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ON APPROXIMATIONS TO FLOQUET SYSTEMS 

By A. A. S. Zaghrout a l1d A. A. Ragab 

Abstract: J\ Iinear systcm .i-= A (t )x. with A(I + w)=A(I) is considcrcd. A stcp 

funclion approximalion o[ a periodic matrix is constructcd. The stability 

critcria is discusscd. 

J. Introduction 

111 the mathematical formulation a dynamical system subject to periodic 

parametric excitation Jcads to a systcm 01 ordi l1ary diflere l1 tial equations with 

pcriodic cocfficicnt. 'l ' hcrc arc many litcraturcs on this subjcct. scc for instancc 

[1.2.3.4.5) . One basic theory is. of course. that 01 Floquet ’ s which says that 

the fU l1damcntal matr ix solut ion φ(1) 01 thc systcm 

x=A(l)x. A(1+ω)=A(I) . wE R 

can be cxprcssed as 
IR 

φ(t) =P(I)i". P (I + w)= P (I). P(O)=U 

(1. J) 

(1. 2) 

where R i5 nonsingular consta nt matrix. and U is the unil matrix , lhe actual 

dctcrm ination of φ 01' R. whether analytically 01' numcrically. is 110t an easy 

matter . . \lost analytical methα15 of stabili ly sludy invoh'e sevcrc approximations 

and limilat ions. 

2. Approximations for φ(t) 

CO l1sidcr a dynamical system for wh ich thc cquation 01 motion has bcc l1 put 

in thc fo llow ing form 

i (l ) = A(I) .<(1). x(O) = c. (2. 1) 

“'hcrc x is n-dimcnsiona l vector. A (t) is an n-by-n malrix pcriodic in t wilh 

Icast positivc period tu, and c is a conslanl veclo r. Let φ(1) bc the fundamental 

matrix 01 (2. 1) such that φ(O)=U . Lct 
B=φ(w)=e’，R (2.2) 

The nonsinguIar matrix B is called moπodromy matη x. Onc has cssc l1 tiall y the 

stability character of the solut ions 01 (2.1) in hand 01 one can dctcrmine R o. 

R. Jt is \\'ell kno\\'n that there \\' ill bc stability il and ol1 ly if a ll eige l1 values 
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of B ha\"e absolulc valucs lcss than one. The basic idca to approximale φ(1) is 

lo divide lhe pcriod w into n cqua l and small inlcrvals and to approximate in 

cach inler\'al lhc syslcm (2. J) by piecewise conslanl syslcm. Thc approxima

ling syslcm is constructed in lhe following manncr. Oiv ide cach pcriα1 w into 

n inlervals by li ' i = 0.1.2 ..... n wilh 0느 IO<I ， <I，< "' <I. =w. Dcnolcith interval 

[1,_,. t ,J by <, and its sizc by ß,= I ,-I, " In thc ilh interval replace the coc[
ficicnt pcri여 matrlX A(t) by a constant nonslngular matrlX Cl whlCh lS to have 

cilhcr lhc ‘ aluc 

Ci = A(ç,.). ç，ε깐 • (2. 3) 

or 
S J “ ” A , l 

ι
 

. 」] l 

p 

ν
 

(2.4) 

Considcr the approximating system 

j(l: n) C(I ‘ n)y(t: n) (2. 5) 

with 

∞ ” 
C(I :π) = ε εC， f!(I-rw- 1, ,) - ! (I-rw - t)J. (2. 6) 

r ∞， ,“‘ . 
whcrc f is thc heaviside unil function . The fundamcnlal matrix solulion ψ(1 ;n) 

for thc syslem (2.5) wilh ψ(0. 서=u can be written explicitly as 

• 
ψ(I ;n) =cxp(l -ι ,)C ‘ lT cxpð ,C,. t E <. . (2.7) 

,. i ‘’ ” 

Jt is casy lo show that lfT(I :n) has the cxlcnsion propcrty (C. F. [4]) 

