].

Because A is distributive in Csub(L), the distributivity of (A] in I(L) follows
from Theorem 1. Let now (A) AX=(A4]AY and (4) VX=(4] VY for some X,Y
EI(L). If ANX+#¢, then also ANY#¢, because (A AX=(A] A\Y and (4] NX
contains at least one element from A. By similar argument we see that ANX
=ANY, and thus in this case ANX=AAY in Csub(L). When X=I(L), then
AVX=(Al VX in Csub(L), whence the equation AVX=AVY follows from
(4] VX=(A] VY. Because A is standard in Csuxb(L), (3) implies now X=Y.
When ANX=¢, then X=Y follws by (4) from (A AX=C4A]AY and (4] VX
=(A] VY. This completes the proof.

Now we show that (6) does not imply the standardness of an element A&
Csub(L). Let L be the well known least modular and nondistributive lattice
with elements 0<a, b,¢<1. We put A= (¢} and show that XA (AVY)<(XAADV
(XAY) for all X,Y&Csub(L). According to Lemma 2 we may assume that X
#L, A€Y, XNA#Z46#ZXNY and XN(AVY)#¢p. XNA#¢ implies that e=X,
and A<Y that ¢#Y. Since X= {e] contradicts XNY#¢$, we have X=(a] or
[@). If X=(a], then XN¥Y=1{0}, whence (XAAVXAY)=[a}V{0)=X>XA
(AVY). If X=[a), then XAY={1}, whence (XAAVEAY)={aV{ll=X>
XANCAVY). Hence A satisfies (6). But (a] is not standard in I'(L), and thus
by Theorem 3 A is certainly not standard in Csub(L).

We call an element A=Csub(L) double standard if A is distributive in Csud
(L) and satisfies (3),(4) and (7), where

(7) when ANX=¢, then [ADA[X)=[AA[Y)and [AVI[X)=[A)V[Y) imply
[X)=1[Y) for all X,Y<=Csub(L).

Now we can prove

THEOREM 4. Let A=Csub(L). A is double standard in Csub(L) if and only
if (A] is standard in I(L) and [A) standard in D(L).

PROOF. Let A be double standard. The standardness of (A] in I(L) is

already proved in Theorem 3. The standardness of [A) in D(L) can be proved
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dually, and in the dual proof (4) is substituted by (7), as easily seen. Thus
we concentrate on the converse proof, only.

Let (A] be standard in I(L), [A) standard in D(L) and X,Y&Csub(L).
Because (A] is then distributive in I(L) and [4) distributive in D(L), A is
distributive in Cs#b(L) by Theorem 1. Thus it remains to show the validity
of (4), (7 and (3). If ANX=¢, then (AIAX]=C(4]A¥] and (4] V(X]=
(A] V(Y] imply (X]=(¥] because (A] is standard in f(L) [2, Thorem II. 3.5].
The validity of (7) is proved dually. Assume now that AMX#¢, ANX=ANY
and AVX=AVY. As one can easily see, these equations imply (A] A(X]=
(AN, (AVEX]I=UVT], [DAX)=[AA) and [DV[XD)=[AV [Y).
Because (A] is standard in I(L), the first two equations imply (X]=(¥], and
because [A) is standard in D(L), the remaining two equations imply [X)= [¥).
But then X=(X] N [X)=] N [¥)=Y, which proves (3). Accordingly, A is
double standard in Csub(L), and the theorem follows.

Because L is standard in (L) as well as in D(L), [I)=L is standard in
D(L) for every I<I(L) and (D) =L is standard in I(L) for every D&D(L).
Thus by Theorem 4 every standard ideal I (standard dual ideal D) of L is
double standard in Csxd(L). The convex sublattice {b] is standard in Csub(L)
if & is standard and dually distributive in L. Indeed, the standardness and the
dual distributivity of & in L imply the distributivity of (6} in Cs#b(L), and
(4) holds by the standardness of & in L. If [0} NX#¢, then s=X,Y, and thus
X=[b) VX=1{b) VY=Y, which proves (3). Now we can write a corollary

COROLLARY 2. Ewvery standard ideal (dual ideal) of L is double standard in
Csub(L). An interval [a, b] is double standard in Csub(L) if and only if b is
standard and a dually standard in L. (b} s double siandard in Csub(L) if and
only if b is neutral (i.e. standard and dually stendard) in L, anrd (b} is
standard in Csub(L), if b is standard and dually distributive in L.

As well known, in a modular lattice L an ideal (a dual ideal) is distributive
if and only if it is standard [2, Theorem [II.2.6]. This and Theorems 1 and 4

imply

THEOREM 5. Let L be a modular lattice and A=Csub(L). A is distribulive
in Csub(L) if and only if A is standard in Csub(L). Moreover, A is standard
in Csub(L) if and only if A is double standard in Csub(L).
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of Convex Sublatiices of a Latlice

4. Neutral convex sublattices

At first we like to show a connection between the neutrality of A in Csub(L)
and the neutrality of (4] in I(L).

THEOREM 6. Let A=Csub(L). If A is neutral in Csub(L), then (A] is
neulral in I(L).

PROOF. When A is neutral, it is also standard, and thus by Theorem 3 we
know that (A4] is standard in I(L). The neutrality of (4] in I(L) is proved by
showing the dual distributivity of (4] in I(L) [2, Theorem IM.3.6]. The dual
proof of Theorem 1 shows that the dual distributivity of A in Csub(L) implies
the dual distributivity of (A] in Cswd(L), and thus the neutrality of A in
Csub(L) implies the neutrality of (4] in I(L).

By modifying the definition of double standardness, the concept of double
neutrality in Csub(L) can be deflined and an’ analogy of Theorem 4 proved.
This generalizaion is obvious, and hence we omit it. Also an analogy of
Corollary 2 as well as that of Theorem 5 can be easily presented.

As a last observation of this paper we like to give another immediate
generalization. When L is a distributive lattice then (A4] is distributive in
I(L) as well as [A) in D(L) for every A=Csub(L). According to Thorem 1
and its dual we see that then Csxb(L) is a distributive X,  -lattice. Conversely,
when Csub(L) is a distributive x[ub—iatticc, then IV(JAK)Z>UINVIINUIVEK)
for all three ideals I,J,K of L in Csub(L). Hence I(L) is a distributive
lattice and thus L, too. Accordingly we can write

THEOREM 7. A lattice L is distributive if and only if Csub(L) is a distribu-
tive Zlub—latﬁce.
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