ψ(I +iw;n) = ψ(1 :n) [ψ(ω :n)J ’ (2. 8) 

Equation (2.7) cnablcs uS to obtain the monodromy matrix B， (n) =ψ(ω n) [or 
thc approximating syslcm , i. c 

” Bl(”)= ElCXl] d,C, (2.9) 

Sincc φ(1) and ψ(1) arc lhc [undamcnlal malriccs o[ thc systems (2. J) and 

(2.5) it follo“ s lhat 
φ(I) = A (I)φ(1) . (/)(0) 二 U. (2. JQ) 

ψ(1. n) = C(t , n)ψ(1 ;n), ψ(0， 시 U. (2. ll ) 

respcctively. 

Comparing (2. JQ) and (2. 11) and using the definilion of C(t ;n). (2. 6) . onc 

could expccl lhal as thc number of the inlervals n increascs, the solulion ψ(1;서 

will be a beller approximation to φ(1) and conscqucntly B, is a bellcr approxi 

malion to B. 



Let 

(i) d = max d" 
l :::: i~ n • 

On Aþþroximatiolls to Flo f}uel Systems 

( ii) φ and φ 1 bc boundcd i. c. , 
111, = sup 11φ (1 ) 11 ， 

O~ t ~w 
”‘.,= sup 11 φ \1)11 . 

ι O~ / $:w 
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(2.12) 

Now , we are ablc to prove thc fo l1owing lemma for t hc limiting case. 

LHIMA 1. ψ(1 ;n)→φ(1) as n→∞， d• O 

PROOF. Consider thc diffcrcncc 

D (t ;n)= C(I, η) - A(I) . 

Thc systcm (2.11) takes the form ‘ 

1Jf(l ;n) =A(I)ψ(1 ;η) +D(t; η)ψ(I ;n) . (2. 13) 

Solving this equation as nonhomogeneous system and by carry ing thc norm 

cstimate analysis and usin g (2.12) , we get 

11ψ(t끼)-φ(1)11돼tIl/"2 I1 D(s; n) 11 rη"1 + 11 1Jf (s;η)-φ(s) lI ] ds 

Add ’"\ to both sides and apply ing Gronwall-Reid-Bellman inequali ty [5] , we 

obtain 

1II \ + II 1Jf(l ;n)-φ(1) 11닥펙{파'\1II2 I1 D(s， n ) lI ds j . (2.14) 

As n→∞ ( i. e. d• 0) , then ψ(1， n)→φ(1) . Thus, ‘ve have proved the Jemma 

for O< t < w. 

Thc extension of the lemma to all values of 1> 0 is then made by using the 

extcnsion propcrty (2.8) and a similar one sat isfied by φ (1 ) . This completes 

thc proof of the lemma 

REMARK 1. It is c1ear that in thc Iimit ing case (n→∞， d→0) ， the monodromy 

matrix B of thc system (2. 1) is the limit of the monodromy matri x of the 

approx imating system (2.5). Also, it is wcll known that t he stability properties 

of any pe riαlic system are dctcrmined by its monαIromy matrix. 

Lcmma 1 mercly says that wc can study the stability character of thc perio 

dic system (2.1) by studying the approximating system (2.5) as n→∞. In order 

for the method of approximation to have any practical value we need to show 

that if n is suIficiently large then the systems (2. 1) and (2.5) will have certain 

stability character in common. Using t he definition of D(I ;n ) , the system 

(2.10) takes t he form 
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φ(I) = CCt， n)φ(1)一 D(I， ’‘)φ(1) 

Using Floquet lhcorcl1l, wc havc 

1Jf(l ;n)= Q(I; n)e'R ,. 

The solution of thc nonhomogcncous cquation (2.15) has thc [orm 

r t
"" ." .(t -s)R ,,.... -l φ(I) = Q (I ;κ)e"" - { Q(I , n)e" -"'''Q - '(s ;n)D(s; /I)<Þ (s)ds. 

“ o 

(2.15) 

(2.16) 

Sincc the systc l1l (2.5) is asymptotically stablc, it follows that all its solutions 

go lo zcro as t→∞，.c 
IR. .. - c 

(i) μ '11드a1e [or somc C1> O (2. 17) 

(ii) a?=. sup II QCt, n)II , a、= sup nQ l(L n) l1 
.:;. O~t :5:/O “ O~t S:ftI 

(2. 18) 

Now , we arc able to pro\'c thc [0110、，vmg

THEOREM 1. [[ Ihe aþþroximaling sysle", (2.5) is aSylllplotically slab!e , a/ld 

i-l ljC(s n) A(s)Ms < C,/ alia3 (2 l9) 
Jn “ 

then Ihe syslem (2. 1) is asymþtotically slable. 

PROOf. Using (2.15) , (2.17) , (2. 18) and carrying out the norm esti ll1 ate 

analysis on both sidcs o[ (2.16) , thcn , applying Gron l\'all-Rcid- Bellman inequa . 

lity wc obtain 

II<Þ(I싸 (2.20) 

, "' C If • -• 11 D(s)lI ds < , then 11 φ(1재→o as I→∞. Thus, all solutions 0 1' the ‘ .J (\" • a.a .. ,a 
ν u -'-T3 

systc ll1 (2. 1) tends to zero as I→∞， and hence the system (2. 1) is asymptoti. 

cally stablc. This cOll1 pletes thc IlrOO[ of thc thcore ll1. 

Denotc ê =. sup II D(I , n)" . Thcn , 、vc have a \\"cakcr result (\\" hich can be 
O~t :5: l，ι 

provcd similarly). 

TIIEOREM 2. I[ Ihe apþroxilllaling syslem (2.5) is asymþlotically slab!e and 

C, 
E<. . a . a~a 1-2-3 

Ihen Ilte syslem (2. 1) is asymþlolically 5Iab!e. 

Now , we proccss to discuss the convcrses o[ thcorems 1 and 2. For this pUl 

'R pose , according to Floquet thcorem for systcm (2.1) , let φ(1) = P( t)e 

Since the systc ll1 (2. 1) is asymptotically stab le, it follows 
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11φ(1) " →o as 1→∞ 

I.C •• 

‘“ ‘ 
(i) le… 1 <... b,e - " , 이> 0， a

2
> 0 

(ii) b.,= sup II P (I)I! , b, = sup I' P -I(t)I' . 
.;. OS:t ;"10 .J OS:t~w 

Considcr thc fundamcntal matrix solulion 1Jf (I , n) of (2.11). Thcn , by carrying 
out a norm estimalc ana lysis on ψ(I;n) similar 10 lhal gi\'cn ubovc for φ(1)， 

und applying Gronwull- Rcid-flcllman incquulity , ‘vc can casily provc lhc 
foJlowing 

T lIEORE\1 3. T f Ilte sysle1ll (2. 1) is asymþtotically slable and 

많IIC(s， n) - A(s) 'ds~씨，bι，b3， 
IIIen I"e aþþroxi ’Ilating syslem (2. 6) is aSylllþlolically slablc. 

"1‘ IIEORE:I[~. If tlle syslem (2. 1) is aSylllþlolically slable and 

e <a! b,bi3’ 

llze" Ilte aþþroximati’19 sysle1ll (2.5) is asymþlotically slable. 

RE\IARK 2. lt is clear lhal we have eslabl ishcd thc validily of lhis approxi. 

matc method of rcplacing a gcncral periαlic A(I) by u picccwise constant 
funcl ion. For an arbitrary A(I) might bc difficull 10 asccrtain the stabi lity of 
(2. 1), but rcplacing an approx imaling syslcm is easy 10 deal with. 

RE\IARK 3. The approximation melhα1 uscd above requircs thc cva luat ion of 

the maulces exp dlC, ln Blot) as shown ll1 (2 9) ‘\'hich is for highcr order 
syslcm is long and ted ious. 
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